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ABSTRACT

We are no longer alone in the universe. With the success of deep learning, we have new kinds
of minds in the world that we can communicate with and study. This thesis is about understanding
the internal workings of these new minds. Our approach is to decompose the computation that
neural networks perform into parts—intelligible mechanisms that are more specialized and less
complex than the network as a whole.

First, we study how the ways that neural networks learn and scale are influenced by the
properties of these mechanisms. We study how the statistics of these mechanisms can produce
“neural scaling laws”, how the relationship of these mechanisms to each other causes “curricula”,
and how differences in the complexity of these mechanisms and the speed at which they are
learned cause “grokking”.

We then study the challenge of automatically decomposing neural network computation into
atomic parts. We first demonstrate that we can convert small networks into standalone Python
programs. Turning to larger networks, we then study how sparse autoencoders can be used
to decompose language model activations into features. We find multiple types of geometric
structure to language model features, raising interesting questions about whether individual
sparse autoencoder latents are the only sensible units of decomposition.

Thesis supervisor: Max Tegmark
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within the margin of error given the uncertainty of our clustering methodology.
See Section 2.8.5 for a discussion of the bias/uncertainty of our method. . . . . . . 57
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2.11 Left: Training curves (scaling w.r.t. steps 𝑆) of mean test loss for Pythia models.
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2.18 Parameter and data scaling exponents from various studies of deep learning scaling,
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3.1 We study two challenges to making strong, narrow-purpose AI models. (A): Data
may have hierarchical structure. If skills have a hierarchical dependence, where
some skills are only learnable after more primitive skills are learned first, then it
sometimes may be necessary to train on a broad distribution of data to learn certain
narrow skills within that distribution. These dynamics may mean that general-
purpose models must be trained to achieve certain performance on some domains.
(B): Model features are distributed. By default, skills may not be localizable to a
particular set of model components (e.g. neurons). In this case, pruning of model
components won’t precisely retain wanted skills and remove unwanted skills from
models. We explore methods for aligning the model features relevant to particular
domains with a smaller subset of model components while unlearning others. . . 79
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3.2 Training dynamics on compositional multitask sparse parity. Top: training dy-
namics for a single network trained on four atomic subtasks {0}, {1}, {2}, {3}, and
their composition {0,1,2,3}. Bottom left: loss on compositional subtask {0,1,2,3},
when training on atomic subtasks and their composition, as in the top subplot,
across 40 network seeds (depth 3, width 128). Bottom right: loss on compositional
subtask {0,1,2,3}, when only training on samples from that composite task, without
also training on atomic tasks, across 40 network seeds (depth 3, width 128). We
find that removing the atomic tasks prevents our networks from learning the
composite task. We report the minimum loss within the previous 100 steps of
training to filter out loss spikes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

3.3 Top: We visualize the connectivity of 2-hidden-layer MLPs trained on a CMSP
distribution with subtasks {0}, {1}, {2}, {0,1,2}, {3}, {4}, {5}, {3,4,5}, visualized before
(left) and after (right) regularizing network weights with the group lasso sparsity
penalty while training on subtask {0,1,2}. We find that network connectivity
becomes sparse after regularizing. Negative weights are shown in blue and positive
ones in red, with width proportional to the norm of the weight. Bottom: we show
how pruning affects task performance on subtasks {0,1,2} and {3,4,5} at varying
sparsity levels. We prune neurons based on the absolute change that ablating
them has on the loss on subtask {0,1,2}. We find that subtasks here are nonlocal
and entangled in the “pretrained” network (left). As we prune neurons according
to their relevance on subtask {0,1,2}, at the sparsity at which performance on
subtask {0,1,2} accuracy drops below 98% (green line), we can still recover some
performance on subtask {3,4,5} with a small amount of additional training. Thus
naive pruning here has not completely and robustly unlearned subtask {3,4,5}.
However, after regularizing the weights (right), we find that not only we can more
aggressively prune the network, but we have also robustly unlearned subtask
{3,4,5}. Note that the degree to which subtasks are nonlocal and entangled in
the pretrained networks depends on seed and width, and we show a variety of
additional curves in Figure 3.10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

3.4 Left: We compare the performance of distillation, training from scratch, and
two pruning approaches for creating small networks that classify MNIST even
digits. Pruning-based approaches Pareto-dominate distillation, achieving high
compression ratios with fewer datapoints. All points are averaged over 10 indi-
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regularization. Each line represents a single training run, with a new point logged
every 2,000 datapoints. Darker lines correspond to more aggressive pruning runs
that attain lower final neuron counts. . . . . . . . . . . . . . . . . . . . . . . . . . 86
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3.5 Left: Neuron sparsity vs. loss curve for LLMs finetuned with group lasso regulariza-
tion with varying 𝜆 for 70k steps, as compared to the base network. Regularization
flattens the sparsity vs. loss curve, at the cost of slightly degrading model per-
formance. Right: After pruning our networks to 30%, 63%, and 80% sparsity for
our runs with 𝜆 of 5e-4, 3e-4, and 1e-3, respectively, we recover performance
with additional training. We find that we can recover performance lost during
pruning, including in the network that was pruned without first using group-lasso
regularization training. The plot shows an exponential moving average of batch
losses, with individual batch losses shaded in back. . . . . . . . . . . . . . . . . . 87

3.6 Frontier of network parameters vs. data required to achieve a certain cross-entropy
loss on Python documents. For the task of creating a LLM specialized on Python
documents, we find that pruning Llama-3.2-1B and then performing recovery
training is much more efficient than training LLMs from scratch or distilling LLMs
from scratch on the soft targets of Llama-3.2-8B. . . . . . . . . . . . . . . . . . . . 88

3.7 Impact of network shape on CMSP learning. Top: Forty runs of training with
different seeds on CMSP datasetD{0} ∪D{1} ∪D{2} ∪D{3} ∪D{0,1,2,3} with𝑚 = 4,
𝑛 = 64, 𝑘 = 4. We find that 27/40 runs converge with two hidden layers versus
19/40 runs with a single hidden layer with width 128 and 16/40 runs with a single
hidden layer and width 361. Single-hidden-layer networks are therefore able to
learn composite subtasks in CMSP roughly as well as deeper networks. Bottom:
Forty runs of training on a standalone atomic task𝑚 = 1, 𝑛 = 64, 𝑘 = 4. . . . . . . 96

3.8 For each hidden neuron in the first hidden layer (left) and the second hidden layer
(right) in a CMSP network, we show the ablation score of that neuron for each
subtask. For some neurons, ablation scores are high across multiple subtasks, even
from separate “skill trees”. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

3.9 Ablation scores for each subtask and each neuron. This is simply a different way
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3.10 Pruning sparsity vs accuracy curves for pretrained CMSP networks. We train
MLPs of varying width and random seed on a CMSP dataset with two skill trees, as
in Figure 3.3. We prune neurons based on ablation score on subtask {0,1,2}. On some
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{3,4,5} even after ablating to the maximum extent we can still recover 98% accuracy
on subtask {0,1,2} (green line). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

3.11 Comparison of ablation vs. attribution scores for Llama-3.2-1B neurons (left) and
residual stream dimensions (right), evaluated on a single batch of Python code
documents. For each figure, we fully ablate model components and compare
the absolute change in loss (Abs Ablation Score, simply called “ablation score”
elsewhere in the paper) with the absolute value of the linear estimate of this change
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3.12 Training curves of LLMs on Python documents when training from scratch (left),
training from scratch but with distillation of a larger pretrained LLM (center),
and when training pruned pretrained models (right) to recover performance lost
during training. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

3.13 Recovery training curves after pruning neurons and residual stream dimensions,
for Llama-3.2-1B on Python code documents. We compare recovery performance
when pruning based on attribution scores vs. choosing components randomly.
Attribution scores are computed across 1024 documents with a max length of
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4.6 (a) Scaling of neural networks on a target function which can be arbitrarily closely
approximated by a network of finite width. (b) diagram from [36] showing how
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4.7 Eigenvalues (dark green) of the loss landscape Hessian (MSE loss) after training
with the Adam optimizer, along with the magnitude of the gradient’s projection
onto each corresponding eigenvector (thin red line). We see a cluster of top
eigenvalues and a bulk of near-zero eigenvalues. The gradient (thin jagged red
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4.8 Comparison of Adam with BFGS + low-curvature subspace training + boosting.
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4.9 Comparison of Adam with BFGS + low-curvature subspace training + boosting,
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4.14 Eigenvalues (dark green) of the loss landscape Hessian (MSE loss) after training a
width-20, depth-3 network to fit𝑦 = 𝑥2 with the BFGS optimizer. Like in Figure 4.7,
we also plot the magnitude of the gradient’s projection onto each corresponding
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obvious at lower-loss points in the landscape found by BFGS than Adam finds.
There is a clear set of top eigenvalues corresponding to a few directions of much
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5.1 Visualization of the first two principal components of the learned input embeddings
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5.2 Visualization of the learned set of embeddings (𝑝 = 11) and the decoder function
associated with it for the case of 2D embeddings. Axes refer to each dimension of
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5.4 (a) The effective theory predicts a phase transition in the probability of obtaining
a linear representation around 𝑟𝑐 = 0.4. (b) Empirical results display a phase
transition of RQI around 𝑟𝑐 = 0.4, in agreement with the theory (the blue line
shows the median of multiple random seeds). The evolution of 1D representations
predicted by the effective theory or obtained from neural network training (shown
in (c) and (d) respectively) agree creditably well. . . . . . . . . . . . . . . . . . . . 133
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5.6 Left: Evolution of the effective dimension of the embeddings (defined as the
exponential of the entropy) during training and evaluated over 100 seeds. Center:
Effect of dropout on speeding up generalization. Right: Phase diagram of the
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rate of the decoder while the learning rate of the embeddings is kept fixed at 10−3
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Chapter 1

Introduction

1.1 The most interesting phenomenon in the universe

Our universe contains complexity, and order, and beauty, at many levels. At each level, from
fundamental particles, to atoms, to molecules, to systems of many particles, to biological life and
beyond, nature follows physical laws. And with great effort, we can discover these laws. If we
look closely enough, and think carefully enough, we can create explanations with wide reach,
explanations that organize the apparent complexity of the world under a simpler set of principles.

Much of the complexity that we encounter in our everyday lives is the complexity of the
biological world. We are surrounded by organisms with intricate structure, structure which, we
now know, was produced by evolution over very long timescales. But there is another level of
complexity to the world above this—a universe of things produced not over evolutionary time,
but rather as the result of what organisms learn during the course of their lives. Indeed, most of
the complexity we experience at human scales in our environment is this sort of complexity—of
ideas and artifacts which result from organisms like ourselves learning, thinking, planning, and
acting to shape our environment. It is the complexity of intelligence.

How wonderful and strange and powerful a thing intelligence is. That we have some capacity
to learn during our lives enables language and culture and progress, and with it radio telescopes
and the splitting of the atom and, of course, the writing of PhD theses! Lately, human intelligence
has been applied to creating something new, something with the potential to change our status as
a species and put us in contact with other minds broadly more capable than our own for the first
time. We are creating artificial systems that can learn too: artificial intelligence (AI).

Over the last decade or so, we have produced AI systems that can classify images [1], translate
between languages [2], play Go [3], generate images [4], and solve graduate-level math and science
problems [5] at or above the performance of human experts. Single, unified AI systems today
can complete software engineering tasks that take humans hours [6], diagnose complex medical
cases [7], and arguably pass the Turing Test [8,9]. This progress has come from the training of
neural networks, with methods collectively called deep learning [10].

With these new forms of intelligence in the world, our ability to study intelligent systems
has fundamentally changed. In contrast to biological brains, where experiments are slow and
difficult, with artificial neural networks we can perform arbitrary experiments, making arbitrary
interventions on their internals, with the ability to observe their full state as they operate and learn.
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There has never been a better time to study how minds work. This thesis is about understanding
these new, artificial minds in our world—understanding the things they learn, and how they come
to learn them.

1.2 A brief history of deep learning

Neural networks are a class of parameterized functions 𝑓𝜽 (𝒙) loosely inspired by the structure
of the brain. As functions, they transform an input 𝒙 ∈ ℝ𝑛 (or a sequence of vectors 𝒙 ∈ ℝ𝑠×𝑛)
into an output 𝒚 ∈ ℝ𝑚 (or sequence of vectors 𝒚 ∈ ℝ𝑠×𝑚). This computation is accomplished by
a series of intermediate steps called layers, which typically consist of a large number of simple,
homogeneous computational units called neurons operating in parallel. The parameters 𝜽 are
called the weights of the network. The weights determine the computation the network performs,
and so by changing the weights one changes the function computed by the network. The problem
of learning is finding weights 𝜽 such that the computation 𝑓𝜽 implemented by the network has
properties we desire.

Very early discussions of neural network models and learning were often motivated more by
understanding the brain than by building useful artificial systems. Some examples include McCul-
loch and Pitts [11], Hebb [12], and Turing [13]. Of particular note is Frank Rosenblatt’s1 work on
Perceptrons [18–20]. Perceptrons consisted of layers of computational units which could learn
with a primitive “error correction procedure” (there were successful demonstrations on some toy
perceptual tasks), though Minsky famously pointed out that there were basic limits to what this
neural network architecture could compute [21].2

1I once checked out a wonderful but obscure book from the MIT library called Communication with Extraterrestrial
Intelligence, in which Carl Sagan compiles the proceedings of a 1971 conference on the Search for Extraterrestrial
Intelligence. This conference was structured around the Drake Equation [15], which estimates the number of alien
civilizations 𝑁 that we might be able to communicate with as a product 𝑁 = 𝑅∗ · 𝑓𝑝 · 𝑛𝑒 · 𝑓𝑙 · 𝑓𝑖 · 𝑓𝑐 · 𝐿, where 𝑅∗ is the
rate of star formation in our galaxy, 𝑓𝑝 is the fraction of stars which have planets, 𝑛𝑒 the average number of planets
that could potentially support life orbiting stars that have planets, 𝑓𝑙 is the fraction of those planets which eventually
give rise to any sort of life, 𝑓𝑖 is the fraction of planets with life that eventually evolve “intelligent” life, 𝑓𝑐 is the
fraction of planets with intelligent life that develop communications technology that we could detect and 𝐿 is the
length of time those civilizations emit such signals (potentially the duration of the civilization). At this conference,
there were presentations and discussions about each parameter of the Drake Equation from astronomers, biologists,
psychologists, etc., including Freeman Dyson, Francis Crick, Marvin Minsky, and many others. In one discussion
about 𝑓𝑝 and 𝑛𝑒 , about the problem of detecting exoplanets, Carl Sagan mentioned that a colleague of his at Cornell, a
Frank Rosenblatt, had proposed a method to detect exoplanets [16]. When I read this, I thought “surely this is not
the same Frank Rosenblatt who worked on Perceptrons!”, but it turns out that they are indeed the same person, to
my delight. Frank had become interested in the SETI question in the final years of his life (he died tragically in a
boating accident in 1971), and had shifted his research towards it despite still being up for tenure (!) and against the
advice of his colleagues [17]. I bring this up to make a personal connection, which is that my first job in science
was in the SETI field, working on the Breakthrough Listen initiative. The common thread between SETI and neural
networks—for me, and probably for Frank too—is an interest in the nature and origin of intelligence. Today, the
connection between these fields is not just via the 𝑓𝑖 parameter in the Drake equation however, but also through the
duration of technological civilization 𝐿, given the potential risks posed by advanced forms of this technology.

2Some argue that Perceptrons [21] caused a multi-decade delay in AI progress by steering researchers away from
neural networks, for reasons that ended up being a non-sequitur: the expressivity limitations pointed out by Minsky
are trivially overcome with modern architectures. I once heard someone suggest that this narrative of the history of
AI in the 20th Century is consistent with an “anthropic shadow” [22]. The idea here is that if AI systems are highly
existentially dangerous, the only worlds like ours in which anyone would be reflecting on the history of the AI field
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Over time, a variety of neural network architectures and learning algorithms emerged that
made neural networks sufficiently expressive and trainable to handle challenging real-world tasks.
The simplest modern neural network architecture is the “multi-layer perceptron” (MLP)3. The
layers of an MLP are simply affine transformations followed by an element-wise nonlinearity
𝒙 ↦→ 𝜎 (𝑾𝒙 + 𝒃) where element-wise means that a function 𝜎 : ℝ → ℝ is applied to each
coordinate: 𝜎 (𝒛)𝑖 = 𝜎 (𝒛𝑖). If 𝒙 ∈ ℝ𝑛, then 𝑾 ∈ ℝ𝑚×𝑛 where 𝑚 is the “width” of the layer. 𝑚 is
also the number of artificial “neurons” in the layer. The layer 𝜎 (𝑾𝒙 + 𝒃) can be thought of as𝑚
parallel neurons where neuron 𝑖 computes 𝜎 (𝒘𝑖 · 𝒙 + 𝑏𝑖) where𝒘𝑖 is the 𝑖th row of 𝑾 4. Layers are
composed together to give the network “depth”. For instance, a two-layer network (also called a
“single hidden layer” network) has a form like:

𝒙 ↦→𝑾2𝜎 (𝑾1𝒙 + 𝒃1) + 𝒃2.

It can be shown that neural networks as simple as this can approximate any continuous function
ℝ𝑛 → ℝ𝑚 (defined on a compact subset of ℝ𝑛) with arbitrary precision if the number of neurons
in the hidden layer (the number of rows of 𝑾1) can be made arbitrarily large [23,24]. However,
some functions cannot be efficiently approximated with a two-layer network [25], and it is often
essential to make networks deep—composed of a large number of layers. To increase the size of
our networks, we can increase both their depth (the number of layers) and the width (the number
of neurons per layer).

Depending on the task, we may or may not apply a nonlinearity at the last network layer. If
we want to turn the network’s output into a probability distribution, we can apply the softmax:

𝑆 (𝑦)𝑖 =
exp(𝑦𝑖/𝑇 )∑
𝑗 exp(𝑦𝑗/𝑇 )

where 𝑇 is a “temperature” parameter that adjusts the sharpness of the output distribution.5

A very large number of different neural network architectures have been explored. But
what most of them have in common is that they consist of a large number of layers, where the
output of one layer is the input of another layer, and where layers consist of simple neuron-like
computational units operating in parallel.

Neural networks are trained. Their parameters are initially set randomly, and are then updated
many times via an optimization procedure that aims to improve some measure of performance
of the function 𝑓𝜽 implemented by the network. This optimization is performed with gradient
descent. Given some “loss function” 𝐿 that assigns a real-valued score to a neural network 𝑓𝜽 ,

are ones in which AI progress was delayed. Since AI progress was delayed, perhaps we then ought to update towards
AI being existentially dangerous. Fortunately, there are many issues with this argument. For one, Minsky’s book may
not have delayed AI progress by much in the first place, since an essential bottleneck to AI progress has simply been
the availability of compute, which has grown consistently over decades.

3The name “multi-layer perceptron” is somewhat of a misnomer since these networks do not suffer from the
limitations of Rosenblatt’s Perceptrons.

4If 𝜎 is a step function, the connection to biological neurons becomes plausible, since the neuron “fires” if a
weighted combination of its input signals exceeds a threshold. Many modern choices of “activation function” 𝜎 can
be loosely interpreted as “firing” when their input exceeds some threshold, for instance 𝜎 (𝑧) = ReLU(𝑧) = max(0, 𝑧)
“fires” when 𝑧 > 0.

5Note the connection to the Boltzmann distribution 𝑝𝑖 ∝ exp(−𝐸𝑖/𝑇 ).
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gradient descent requires a method to compute ∇𝜽𝐿(𝑓𝜽 ). This is solved by “backpropagation” [26].
Gradient descent updates the parameters of the network so as to locally decrease the loss:

𝜽 𝑡+1 = 𝜽 𝑡 − 𝜂∇𝜽𝐿(𝑓𝜽 𝑡 ).

This process is referred to as “training” and each update is called a “step” and 𝜂 is called the
“learning rate”. Each step only decreases the loss by a small amount, but after a large number of
steps networks often learn solutions which approximately minimize the loss. A common pattern
is for our loss functions to measure the network’s prediction error on a population of samples.
For instance, if we wanted our network to perform “classification” on some collection of inputs,
{(𝒙𝑖, 𝑙𝑖)}𝑛𝑖=1, we could use the network’s mean cross-entropy loss on that dataset:

𝐿(𝑓𝜽 ) = −
1
𝑛

𝑛∑︁
𝑖=1

log
(
𝑆 (𝑓𝜽 (𝒙𝑖))𝑙𝑖

)
where 𝑆 (𝑓𝜽 (𝒙𝑖)) is the network’s output on sample 𝒙𝑖 after applying the softmax to the outputs of
the network. This loss is minimized when the network predicts the true label 𝑙𝑖 with probability 1
for each sample 𝑖 in the dataset. Computing this loss requires running the network on all samples
𝑓𝜽 (𝒙𝑖) of the dataset, so to reduce the computational cost, the loss is typically computed on a
random subset of dataset samples called a “mini-batch” during each step of training, giving a noisy
approximation of the loss on the whole dataset. By increasing the size of the training dataset, we
can perform more steps of training without repeating data, or we can increase the size of each
mini-batch, giving us a better approximation of the true loss on each step.

This was a highly simplified overview of the ideas of deep learning. However, this basic
approach has proven remarkably successful when applied at scale. It has been found repeatedly
that when we scale up the size of our networks and the amount of data they are trained on that
networks learn solutions that perform well and generalize in impressive ways. Indeed, much of the
progress in deep learning over the last several years has come simply from scaling up the compute
used to train neural networks—training larger networks on more data [27]. Interestingly, there
appears to be a kind of predictable order to the improvements that come from scale. Many works
have observed scaling laws, where the loss scales as a power law in the number of parameters
in the network 𝐿 ∝ 𝑁 −𝛼𝑁 and the number of samples in the training dataset 𝐿 ∝ 𝐷−𝛼𝐷 [28–31].
These laws played an important role in motivating OpenAI to scale up language models, which
led to the explosion of interest and investment in AI since late 2022.

1.3 Deep learning at the microscale and macroscale

Neural networks are understood at two levels: the microscale and the macroscale.
By “microscale”, I mean that we have a perfect low-level understanding of the state and

dynamics of our networks. We implement gradient descent ourselves, and so we understand the
“rules” by which the weights of our networks change at each step, and we have full access to the
internal state of our systems at all times. There is no mystery to the low-level “physics” of neural
networks.

By “macroscale”, I mean that we have an empirical understanding of how certain high-level
variables of our systems depend on each other in practice. For instance, with scaling laws, we
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know that the network’s loss changes predictably with the network’s size (its number of weights).
We can study empirically how a variety of quantities like this vary with each other. This science
is analogous to thermodynamics in physics.

However, both the microscale and the macroscale descriptions treat neural networks as a
black box. While we understand how each network weight changes at each step of training,
this knowledge isn’t useful for predicting any meaningful properties of the network as a whole.
Knowing the value of any individual network parameter, or even every network parameter, doesn’t
immediately give you insight into why the network behaves as it does on any input (without simply
running that input on the whole network). It also doesn’t immediately explain the macroscale
physics of these systems. Indeed, there is a similarity here to the history of the thermodynamic
relations in physics, since in both fields the high-level regularities were empirically documented
before the theoretical understanding of why they arise was found. When studying the macroscale
relationships in deep learning, it is common for authors to explicitly acknowledge that they
are doing a purely empirical science, treating networks as a black box without attempting to
understand why these macroscale regularities arise [32].

It is natural for us to wonder whether there could be some other approach to understanding
these systems, a level of description which would bridge the microscale and macroscale and give
us good explanations of why neural networks behave and scale as they do.

1.4 A “cognitive revolution” in the science of deep learning

Over the last few years, a different kind of science of deep neural networks has emerged. This
science is aimed at understanding the internal mechanisms that neural networks learn, and how
and why these mechanisms are learned over training.

This line of work, called “interpretability” or “mechanistic interpretability” [33], seeks to
understand the internal representations [34–37] and computations [38–41] that give rise to neural
network behavior. This work is bold. It assumes, contrary to the prevailing view of many
researchers in the broader field, that neural networks need not be black boxes, and that their
computation admits a description that we can understand.

The growth of this subfield parallels the “cognitive revolution” in psychology—the develop-
ment of cognitive science in the middle of the 20th century against the prevailing paradigm of
behaviorism. Mechanistic interpretability aims to be a kind of cognitive science for deep learning
against the “black box” behaviorist thinking of many deep learning researchers today.

1.5 The mesoscale: a physics of the “parts”

1.5.1 Mechanisms and their properties

Interpretability studies the “mechanisms” that neural networks learn. I will not try to give a
formal definition of a mechanism here—unfortunately, the field does not have one. Instead, we
have a large number of case studies where researchers have found, through great effort, that
neural networks implement specific computations in intelligible ways. In these case studies, we
find that neural networks represent specific computational variables via particular patterns of
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Figure 1.1: We suggest that the computation that neural networks perform can be decomposed
into “parts” (mechanisms / modules). The chapters of this thesis address questions about the
properties of these parts, and how we can automatically find decompositions of neural networks
into parts.

activity in their hidden layers. We find that these representations often have striking geometric
structure. And we find that these representations are acted on by the network’s layers to form
other representations in later layers, so that altogether the layers of the network implement
intelligible algorithms to solve specific prediction problems. These mechanisms tend to be quite
narrow—on unrelated network inputs, a different set of mechanisms are involved in the network’s
operation.

I suggest that the study of these mechanisms provides a “mesoscale” for understanding deep
learning. Mechanisms lie between the microscale and the macroscale. They are not individual
network weights, but are the result of a large number of network weights taking particular values
to enable some computation. They are also not the network as a whole. The network implements
a very large number of different mechanisms—computational “parts” that are needed at different
times. We can study how individual mechanisms form during training, bridging the microscale
dynamics with the “parts” at the mesoscale [38,40,42]. And we can understand the macroscopic
properties of the network as in some way relating to the properties of these parts, bridging the
mesoscale with the macroscale [43].

There is a sentiment in interpretability that the field is more akin to biology than physics [44].
This view is sensible, since the mechanisms that neural networks learn are diverse, the result of a
learning process interacting with complex and messy data from the real world. However, I expect
that if we look closely enough, there will be a deep regularity to these mechanisms. For instance,
across networks trained on similar data, mechanisms may be learned universally and in the same
order during training [43,45]. There may also be a regularity to the statistics of how frequently
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mechanisms are used and how complex they are [43].
This thesis studies neural network mechanisms—the “parts” that make up neural network

computation. We explore questions like the following, summarized in Figure 1.1:

• If we can decompose networks into modular parts, what might neural scaling laws tell us
about the statistics of these parts?

• How do these parts interact with each other? Do some parts need to be learned before
others can be learned?

• When different parts can both predict the training data, but are learned at different rates,
require different amounts of network capacity, and generalize in different ways, which parts
will “win”, and how will the network generalize over training?

• How can we decompose neural network computation into parts in the first place? Is there a
“right” unit of decomposition?

• Can we hope to enumerate all the parts in the network, or will this be intractable?

1.5.2 What does this say about the world?

Richard Feynman began his “Lectures on Physics” [46] with the following thought experiment:

If, in some cataclysm, all of scientific knowledge were to be destroyed, and only one
sentence passed on to the next generations of creatures, what statement would contain
the most information in the fewest words? I believe it is the atomic hypothesis (or the
atomic fact, or whatever you wish to call it) that all things are made of atoms—little
particles that move around in perpetual motion, attracting each other when they are
a little distance apart, but repelling upon being squeezed into one another. In that one
sentence, you will see, there is an enormous amount of information about the world,
if just a little imagination and thinking are applied.

What might a similar statement be for understanding neural networks, and more broadly
minds and intelligence? I think we ought to consider a kind of atomic hypothesis for minds—that
the computation of neural networks, and minds more generally, decomposes into parts, which
perform specific computations, and individual neural networks can only implement so many of
these parts. The statement might be something like:

Many different computations occur in our world in the processes that produce data,
and in order for neural networks to predict the world, they must learn to implement
these computations. Finite neural networks have finite capacity, and can implement
only a limited number of computations. During learning, the computations that
explain the most data using the least capacity eventually “win”, and so are “replicated”
within the network.6

6Cf. Dawkins [47] and Minsky [48].
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1.6 Contents and Contributions

Following this introduction, this thesis contains 9 chapters, each a paper from my PhD. I am
first-author on 4 of these, co-first author on 2, and a middle author on 3. The thesis is roughly
split into two parts. Chapters 2–6 discuss neural network training dynamics and scaling laws
through the perspective of modularity/mechanisms, and chapters 7–10 address the challenge of
decomposing already-trained neural networks into mechanisms. My contributions to each paper
are as follows:

Chapter 2: Quantization Model of Neural Scaling

Summary: This paper articulates the “quanta hypothesis” that neural networks decompose
into a large number of computational modules that are learned discretely. It offers a model of
neural scaling laws based on the hypothesis that the frequency at which these computational
modules are needed by the model naturally follow a power law.

Contributions: First author. I conceived the core idea of the paper and the multitask sparse
parity task. I ran most experiments (all main text), made most figures (all main text), and led
the drafting and revising of the manuscript. My coauthors ran experiments and made figures
for the appendix, contributed multiple ideas for experiments throughout the paper and ideas
for how to present results and design the paper, and helped draft and revise the manuscript.

Eric J. Michaud, Ziming Liu, Uzay Girit, and Max Tegmark. “The quanti-
zation model of neural scaling.” Advances in Neural Information Processing
Systems 36 (2023): 28699–28722.

Chapter 3: On the Creation of Narrow AI: Hierarchy and Nonlocality of Neural Network Skills

Summary: This paper studies the possibility that computational modules may depend on
each other hierarchically, where some must be learned before others can be learned. It also
explores how the circuitry for specific skills can be distributed across the network, despite
being ultimately simple.

Contributions: First author. Max and I came up with the compositional multitask sparse parity
task (CMSP). I ran the experiments on CMSP and the language model experiments. I drafted
most of the manuscript, with help on revisions from Asher and Max.

Eric J. Michaud, Asher Parker-Sartori, and Max Tegmark. “On the cre-
ation of narrow AI: hierarchy and nonlocality of neural network skills.”
Advances in Neural Information Processing Systems 39 (to appear), 2025.
Preprint: arXiv:2505.15811.

Chapter 4: Precision Machine Learning
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Summary: Among other things, this paper considers how modularity can change neural
scaling laws, when neural networks are used as approximators of continuous functions.

Contributions: First author. I ran all experiments, made all figures, and drafted the manuscript.
The project direction was set by Max, with many ideas and feedback coming from meetings
with Ziming and Max.

Eric J. Michaud, Ziming Liu, and Max Tegmark. “Precision machine
learning.” Entropy 25, no. 1 (2023): 175.

Chapter 5: Towards Understanding Grokking: An Effective Theory of Representation Learning

Summary: This paper studies how structured representations form when neural networks
“grok”—generalize long after initially overfitting their training data.

Contributions: Middle author. I ran MNIST experiments and helped draft the manuscript.

Ziming Liu, Ouail Kitouni, Niklas S. Nolte, Eric J. Michaud, Max Tegmark,
and Mike Williams. “Towards understanding grokking: An effective the-
ory of representation learning.” Advances in Neural Information Processing
Systems 35 (2022): 34651–34663.

Chapter 6: Omnigrok: Grokking Beyond Algorithmic Data

Summary: This paper studies how the phenomenon of grokking relates to the weight norm of
neural networks.

Contributions: Middle author. I ran some of the MNIST experiments and also conceived of and
ran the experiment showing that constraining weight norm accelerates grokking on modular
addition.

Ziming Liu, Eric J. Michaud, and Max Tegmark. “Omnigrok: Grokking
beyond algorithmic data.” International Conference on Learning Represen-
tations (2023).

Chapter 7: Opening the AI Black Box: Distilling Machine-Learned Algorithms into Code

Summary: This paper shows, extremely directly, that neural networks are not black boxes.
We show that we can translate neural networks directly into Python programs, which can be
run instead of the network.

Contributions: Co-first author. I led the creation of the tasks/datasets used in the paper, and
devised and ran the architecture search algorithm used to train minimum-sized networks on
each task. I also helped draft and revise the manuscript.
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Eric J. Michaud, Isaac Liao, Vedang Lad, Ziming Liu, Anish Mudide, Chloe
Loughridge, Zifan Carl Guo, Tara Rezaei Kheirkhah, Mateja Vukelić, and
Max Tegmark. “Opening the AI black box: Distilling machine-learned
algorithms into code.” Entropy 26, no. 12 (2024): 1046.

Chapter 8: The Geometry of Concepts: Sparse Autoencoder Feature Structure

Summary: This paper studies the structure of the “feature” directions learned by sparse
autoencoders for large language models.

Contributions: Co-first author. I ran almost all experiments for the “Brain-scale” section, wrote
that same section, and helped to write and revise the whole paper, especially the introduction.

Yuxiao Li, Eric J. Michaud, David D. Baek, Joshua Engels, Xiaoqing Sun,
and Max Tegmark. “The geometry of concepts: Sparse autoencoder feature
structure.” Entropy 27, no. 4 (2025): 344.

Chapter 9: Not All Language Model Features Are One-Dimensionally Linear

Summary: This paper finds evidence of multi-dimensional “feature manifolds” in neural
network representations.

Contributions: Middle author. I ran the experiments for the automated discovery of multi-
dimensional features in GPT-2, and the experiments training SAEs on toy feature manifolds. I
helped draft and revise the manuscript.

Joshua Engels, Eric J. Michaud, Isaac Liao, Wes Gurnee, and Max Tegmark.
“Not all language model features are one-dimensionally linear.” Interna-
tional Conference on Learning Representations (2025).

Chapter 10: Understanding Sparse Autoencoder Scaling Laws in the Presence of Feature
Manifolds

Summary: This paper develops a model of scaling laws for sparse autoencoders, in the
particular case where there are feature manifolds in the activations.

Contributions: First author. I performed the mathematical analysis, ran almost all experiments,
and drafted the manuscript, with feedback from Liv and Tom. Liv conceived of the core idea
that feature manifolds could cause pathological SAE scaling.

Eric J. Michaud, Liv Gorton, and Tom McGrath. “Understanding sparse
autoencoder scaling in the presence of feature manifolds.” Mechanistic
Interpretability Workshop at NeurIPS (2025). Preprint: arXiv:2509.02565.
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Chapter 2

The Quantization Model of Neural Scaling*

This paper articulates the core idea of this thesis: that the computation that neural networks
perform is decomposable into a set of simpler parts. While networks as a whole might be
complex, their computation on any individual sample is simpler, because only a small subset
of these mechanisms is relevant to that sample. In this work, we construct a model of neural
scaling based on this idea. To observe neural scaling laws, we just need to assume that the
“use frequencies” of these mechanisms naturally follow a power law.

Abstract

We propose the Quantization Model of neural scaling laws, explaining both the observed power
law dropoff of loss with model and data size, and also the sudden emergence of new capabilities
with scale. We derive this model from what we call the Quantization Hypothesis, where network
knowledge and skills are “quantized” into discrete chunks (quanta). We show that when quanta
are learned in order of decreasing use frequency, then a power law in use frequencies explains
observed power law scaling of loss. We validate this prediction on toy datasets, then study
how scaling curves decompose for large language models. Using language model gradients, we
automatically decompose model behavior into a diverse set of skills (quanta). We tentatively find
that the frequency at which these quanta are used in the training distribution roughly follows a
power law corresponding with the empirical scaling exponent for language models, a prediction
of our theory.1

2.1 Introduction

In the aggregate, larger neural networks trained on more data perform better than smaller neural
networks trained on less data, in a predictable way. Across a range of studies, mean test loss has
been observed to decrease as a power law in both the number of network parameters (𝐿 ∝ 𝑁 −𝛼𝑁 )

∗Eric J. Michaud, Ziming Liu, Uzay Girit, and Max Tegmark. “The quantization model of neural scaling.” Advances
in Neural Information Processing Systems 36 (2023): 28699–28722.

1Project code can be found at: https://github.com/ejmichaud/quantization-model.
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and the number of training samples (𝐿 ∝ 𝐷−𝛼𝐷 ) [1–7]. Although aggregate performance changes
smoothly with scale, when particular capabilities are examined, larger models often have emergent
abilities, i.e., qualitatively different performance than smaller models [8,9]. Understanding and
reconciling both facets of scaling – the predictable power law decrease in loss and the emergence
of new capabilities at scale – is of both theoretical and practical interest [10]. Understanding
how scaling changes what neural networks learn is entangled with core questions: what are deep
neural networks doing internally, and will they will continue to improve with scale?

Recent studies of the internals of neural networks have found a variety of impressive algorithms
learned by gradient descent [11–15]. As more work is put into understanding the structures
learned by neural networks (the task of mechanistic interpretability), we may find more and more
circuits [11,16] in models, intelligible internal algorithms for accomplishing prediction in specific
contexts. Can such analysis be scaled up to frontier models [17]? Two assumptions which, if true,
would make us more optimistic about mechanistically understanding large models include (1)
decomposability/modularity/sparsity [18–21] – that large models are decomposable into parts,
and only a small number of these parts are relevant to the model’s behavior on any given sample
and (2) universality [11,22–24] – that similar structures recur across models of increasing size.
Recently, Olsson et al. [25] found encouraging evidence for universality of “induction heads”
across LLMs and found that these emerge in a discrete transition during training.

In this paper, we articulate the Quantization Hypothesis, a set of informal conjectures about
the decomposability of networks into smaller parts, the universality of computations performed
across model scales, the discreteness of what models learn, and about how properties of the data
distribution produce power law neural scaling. In particular, we hypothesize that to many predic-
tion problems, there corresponds a particular enumerable set of indivisible pieces of knowledge
or skills that models must learn, and that model performance is determined by which of these
elements models successfully learn. We call these basic building blocks of model performance the
quanta:

Quantum (plural quanta): An indivisible computational module that,
for example, retrieves a fact, implements an algorithm, or more generally
corresponds to some basic skill possessed by a model.

We use this terminology in analogy to Max Planck’s assumption in 1900 that energy is quantized
into discrete chunks (quanta) – here we imagine that knowledge/skills are quantized into discrete
chunks (quanta). Since “quantization” is commonly used in machine learning in the context of
low-precision arithmetic, we suggest “knowledge quantization” or “skill quantization” to refer to
our notion of quantization. We will see that a Zipfian distribution governing the “use frequency” of
the quanta produces power law neural scaling, where the effect of scaling is to learn an increasing
number of discrete quanta, and smooth scaling laws average over small discrete jumps in model
performance.

This paper is organized as follows: in Section 2.2 we give a theoretical model of power
law neural scaling from the Quantization Hypothesis. In Section 2.3 we construct toy datasets
satisfying the hypothesis, where smooth power laws average over many discrete jumps in model
performance. In Section 2.4 we then analyze how power law scaling decomposes for real LLMs. In
Section 2.5, we develop a method for automatically discovering quanta in language models by
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LLM skill “quanta” auto-discovered in text
Cluster 50: incrementing numerical sequences Cluster 100: predicting newlines in line length limited text

01- Mi Querencia (Simón Díaz)\n
02- Tonada De Luna Llena (Simón Díaz)\n
03- Sabana (José Salazar/Simón Díaz)\n
04- Caballo Viejo (Simón Díaz)\n
05- Todo Este Campo Es Mío (Simón Díaz)\n
06- La Pena Del Becerrero (Simón Díaz)\n
07

* * from opening a through road or street for public use across said public park in the
Park of The City of Riverton * * *." (Emphasis supplied.) Appealing from that order, the
city asserts (1) plaintiffs have no standing or right to maintain the action; (2) that the
proposed road was in an undedicated part of the park; (3) that the proposed road was
an access road and not a through street or part of the city’s street system; (4

4. _Introduction_\n
5. Chapter 1: What Is Trust?\n
6. Chapter 2: Trust Brings Rest\n
7. Chapter 3: Who Can I Trust?\n
8. Chapter 4: The Folly of Self-Reliance\n
9. Chapter 5: Trust God and Do Good (Part 1)\n
10. Chapter 6: Trust God and Do Good (Part 2)\n
11. Chapter 7: At All Times\n
12. Chapter 8

was achieved. The chosen sites were recorded as: 0 = sound (*n* = 13); 1 = first visible
sign of noncavitated lesion seen only when the tooth is dried; 2 = visible noncavitated
lesion seen when wet and dry; 3 = microcavitation in enamel; 4 = noncavitated lesion
extending into dentine seen as an undermining shadow; 5 = small cavitated lesion with
visible dentine: less than 50% of surface; 6

QCBlockListMsg = 0x0a\n
GetLatestStatusMsg = 0x0b\n
LatestStatusMsg = 0x0c\n
PrepareBlockHashMsg = 0x0d\n
GetViewChangeMsg = 0x0e\n
PingMsg = 0x0f

TO PERFORM QUADRATIC REGRESSION\n
ON THE TI84 GRAPHING CALCULATOR,\n
DETERMINE HOW WELL THE \n
REGRESSION MODEL FITS THE DATA,\n
AND THEN MAKE PREDICTIONS \n
USING THE REGRESSION EQUATION.\n
IN STATISTICS, \n
REGRESSION ANALYSIS INCLUDES\n
ANY TECHNIQUES USED FOR MODELING \n

# creddump is free software: you can redistribute it and/or modify\n
# it under the terms of the GNU General Public License as published by\n
# the Free Software Foundation, either version 3 of the License, or\n
# (at your option) any later version.\n
#\n
# creddump is distributed in the hope that it will be useful,\n

<!–\n
/**\n
* Copyright (c) 2019, The Android Open Source Project\n
*\n
* Licensed under the Apache License, Version 2.0 (the "License");\n
* you may not use this file except in compliance with the License.\n

*\n
Pursuant to 5TH CIR. R. 47.5, the court has determined\n

that this opinion should not be published and is not precedent\n
except under the limited circumstances set forth in 5TH CIR.\n

children have a lack of maturity and an underdeveloped\n
sense of responsibility, leading to recklessness, impul-\n
sivity, and heedless risk-taking.. . . Second, children\n
are more vulnerable. . . to negative influences and\n
outside pressures, including from their family and\n
peers; they have limited contro[l] over their own envi-\n

Figure 2.1: We auto-discover quanta – basic units of model knowledge/skill – for a language model.
Here we show collections of next-token prediction samples which our method clustered together,
each corresponding to some coherent model behavior. We indicate the token which was predicted
from the context before it with a red highlight. We indicate newlines using “\n”. See Section 2.5
for explanation.

clustering their behavior into basic coherent skills, and analyze the statistics of these clusters,
concluding in Section 2.7.
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2.2 Theory

Consider the task of modeling the distribution of text on the internet. Successful prediction
requires an immense amount of knowledge, and the ability to perform diverse computations, due
to the immense complexity and diversity of the world and therefore of human language. For
instance, in order to predict what word will come next in a conversation between two physicists,
one must “know” much about physics. In order to continue the text “2534 + 7261 = ”, one
must be able to perform arithmetic (for large enough numbers, memorization becomes a highly
inefficient strategy) [26]. A great many distinct types of computations are present in the world in
the processes that produce text, and so predicting text requires those computations to be present
in our models.

In this paper, we conjecture the Quantization (or Quanta) Hypothesis:

QH1 Many natural prediction problems decompose into an enumerable set of compu-
tations, pieces of knowledge, or skills, which models must learn to reduce loss.
We call these quanta, and model them as being discrete, – they are either learned
or not learned. Model performance is determined by which quanta have been
learned.

QH2 Some quanta are more useful for reducing loss than others, leading to a natural
ordering of the quanta. We call the ordered quanta the Q Sequence. Optimally
trained networks should therefore learn the quanta in that order. The effect of
scaling is to learn more of the quanta in the Q Sequence, so scaling performance
is simply determined by how many quanta are successfully learned.

QH3 The frequencies at which the quanta are used for prediction follow a power law.

Together these can result in power law neural scaling.
We model the Quantization Hypothesis as follows, referring to the below as the “Quantization

(or Quanta) Model”. Let q denote a bit string whose 𝑘 th bit q𝑘 = 1 if the 𝑘 th quantum in the Q
Sequence has been learned, and q𝑘 = 0 otherwise. QH1 implies that the mean loss 𝐿 is simply a
function of q. QH2 implies that when 𝑛 ≡ ∑

𝑘 q𝑘 quanta have been learned, we have q𝑘 = 1 for
𝑘 ≤ 𝑛. Let 𝐿𝑛 denote the mean loss in this case. From QH3, we have that the 𝑘 th quantum benefits
prediction on a randomly chosen sample with probability

𝑝𝑘 =
1

𝜁 (𝛼 + 1)𝑘
−(𝛼+1) ∝ 𝑘−(𝛼+1) (2.1)

for a Zipf power law 𝛼 > 0, where 𝜁 (𝑠) ≡ ∑∞
𝑘=1 𝑘

−𝑠 . Let us also assume that learning the 𝑘 th

quantum reduces average loss from 𝑏𝑘 before it is learned to 𝑎𝑘 after it is learned on the samples
where it is utilized. If 𝑎𝑘 and 𝑏𝑘 are 𝑘-independent (𝑎𝑘 = 𝑎, 𝑏𝑘 = 𝑏), then a model that has learned
the first 𝑛 quanta will have expected loss

𝐿𝑛 =

𝑛∑︁
𝑘=1

𝑎𝑝𝑘 +
∞∑︁

𝑘=𝑛+1
𝑏𝑝𝑘 =

∞∑︁
𝑘=1

𝑎𝑝𝑘 +
∞∑︁

𝑘=𝑛+1
(𝑏 − 𝑎)𝑝𝑘

≈ 𝑎 + 𝑏 − 𝑎
𝜁 (𝛼 + 1)

∫ ∞

𝑛

𝑘−(𝛼+1)𝑑𝑘 = 𝑎 + 𝑏 − 𝑎
𝛼𝜁 (𝛼 + 1)𝑛

−𝛼 . (2.2)
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In other words, 𝐿∞ = 𝑎 and (𝐿𝑛 − 𝐿∞) ∝ 𝑛−𝛼 is a power law.
In Section 2.8.1, we provide analogous derivations for other assumptions for 𝑎𝑘 and 𝑏𝑘 , and

find that a range of assumptions produce curves that are exact or approximate power laws – the
latter include a small logarithmic correction.

In the derivation above, we assumed that all samples are what we will refer to as monogenic,
meaning that prediction relies on at most a single quantum, akin to how monogenic traits in
biology (e.g. cystic fibrosis) depend on a single gene. By assuming that all samples are monogenic,
we can write the expected loss as a sum over quanta, weighted by the fraction of samples which rely
on that quanta 𝑝𝑘 . We further explore the idea of monogenic vs. polygenic samples in Section 2.4.2.
So far we have seen how the Quantization Hypothesis can produce power law scaling as a function
of the number of quanta learned 𝑛. We will now give one possible mechanism by which this can
translate into power law scaling in parameters, data, etc.:
Parameter scaling: In networks of finite size, network capacity can bottleneck how many quanta
are learned. If we assume that all quanta require the same capacity of𝐶 network parameters, then
a network with 𝑁 parameters can learn roughly 𝑛 ≈ 𝑁 /𝐶 quanta. Therefore 𝐿(𝑁 ) − 𝐿∞ ∝ 𝑛−𝛼 ≈
(𝑁 /𝐶)−𝛼 ∝ 𝑁 −𝛼 , we so we get power law scaling in 𝑁 with exponent 𝛼𝑁 = 𝛼 .
Data scaling (multi-epoch): For data scaling, we assume that for each quantum, a threshold of 𝜏
examples utilizing quantum 𝑘 are needed in the training set for quantum 𝑘 to be learned2. With 𝐷

training samples, approximately 𝐷𝑝𝑘 samples relying on quantum 𝑘 will be present, and solving
for 𝐷𝑝𝑛 = 𝜏 we get the last quantum to be learned will be 𝑛 ∝ (𝐷/𝜏)1/(𝛼+1) since 𝑝𝑘 ∝ 𝑘−(𝛼+1) .
Under this model, we get scaling in data samples 𝐿(𝐷) − 𝐿∞ ∝ 𝑛−𝛼 ∝ (𝐷/𝜏))−𝛼/(𝛼+1) ∝ 𝐷−𝛼/(𝛼+1) ,
and so 𝛼𝐷 = 𝛼/(𝛼 + 1). From our earlier result that 𝛼𝑁 = 𝛼 , we would therefore predict that
𝛼𝐷 = 𝛼𝑁 /(𝛼𝑁 + 1). We discuss whether this relationship holds empirically for data and parameter
scaling exponents observed across a variety of studies in Section 2.8.6.
Data scaling (single-epoch): In multi-epoch training, the information contained in the training
dataset can bottleneck which quanta are learned. However, the rate of convergence of SGD can
also bottleneck performance. For single-epoch training, a greater number of training samples
allows one to train for longer. In our model, the amount that each quantum reduces mean loss
by follows a power law. If the magnitude of the gradients for learning these quanta also follow a
power law, then the convergence time for each quanta may follow a power law too. If the number
of steps to learn quantum 𝑘 is ∝ 1/𝑝𝑘 , then if the first quantum requires 𝑇 steps to be learned,
quantum 𝑛 will require𝑇𝑛𝛼+1 steps, and so 𝑛 = (𝑆/𝑇 )1/(𝛼+1) quanta can be learned in 𝑆 steps. This
gives scaling in training steps 𝐿(𝑆) −𝐿∞ ∝ 𝑛−𝛼 ≈ (𝑆/𝑇 )−𝛼/(𝛼+1) ∝ 𝑆−𝛼/(𝛼+1) , and so 𝛼𝑆 = 𝛼/(𝛼 + 1).
Under this model, multi-epoch and single-epoch data scaling exponents coincide: 𝛼𝐷 = 𝛼𝑆 .

2.3 Proof of concept: a toy dataset

In this section, we will describe a toy dataset consisting of distinct subtasks which are power law
distributed in frequency. We observe power law neural scaling in data and parameters on this
task, and find that the mechanism of neural scaling coincides with our theory from Section 2.2.
It is therefore possible for scaling laws to arise from the Quantization Model for data with the
right structure. We leave a study of whether natural datasets (e.g. natural modeling) possess such

2This type of threshold has precedent, e.g. for the algorithmic tasks where “grokking” occurs [27].
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structure to Section 2.4.

2.3.1 The “multitask sparse parity” dataset

The toy task we will construct consists of many subtasks – distinct types of inputs which each
require corresponding distinct computations (quanta). For each subtask, we choose a variant of
the “sparse parity” problem, recently studied in [28]. The sparse parity prediction problem is
simple: given a bit string of length 𝑛, compute the parity (sum mod 2) of a fixed subset of 𝑘 of
those bits. We introduce an extension of this task, which we call “multitask sparse parity”. Beyond
𝑛 and 𝑘 , multitask sparse parity adds an additional parameter 𝑛tasks, the number of subtasks
(number of distinct versions of sparse parity) present in the dataset. To construct the task, we
first choose 𝑛tasks random subsets 𝑆𝑖 of 𝑘 indices from {1, 2, . . . , 𝑛}: 𝑆𝑖 ⊂ {1, 2, . . . , 𝑛} and |𝑆𝑖 | = 𝑘 ,
where 𝑖 = 1, 2, . . . , 𝑛tasks. Input bit strings are length 𝑛tasks + 𝑛. We call the first 𝑛tasks bits the
control bits and the last 𝑛 bits the task bits. If control bit 𝑖 is active, then the parity is computed
from the subset 𝑆𝑖 of the task bits. The control bits 1-hot encode the task number: on a given input,
only one control bit is set to 1 at a time – the rest are zero. For the sample shown below, since
control bit 2 is active, the answer is the parity of the task bits 𝑆2 = {2, 7}, which is 0 for this input:

Subtask 3Subtask 2

0100...00  1010010...1110011

Subtask 1

“control bits” “task bits”

We impose a uniform distribution over the task bits. On the control bits, we impose a Zipfian
distribution: the probability that a sample has control bit 𝑖 active (and therefore the parity must be
computed from the subset 𝑆𝑖 of the task bits) is 1

𝑍
𝑖−(𝛼+1) where 𝑍 =

∑𝑛tasks
𝑖=1 𝑖−(𝛼+1) . This imposes a

power law distribution over subtasks in data. Since answers are parities, this task can be treated
as a binary classification problem on the subset of bit strings {0, 1}𝑛tasks+𝑛 where for each string
all but one bit of the first 𝑛tasks bits are zero.

2.3.2 Power law scaling and emergence

We train ReLU MLPs with a single hidden layer to solve this task with cross-entropy loss. The
input dimension is 𝑛tasks + 𝑛. We use the Adam optimizer with a learning rate of 10−3. To study
scaling with respect to the number of model parameters, we train networks of varying width by
sampling batches online. Within an individual single-epoch training run, we can study scaling in
steps 𝑆 . To study scaling with respect to multi-epoch training dataset size 𝐷 , we use a network of
sufficient width for capacity to not be a bottleneck, and for varying 𝐷 we sample a training set of
𝐷 samples and train for multiple epochs, recording model performance when mean test loss is
lowest (early-stopping).

Training dynamics on the multitask sparse parity problem are highly nontrivial – on each
individual subtask, loss follows a reverse-S curve, dropping after an initial plateau. This transition
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Figure 2.2: Top: Neural networks exhibit power law scaling in loss w.r.t. parameters 𝑁 , training
time 𝑆 , and training samples 𝐷 (for multi-epoch training) when trained on the multitask sparse
parity dataset. Here 𝛼 = 0.4 and we plot lines ∝ 𝑁 −𝛼 , ∝ 𝑆−𝛼/(𝛼+1) , ∝ 𝐷−𝛼/(𝛼+1) . Bottom: neural
scaling broken down by subtask. Scaling behavior on individual subtasks exhibits emergence,
where subtasks are suddenly learned above a particular scale. Power law neural scaling of mean
test loss averages over a large number of qualitative changes in network performance (when
broken down by subtask), with loss being driven to zero on an increasing number of subtasks
which are power law distributed in frequency, a realization of the mechanism of neural scaling
discussed in Section 2.2.

happens at different times for different subtasks, so the overall loss decreases smoothly, averaging
over these transitions. See Section 2.8.2 for more discussion of training dynamics.

Figure 2.2 shows scaling curves on the multitask sparse parity problem. For the results shown,
we used 𝑛tasks = 500, 𝑛 = 100, 𝑘 = 3, 𝛼 = 0.4, and a batch size of 20000. We vary training dataset
size from 1e4 to 5e6 and vary hidden-layer width from 10 to 500 neurons. We train for 2e5 steps.
In line with the theory from Section 2.2, we find that as we scale training data and parameters,
networks learn more and more quanta (reducing loss on more and more subtasks), roughly in
order of their frequency, and that this is what drives neural scaling. We see that scaling w.r.t.
parameters is noisier than data scaling, possibly due to model initialization having some influence
on which quanta are learned (for our data scaling experiments, we use the same seed and same
model size for all runs). We also see that for scaling on individual subtasks, there is a rough scale
of data or parameters below which networks do not learn the task, and above which they do.
Smooth power law scaling therefore averages over a large number of emergent changes in model
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performance when properly decomposed by subtask, a proof of concept that the Quantization
Model can be the mechanism of neural scaling for data with the right structure. See Section 2.8.2
for additional results and discussion on how the scaling exponents 𝛼𝑁 , 𝛼𝑆 , 𝛼𝐷 relate to the subtask
distribution power law exponent 𝛼 + 1 empirically.

2.4 Decomposing LLM scaling laws

We now study how scaling curves for large language models decompose. For our experiments, we
use the Pythia model suite from Eleuther AI [29], a set of decoder-only transformers of varying
size trained on approximately 300 billion tokens of The Pile [30]. We evaluate several models
in the suite (ranging from 19m to 6.4b non-embedding parameters) on approximately 10 million
tokens from the test set of The Pile. We record cross-entropy loss on every token, enabling us to
study how loss on individual tokens, as well as how the distribution over losses, changes with
model scale.

2.4.1 The distribution over per-token losses

In Figure 2.3, we show how the distribution over losses scales with model size. First, we find
that for the first six models in the Pythia sequence, the mean loss scales as a power law with
exponent 𝛼𝑁 = 0.083, roughly in line with the parameter scaling exponent of 0.076 measured in
[3]. The 6.4b model does not fit the scaling curve well, so we excluded its loss when measuring
the scaling exponent. Next, we plot the probability distribution over per-token losses 𝑝 (𝐿). We
find that losses close to zero are by far the most common, and that scaling increases the portion of
approximately-zero losses. We also plot 𝐿𝑝 (𝐿), the probability density over losses weighted by loss.
The mean loss is the area under this curve. We see that despite approximately-zero-loss tokens
being by far the most common, they do not contribute much mass to the mean loss. See Figure 2.11
for how these distributions change over training steps rather than across model size. We note that
neural scaling in the wild is much more complicated than for multitask sparse parity – notably,
the distribution over losses is not bimodal. We leave a detailed study of whether the statistics of
neural scaling in LLMs are compatible with prior models of neural scaling to future work.

2.4.2 Monogenic versus polygenic scaling curves

In our introduction of the Quantization Hypothesis in Section 2.2 and our multitask sparse parity
study in Section 2.3 we modeled network performance on individual samples as benefitting from
a single quantum – all samples belong to a single subtask, which is either solved or not solved
in a binary fashion. In our model and on multitask sparse parity, scaling curves on individual
examples all exhibit emergence – loss on individual examples undergoes a sharp transition at a
particular scale of parameters or data. Do we observe this in large language models?

Inspecting a large number of per-token (per-sample) scaling curves, we observe a variety
of scaling behaviors. On some samples, loss drops at a particular scale. More typically though,
loss improves at multiple scales. If the Quantization Hypothesis is true and the effect of scaling
is to simply add new quanta to the model, then for per-sample loss curves to show progress at
multiple scales, those samples must benefit from multiple quanta additively. As first mentioned

54



Figure 2.3: Left: Scaling of mean test loss w.r.t. non-embedding parameters for the Pythia mod-
els [29]. The parameter scaling exponent 𝛼𝑁 is measured to be ≈ 0.083 from the first six points
along the curve (the seventh model appears to break the trend). Center: the distribution 𝑝 (𝐿) over
losses on individual samples for models of different size. Losses ≈ 0 are by far the most common,
and larger models achieve ≈ 0 loss on an increasing fraction of samples. Right: the expected loss
integrand 𝐿𝑝 (𝐿) for models of different sizes. Low-loss samples contribute minimal mass to the
mean loss, which is instead dominated by samples with much higher loss of 5-10 bits (depending
on scale).

in Section 2.2, we borrow terminology from genetics and refer to prediction problems for which
the model’s performance is determined by a single quantum as monogenic (akin to when a single
gene determines a trait) and as polygenic when multiple quanta influence performance (in analogy
to when multiple genes contribute to a trait). In multitask sparse parity, all prediction problems
are monogenic. In natural language, we observe that model performance on most tokens improves
at multiple scales, suggesting that most tokens are polygenic, but we can find tokens for which
loss drops as a single phase transition in scale. Polygenicity forms a spectrum: the smoothness
of the loss curve can vary substantially between examples, presumably with some prediction
problems using few quanta and others using many. In Figure 2.4, we show extreme examples of
both monogenic and polygenic samples.

Note that our monogenic/polygenic taxonomy of model behaviors assumes that QH1 and
QH2 are true. However, it could be the case that there isn’t an underlying discreteness to what is
learned, or that scaling totally changes what networks learn, rather than simply adding additional
quanta. Whether scaling truly has the effect we described will have to be investigated in future
studies of the internals of neural networks. We also note that it is possible that sharp transitions
in the per-token loss curves could be due to noise – if we had multiple runs with different random
seeds for each model scale, we could better test whether the mean loss across seeds decreases
smoothly or if there is a genuine discreteness where gradual progress is impossible for apparently
“monogenic” tokens.
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Figure 2.4: Per-sample scaling curves can have diverse behavior. Here we show extreme examples
where scaling (of loss on predicting the highlighted token) is abrupt versus smooth. If the
Quantization Hypothesis describes language modeling, then samples with sharp scaling would be
monogenic, displaying sharp emergence at a particular model scale when the relevant quantum
is learned. Samples with gradual scaling would be polygenic, where many quanta, emerging at
different scales, marginally improve the loss. We show additional examples in Figure 2.12.

2.5 The quanta of language modeling

We have conjectured that the internals and behavior of language models are decomposable into an
enumerable set of modules and associated skills (quanta). What might these basic building blocks
of LLMs be? In this section, we develop a preliminary method to discover quanta. In particular, we
will attempt to cluster tokens in a language corpus according to what knowledge or skill LLMs use
to predict those tokens from their context. Our goal is to find coherent clusters of language model
behavior that each reveal some distinct skill that the model has learned. Note that in clustering
tokens to discover quanta, we are making the likely unrealistic assumption that these tokens are
monogenic – that there is only one quantum involved in predicting each token. Not also that
these clusters of behavior will not give us a mechanistic understanding of the quanta, but simply
provide examples of LLM skills which could be studied further in future work.

We propose the use of gradients to cluster next-token prediction samples, where a “sample”
consists of a token and its context in some document. Given some model, we will cluster two
samples together if the gradient of the model’s loss on each sample w.r.t. the model’s parameters is
similar for the two samples. The intuition for using gradients is as follows: if a model uses the same
internal module to generate its prediction on two samples, then the gradients for parameters within
the module may be nonzero and similar for the two samples (and possibly ≈ 0 for parameters
in irrelevant modules). If a model uses different modules to generate its prediction on different
samples, then the gradients may not overlap. We therefore use gradient similarity as a proxy
for mechanistic similarity – whether a model uses similar mechanisms/modules to generate its
prediction on distinct samples. While crude, we find that gradients contain enough information to
allow us to automatically discover many coherent clusters of LLM behavior using the following
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Figure 2.5: Left: angular similarity between model gradients for a variety of natural language
samples. Samples are reordered according to their QDG cluster (with 400 clusters) to reveal the
block-diagonal structure of the similarity matrix. We visualize a small part of the overall similarity
matrix in this plot – note that not all clusters are as visibly distinct as the ones shown. Right:
rank-frequency plot of QDG clusters. We measure the slope of the envelope of the rank-frequency
curves from cluster rank 100-1000 to be ≈ −1.24, which is a steeper than the slope of -1.08 expected
from the measured parameter-scaling exponent from Figure 2.3, though within the margin of
error given the uncertainty of our clustering methodology. See Section 2.8.5 for a discussion of
the bias/uncertainty of our method.

algorithm:
Quanta Discovery from Gradients (QDG): We will use spectral clustering on gradients to find

clusters of samples whose gradient has nonzero cosine similarity. Given a set of samples (𝑥𝑖, 𝑦𝑖)
and a model 𝑓𝜃 , we compute gradients for each sample 𝑔𝑖 = ∇𝜃𝐿(𝑓𝜃 (𝑥𝑖), 𝑦𝑖). We then normalize
these gradients 𝑔𝑖 ↦→ 𝑔𝑖 so that 𝑔𝑖 · 𝑔𝑖 = 1. Let 𝐴 be a matrix whose rows are the normalized
gradients: 𝐴𝑖,· = 𝑔𝑖 . If we are clustering 𝑑 samples and our model has 𝑛 parameters, 𝐴 has shape
(𝑑, 𝑛). We compute an affinity matrix 𝐶 = 𝐴𝐴𝑇 , a matrix of shape (𝑑,𝑑) where 𝐶𝑖 𝑗 = 𝑔𝑖 · 𝑔𝑗 , the
cosine similarity between gradients 𝑔𝑖, 𝑔𝑗 . From this, we compute an affinity matrix of the angular
similarities 𝐶 (which take values in [0, 1]) via 𝐶𝑖 𝑗 = 1 − arccos(𝐶𝑖 𝑗 )/𝜋 . We then perform spectral
clustering with 𝐶 to cluster samples.

QDG is expensive to compute for large models and for large numbers of samples. We therefore
only apply it to the smallest model in the Pythia suite, which has 19m non-embedding parameters.
We cluster 10000 tokens on which this model is confident and correct in its prediction, achieving
less than 0.1 nats of cross-entropy. See Section 2.8.3 for more detail.

We find that many, though not all, QDG clusters reveal some coherent model behavior. We
show examples from clusters in Figure 2.1 and Figure 2.13. These clusters were found with the
spectral clustering hyperparameter n_clusters = 400. While most clusters involve the
prediction of the same token, manually inspecting these clusters we find that they usually involve
predicting the same token for a coherent reason, rather than being based merely on having the
same output. We also find clusters for more abstract prediction rules. For instance, the quantum
shown on the left column of Figure 2.1 is the skill of incrementing a numerical sequence, and the
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examples involve predicting a variety of different tokens representing numbers.

2.5.1 The natural distribution over language modeling quanta

In our model, some quanta are more frequently used than others. If these frequencies follow a
power law in accordance with the Quantization Hypothesis, then we may expect QDG cluster
sizes to be governed by a power law. The measured scaling exponent of 𝛼𝑁 = 0.083 from Figure 2.3
implies a power law distribution over quanta with exponent −1.083. Do the cluster sizes follow
this?

Figure 2.5 shows rank-frequency curves for clusters discovered with QDG for varying choices
of n_clusters. These curves sort the clusters according to their size and then plot size against
cluster index (rank). We plot rank-frequency curves for many choices of n_clusters since it is
unclear a priori which n_clusters to use. When we measure the slope of the rank-frequency
curve, we measure it from the envelope formed by the many rank-frequency curves, a practice
which we discuss in Section 2.8.5. Biases in the clustering algorithm and inherent noise in model
gradients make clustering imperfect, and lead to high uncertainty of our the measured power law
exponent. From our analysis in Section 2.8.5, we think that extracting the power law exponent
over quanta utilization frequency by measuring the slope of the rank-frequency curve should
have uncertainty of at least 0.2. We also note that some rank-frequency curves don’t look like
a clean power law. In Section 2.8.5, Figure 2.16 we find that we can get similar-looking curves
in a toy model of this clustering process when the dimension and noise is high. Between ranks
100-1000, we measure a slope of ≈ −1.24, about 0.16 off our expected slope of −1.08, and so within
the margin of error. We are encouraged that the size of our discovered clusters seem to decay at a
rate (very roughly) compatible with observed neural scaling exponents, in line with our theory.
However, less naive clustering schemes, operating on more samples with more clusters, could be
useful to sharpen this measurement.

2.6 Related Work

Models of neural scaling: Several models of neural scaling laws have been proposed in prior
work. Sharma and Kaplan [31] explain power law scaling w.r.t. model parameters using an
argument from approximation theory, which relates neural scaling exponents to the dimension
of the data manifold 𝑑 . Michaud, Liu, and Tegmark [32] point out that effective dimension 𝑑

could be generalized to the maximum arity of the target function’s computation graph for sparse
compositional problems. Bahri et al. [33] generalized the model of Sharma and Kaplan [31] to
scaling w.r.t. dataset size, additionally relating scaling exponents to the power law spectrum of
certain kernels. Maloney, Roberts, and Sully [34] develop an exactly solvable random-feature
model of scaling, from which they derive a joint parameter-data scaling law. Bordelon, Canatar,
and Pehlevan [35] develop a model of data scaling for kernels, decomposing the generalization
error into a sum over eigenmodes, whereas we decompose error into a sum over quanta. Arguably
the closest prior work to ours is Hutter [36], who develops a model of data scaling wherein a
discrete set of “features” must be learned. In this model, a feature is learned if it occurs at least
once in the training set. If the features are Zipfian distributed, this produces power law scaling
in expectation but with high variance. In our model, using a data threshold 𝜏 ≫ 1 lowers the
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variance in the scaling curve, and we also considered scaling w.r.t. parameters and applied the
model to real networks.

Understanding emergent abilities: Wei et al. [8] and Srivastava et al. [37] document examples
of emergent abilities in large language models, though Schaeffer, Miranda, and Koyejo [38] suggest
that these examples are an artifact of the metric used to evaluate performance. Arora and Goyal
[39] develop a framework for the emergence of “skills”, where predicting text requires combining
multiple different skills from an underlying set of language skills.

Miscellaneous: The topic of phase transitions in machine learning is not new [40], but our
work was strongly influenced by the recent work of Olsson et al. [25] who observe a phase change
from the formation of induction heads and especially Nanda et al. [13] who conjecture that phase
changes may be ubiquitous. Simon et al. [41] also exhibit a task where learning proceeds as a
series of discrete steps. Chen et al. [42] develop a framework for understanding LLM “skills” in a
hierarchy and for choosing data to more efficiently learn desired skills. Chan et al. [43] study how
a Zipfian data distribution influences in-context learning.

2.7 Discussion

Summary: The Quantization Hypothesis posits that for some types of prediction problems,
models must learn a discrete (quantized) set of modules/knowledge/skills (quanta). When data is
distributed in such a way that the “use frequencies” of these quanta follow a power law, then power
law neural scaling can arise as models learn more and more quanta, with smooth scaling curves
averaging over many small cases of emergence. We presented a toy dataset where neural scaling
exhibits these properties. We then documented how language model scaling curves decompose,
beyond simply how the mean loss scales. Lastly, we developed a method to discover quanta from
the internal structure of trained models, from which we were able to enumerate a large number of
skills of a small language model. The frequencies at which the quanta we discover are used for
prediction in natural text seem to roughly track the power law our theory would predict, though
this measurement is quite imprecise.

Limitations: While the Quantization Hypothesis appears to hold for our toy datasets, much
work remains in investigating to what extent it holds for natural tasks like language modeling.
Probably our riskiest assumption was that there is an underlying discreteness to everything that
models learn. Gradual scaling seems typical in LLMs [38], and it could be more parsimonious
to model neural scaling as an underlying smooth process rather than to assume that most tasks
are highly polygenic with underlying discrete quanta. Note also that in our model of scaling
w.r.t. parameters 𝑁 , having more parameters merely increases the capacity of the network. In
practice however, larger networks are more efficient learners [7], and one can trade off between
parameters and data, whereas in our model parameters and data independently bottleneck the
number of quanta that can be learned. Additionally, we modeled the quanta as being independent,
where learning order is given just by the use frequencies, but it could make more sense to think of
the quanta as living in a hierarchical dependency graph. Lastly, our QDG method is neither very
principled nor scalable, and much better methods could likely be developed to discover quanta
and study their statistics for larger models and across more samples.

Implications for emergence and forecasting: Srivastava et al. [37] find that on some tasks,
neural scaling has high “linearity”, with gradual improvements to scale, with other tasks displaying
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“breakthroughness”, where performance improves sharply at some scale. In our model, high linearly
would result from a task’s relevant quanta being widely spread along the Q Sequence, and high
breakthroughness would result from a task being monogenic or from the relevant quanta being
close together in the Q Sequence. Our model also suggests that future capabilities could be
forecasted if one could estimate the frequency at which that skill would benefit prediction in the
training corpus.

Implications for mechanistic interpretability: If the Quantization Hypothesis is correct, then
understanding a network reduces to enumerating its quanta. Having done this, the quanta could
perhaps then be translated into a more interpretable format (something like code), studied in this
format, and eventually executed in this format, rather than via the operation of the network.

Outlook: Lastly, our decomposition of networks into quanta is reminiscent of Minsky’s Society
of Mind [44] perspective that minds are decomposable into individually mindless “agents”. If
this decomposition is indeed possible, then the quanta (agents) become natural objects of study
within networks. This mesoscale understanding of networks, in terms of the internal modules
which collectively constitute their performance, could perhaps act like statistical physics for deep
learning, allowing us to bridge our microscale understanding of low-level training dynamics and
our macroscale understanding of model performance.
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2.8 Appendix

2.8.1 More general scaling laws

If one learns the first 𝑛 quanta, reducing the loss from 𝑏𝑘 to 𝑎𝑘 (1 ≤ 𝑘 ≤ 𝑛), while the loss remains
𝑏𝑘 for 𝑘 > 𝑛, the expected loss is given by:

𝐿𝑛 =

𝑛∑︁
𝑘=1

𝑎𝑘𝑝𝑘 +
∞∑︁

𝑘=𝑛+1
𝑏𝑘𝑝𝑘 . (2.3)

In the main text, we used 𝑎𝑘 = 𝑎 and 𝑏𝑘 = 𝑏 for our model. However, one can imagine a variety of
other choices for 𝑎𝑘 and 𝑏𝑘 .

Case 1 𝑏𝑘 = −log 𝑝𝑘 and 𝑎𝑘 = 0, where 𝑝𝑘 = 𝑘−(𝛼+1)/𝜁 (𝛼 + 1). This baseline for 𝑏𝑘 is the error
of a model which outputs the token frequencies, independent of the context (assuming that quanta
involve the prediction of a particular token). The expected loss is given by:

𝐿𝑛 =

𝑛∑︁
𝑘=1

0 · 𝑝𝑘 +
∞∑︁

𝑘=𝑛+1
(−log 𝑝𝑘) · 𝑝𝑘 ≈

1 + 𝛼 + 𝛼 log𝜁 (𝛼 + 1)
𝛼2𝜁 (𝛼 + 1) 𝑛−𝛼 + 𝛼 + 1

𝛼𝜁 (𝛼 + 1)𝑛
−𝛼 log 𝑛, (2.4)

which contains a power law term 𝑛−𝛼 plus a log term 𝑛−𝛼 log 𝑛. For very large 𝑛, the log term can
be ignored, so 𝐿 is still approximately a power law of 𝑛 with exponent −𝛼 , shown in Figure 2.6.
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Figure 2.6: Comparing different scaling laws. Setting 𝑎𝑘 = 0, we compare 𝑏𝑘 = −log 𝑝𝑘 (solid lines)
and 𝑏𝑘 = 1 (dashed lines) for different alphas. Although the 𝑏𝑘 = −log 𝑝𝑘 case would cause an
extra loss term 𝑛−𝛼 log𝑛 in additional to the power law term 𝑛−𝛼 , the loss becomes a power law
asymptotically when 𝑛 becomes large.

Case 2 𝑏𝑘 = −log 𝑝𝑘 and 𝑎𝑘 = −log (𝐶𝑝𝑘) (𝐶 > 1), where 𝑝𝑘 = 𝑘−(𝛼+1)/𝜁 (𝛼 + 1). The expected
loss is given by:

𝐿𝑛 =

𝑛∑︁
𝑘=1

(−log (𝐶𝑝𝑘)) ·𝑝𝑘+
∞∑︁

𝑘=𝑛+1
(−log 𝑝𝑘) ·𝑝𝑘 ≈

log𝐶
𝛼𝜁 (𝛼 + 1)𝑛

−𝛼−log𝐶+1 + 𝛼 + 𝛼 log𝜁 (𝛼 + 1)
𝛼2𝜁 (𝛼 + 1) , (2.5)

which is a power law 𝑛−𝛼 plus a constant.
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2.8.2 Additional results on multitask sparse parity

Training dynamics: When loss is broken down by subtask on multitask sparse parity, learning
curves consist of many reverse-S shaped curves, and mean loss decreases smoothly as an average
over these curves. In Figure 2.7, we show loss versus time for each subtask for training runs in
both the single-epoch and multi-epoch regimes. In Figure 2.8 we show how convergence time for
each subtask relates to the frequency of that subtask.

Figure 2.7: Training dynamics on the multitask sparse parity dataset consist of many “phase
transitions” when decomposed by subtask – the loss curve for each subtask drops following an
initial plateau of no apparent progress, in line with [28]. The mean loss decreases smoothly,
averaging over these phase transitions in the model’s performance on subtasks. We show curves
for single-epoch training (top) and multi-epoch training on 5 million samples (bottom). The dashed
red line indicates the early stopping point where mean test loss is minimized. For these runs,
𝛼 = 0.4.

Scaling for varying 𝛼 : In Figure 2.10 we show scaling curves on multitask sparse parity in 𝑁, 𝑆, 𝐷

for a variety of quanta distribution parameters 𝛼 . While all scaling curves appear to be power
laws, the relationship between 𝛼𝑁 , 𝛼𝑆 , 𝛼𝐷 and 𝛼 is not precisely as predicted by theory:

1. Parameter scaling: We observe that the relationship between 𝛼𝑁 and 𝛼 deviates a bit from
the prediction 𝛼𝑁 = 𝛼 , with 𝛼𝑁 < 𝛼 for small 𝛼 and 𝛼𝑁 > 𝛼 for large 𝛼 . Perhaps model size
does not influence learning just by changing capacity, but also by affecting optimization.

2. Step scaling: We observe that 𝛼𝑆 is consistently higher than the theoretical prediction
𝛼/(𝛼 + 1). In Figure 2.8, we saw that the number of steps to convergence for each subtask
did not precisely follow 𝑆𝑘 ∝ 𝑝−1

𝑘
, but was closer to 𝑆𝑘 ∝ 𝑝−0.81

𝑘
. This means that many

subtasks converge faster than we would expect, producing a steeper scaling curve.
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Figure 2.8: Convergence time for each subtask versus the frequency of that subtask. We see that
convergence time 𝑆𝑘 on subtask 𝑘 is 𝑆𝑘 ∝ 𝑝−0.81

𝑘
rather than 𝑆𝑘 ∝ 𝑝−1

𝑘
as we had expected. This

leads to a steeper scaling w.r.t. 𝑆 than expected from theory. For these experiments, we used
𝛼 = 0.4, and so we would have predicted 𝛼𝑆 ≈ 0.29 but instead we get 𝛼𝑆 ≈ 0.45. We consider the
model to have converged on a subtask once it gets mean test loss less than 0.1 bits on that subtask.

3. Data scalaing: We observe that 𝛼𝐷 is substantially higher than the theoretical prediction
𝛼/(𝛼 + 1) for small 𝛼 . We think this may be related to the fact that early-stopping cuts off
training before all subtasks are learned as observed in Figure 2.7. In Figure 2.9, we show how
the number of subtasks learned 𝑛, when we include subtasks learned after early-stopping,
seems to be in line with theory: 𝑛 ∝ 𝐷1/(𝛼+1) .

Better understanding the precise nature of power law scaling on multitask sparse parity is an
interesting avenue for future work.

2.8.3 Additional results on language models

In Figure 2.11 we show how the distribution over losses changes across time during a training
run, rather than across model scales like in Figure 2.3.

In Figure 2.13 we show additional examples from clusters discovered with QDG.

Details of application of QDG to LLMs

When applying QDG to language models, we use gradients within self-attention and MLP layers,
but do not include embed, unembed, or layer norm gradients when we flatten and concatenate
gradients into a vector 𝑔.3 We choose samples (𝑥𝑖, 𝑦𝑖) for which our 19m-parameter model achieves
a cross-entropy loss less than 0.1 nats. We filter based on this criteria since (1) we cannot cluster
samples based on model mechanism if the model does not have such a mechanism for performing
prediction correctly on those samples and (2) our intuition that samples with particularly low loss
are more likely to be monogenic. We further exclude samples which can be solved via induction

3We exclude gradients for embed and unembed parameters because they are high dimensional and also because
they may contain information more about the input and output rather than the computations the model performs
internally. We exclude layer norm gradients because they appeared to contain less information about clusters in toy
experiments.
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Figure 2.9: Number of subtasks learned (𝑛), including subtasks learned after early-stopping would
have terminated the training run, versus training samples 𝐷 for a variety of 𝛼 . We see that the
relation 𝑛 ∝ 𝐷1/(𝛼+1) approximately holds, in line with theory. Deviation from theory for the
scaling exponent of loss 𝐿 w.r.t. 𝐷 therefore likely originates from our failure to regularize network
training, leading to early-stopping ending training before some subtasks can be learned.

on the context4, since such samples are quite common (possibly interfering with our task of
finding diverse quanta) and since early experiments indicated that QDG had trouble clustering
such samples together. We choose 10000 such samples to perform clustering on from the test set
of The Pile. After computing the affinity matrix 𝐶 , we use the spectral clustering implementation
from scikit-learn [45] with labels assigned via k-means.

2.8.4 Quanta discovery on TinyStories

We also apply QDG to TinyStories-33M, a language model trained on the TinyStories dataset [46].
We consider only tokens on which TinyStories-33M achieves a loss less than 1 bit of cross-entropy.
We apply QDG to 10000 such samples, clustering their gradients with spectral clustering with
n_clusters = 400. We show some samples from the resulting clusters in Figure 2.14. Many
of these clusters reflect some simple recurring pattern in the TinyStories dataset, like predicting “
time” after “Once upon a”, which many documents in the dataset start with. Some other clusters
are more interesting however, like Cluster 11, which seems to involve predicting the correct noun
in a sentence where that noun was referred to earlier in the sentence or in previous sentences.

2.8.5 The difficulty of estimating the power law exponent from clusters

In Section 2.5.1, when we looked at the distribution over elements in each cluster, we did not
perfectly recover a Zipf distribution with exponent ≈ 1.08 that we expected from our theory. In
this section, we describe the difficulty of accurately estimating such an exponent with our method.
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Figure 2.10: Scaling in parameters (𝑁 ), single-epoch training time (𝑆), and multi-epoch training
samples (𝐷) for varying quanta power law distribution parameter 𝛼 on multitask sparse parity.
We notice that scaling curves in steps 𝑆 are typically steeper than the 𝛼𝑆 = 𝛼/(𝛼 + 1) predicted
from theory, and that for low 𝛼 the scaling curves in 𝐷 also deviate from theory substantially.

QDG on multitask sparse parity

As a first experiment, we performed QDG on multitask sparse parity, where there is a known,
artificially-imposed power law distribution over subtasks. We train a width-500 single-hidden-

4We filter (copying) induction problems by excluding samples where the token which is to be predicted is the last
token in a trigram which occurred earlier in the context. This is not a very comprehensive filtering scheme.
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Figure 2.11: Left: Training curves (scaling w.r.t. steps 𝑆) of mean test loss for Pythia models. We
measure exponents 𝛼𝑆 between 0.037 and 0.06. Center: the distribution 𝑝 (𝐿) over time. Over time,
models achieve ≈ 0 loss on an increasing fraction of tokens, similar to scaling in model size. Right:
The distribution 𝐿 · 𝑝 (𝐿) over time.

layer ReLU MLP on multitask sparse parity with 𝛼 = 0.4 and with 𝑛 = 100, 𝑘 = 3, and 𝑛tasks = 500.
We then took 10000 samples which the network achieves ≈ 0 loss on (sampled from the Zipf
distribution over subtasks with exponent 1.4). We compute gradients of cross-entropy loss w.r.t.
all model parameters for these samples, and then perform QDG just like for LLMs. We show
results in Figure 2.15. We plot the full similarity matrix where samples are ordered according to
their a priori known subtask, rather than their cluster from QDG, and see a clear pattern where
elements from the same subtask have on average higher angular similarity than elements between
subtasks. However, from the rank-frequency plot of the clusters, we do not recover a slope of -1.4,
but rather a lower slope of ≈ −1.1. This shows that even when there is an exact decomposition of
inputs into subtasks with a known Zipf distribution over these subtasks, that we do not perfectly
recover this Zipf distribution from QDG.

A toy model of QDG uncertainty and bias

A toy model: To understand the bias of spectral clustering, we develop the following toy model.
We assume the dataset has 𝑁 = 1000 subtasks, each subtask containing 𝑛𝑖 = ⌊ 𝐴𝑖𝛼 ⌋ (1 ≤ 𝑖 ≤ 𝑁 )
tokens (𝐴 = 1000). We use a Gaussian distribution N(m𝑖, 𝜎

2I𝑑×𝑑) to model gradients within
a subtask 𝑖 , where 𝑑 is the embedding dimension, 𝜎 is the noise level, and m𝑖 is the Gaussian
mean. m𝑖 itself is drawn from the standard Gaussian distribution m𝑖 ∼ N(0, I𝑑×𝑑). We define
the similarity between two vectors x, y to be sim ≡ 1 + x

|x| ·
y
|y| . We compute pairwise similarity

between all
∑𝑁

𝑖=1 𝑛𝑖 tokens, and input the similarity matrix to the spectral clustering algorithm.
We also need to specify the number of clusters 𝑘 .

We have two hyperparameters in the toy model, the embedding dimension 𝑑 and the noise
level 𝜎 . We need to determine them such that this toy model can decently imitate LLM results
(Figure 2.5). We fix 𝛼 = 1, sweeping 𝑑 = {30, 100, 1000}, 𝜎 = {0, 0.5, 2.0}, and 𝑘 = {100, 200, 500}.
As shown in Figure 2.16, the high-dimension (𝑑 = 1000) large-noise (𝜎 = 2.0) scheme seem to best
agree with the LLM results, since the 𝑘 = 200 curve can reproduce the sag and the cliff present in
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LLM curves.
Estimating 𝛼 from the frequency curve is hard, in fact, the slope depends on 𝑘 and the region

used to estimate it. However, we observe that different 𝑘 curves form a clear envelope, whose slope
is robust in a reasonably wide region. The envelope slope seems to indicate 𝛼 . We fix 𝑑 = 1000
and 𝜎 = 2.0, sweeping 𝛼 = {0.8, 0.9, 1.0, 1.1, 1.2, 1.3, 1.4, 1.5}. For each 𝛼 , we estimate the slope of
the envelope. Although there is clear correlation between the estimated envelope and 𝛼 , if we use
the envelope slope to estimate 𝛼 , the error is on the order of 0.2, as shown in Figure 2.17.

2.8.6 Parameter and data scaling exponents across studies

In Figure 2.18, we show 𝛼𝑁 and 𝛼𝐷 (or possibly 𝛼𝑆 , depending on the study) for a variety of prior
studies of deep learning scaling, as compiled by Villalobos [47]. While the data is messy, it is
intriguing that most of the Rosenfeld et al. [2] samples lie below the 𝛼𝐷 = 𝛼𝑁 line, as our model
would predict. The scaling exponents from Hoffmann et al. [7] are slightly closer to our prediction
than the relation 𝛼𝐷 = 𝛼𝑁 , which has been proposed by other models of neural scaling laws.
Overall though, the existing empirical results are too messy to definitively support or contradict
our model.

2.8.7 Estimates of compute used for our experiments

Multitask sparse parity: Our training script takes roughly 1-4 hours (depending on network size)
to perform a single-epoch training run on a GPU. When training multi-epoch on a fixed dataset,
runs take typically between 3-10 minutes, with some outliers taking much longer. Our largest
experiment was for Figure 2.10, where we trained networks of varying width on data with varying
distributions over subtasks (with different power law exponents). 467 runs completed with a
total running time of approximately 1450 hours. These experiments were run on a cluster with
heterogeneous hardware. Availble GPUs include NVIDIA A100, RTXA6000, QUADRORTX6000,
GEFORCERTX2080TI, GEFORCERTX2080, GEFORCEGTX1080TI, titan-x, and tesla-v100.

Pythia model scaling evaluations: We evaluated Pythia models on NVIDIA A100 80GBs. We
do not have available the running time used when computing loss on approximately ten million
tokens (for which we reported scaling statistics on), although it was likely less than an hour per
model. The most expensive experiments were for Figure 2.11, where we evaluated the first four
models in the Pythia suite across 143 checkpoints for a total of 572 evaluations. We likely used
some hundreds of A100-hours for this, though possibly less than 100 hours.

QDG: We ran our QDG experiments on an NVIDIA A100 80GB. For the smallest Pythia model
and for 10000 samples, it takes a few hours to compute the similarity matrix. We performed this
computation only a handful of times.
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..."The law of unintended consequences and the history
of previous military interventions in the region is not a
recipe for political and economic stability," said Neil MacK
innon, global macro strategist at VTB Capital . \n
\n
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108 109

Parameters (non-embedding)

0

3

6

9

Cr
os

s-
en

tro
py

 (b
its

)
... In general , the lesions of thoraco-cervical level were
difficult to detect , because the appearance rate of SSEP
peaks are reduced over the thoraco-cervical spine even in
normal controls. In cases with...
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...Opinion filed March 25, 1988.\n
W.Y. Chalfant, of Branine, Chalfant & Hill , of Hutch
inson, argued the cause and was on the brief for appellant,
Hesston State Bank.\n
Kenneth C. Jones, of Watson, Ess, Marshall & Enggas, of
...
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... airline by revenue, dropped $2.15, or 7.2 percent, to $
27.71 and Delta Air Lines lost $1.16, or 5.7 percent, to $
19.11.\n
\n
Stone said oil prices could start weighing on consumer
spending down the road,...

Figure 2.12: Additional LLM scaling curves on individual samples which exhibit sharp vs smooth
improvement. If the Quantization Hypothesis is true for language modeling, then we would inter-
pret samples with sharp drops as “monogenic” and samples with gradual progress as “polygenic”.
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Cluster 146: comma after day of month Cluster 269: “s” after starting year of decade

Sam Willard\n
\n
Samuel Steven Willard (born September 9,

\n
215 U.S. 437 (1910)\n
MECHANICAL APPLIANCE COMPANY\n
v.\n
CASTLEMAN.\n
No. 48.\n
Supreme Court of United States.\n
Argued December 3, 1909.\n
Decided January 3,

Frederick W. Keator\n
\n
Frederick W. Keator (October 22, 1855 – January 31,

United States Patent No. 6,073,124 (issued June 6, 2000) ("the ’124 patent"). Microsoft
in turn asserted counterclaims against NCI for infringement of three of its patents

United States Patent Nos. 5,822,526, 5,999,914 and 5,794,006. Only terms of the ’124
patent are presently before the Court; interpretation of claims in Microsoft’s patents
will be interpreted in a separate Markman hearing to be held on November 15,

Romford Ice Arena\n
\n
Romford Ice Arena was an ice rink located in Romford in the London Borough of Ha
vering, England. The venue was built in the 1980s

Although the novel continues to be the dominant medium of the crime-mystery-detect
ive narrative, short stories by these contemporary authors may be found in numerous
anthologies of the genre published during the 1990s

Armed with the new Shenwei SW26010 chips, a new supercomputer has surged to the
top of the TOP500 list: Sunway TaihuLight. It is nearly three times as fast as Tianhe-2,
being benchmarked in Linpack as being able to perform 93 quadrillion calculations each
second (93 petaFLOPS). To put this achievement in context, modern desktop PCs are
already more powerful than the top ranked supercomputers from the early 1990s

Early activism \n
He began a lifetime involvement with revolutionary politics in the late 1930s

Yesterday, visitor Greg Davidson commented that he was searching for songs played on
the local forecast back in the late ’80s

In 1954, the couple published Living the Good Life which inspired many young,
educated Americans to create simpler, rural lifestyles and the back-to-the-land
movement of the 1960s

Cluster 278: colon after CSS property Cluster 292: protocol separator in URLs

.rickshaw_graph.detail {\n
pointer-events: none;\n
position: absolute;\n
top: 0;\n
z-index: 2;\n
background: rgba(0, 0, 0, 0.1);\n
bottom: 0;\n
width:

@import ’ ../../ ../assets/sass/spin’;\n
\n
.app-header {\n

background-color: #282c34;\n
min-height: 100vh;\n
display:

See: http://jsfiddle.net/mWFGZ/1/\n
html, body {\n

margin: 0;\n
padding:

# #\n
# #\n
# For questions please refer to: #\n
# https://

When I run the below code, I am getting an error: MongoError: The dollar ($) prefixed
field ’$push’ in ’$push’ is not valid for storage.\n

I put this together based on the docs: https://

Gruber, Martin A. Views of the National Zoological Park in Washington, DC, showing
Exhibit. 1919. Retrieved from the Digital Public Library of America, http://

But as citizens, our responsibility is to look beyond the anecdote. We journalists try
to make sure that if a tree falls in the forest, it won’t go unnoticed. Still , if we get so
taken by the trees that we don’t see the forest, we’ll all be lost.\n
\n
Rex Smith is editor of the Times Union. Share your thoughts at http://

Figure 2.13: Additional examples of clusters of inputs discovered by QDG. Like in Figure 2.1, we
used 10000 samples and n_clusters of 400.
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Example “quanta” for the TinyStories dataset

Cluster 11: predicting the correct noun Cluster 31: “ time” after “Once upon a”

Lily asked her mom, "Can I touch the sunflower?" Her mom replied, "No, Lily. The sun
flower is not for touching. It’s for looking at." \n
\n
Lily was sad, but she understood. The next day, Lily rode her bike past the sun

Once upon a time, there was a big house with a door. The door was brown and it could
move when people opened it. One day, a little boy came to the house and he saw the
impressive door. He wanted to open it and see what was inside. So he moved the door

When they got to the park, Tim saw a man with a sack. The man had found Tim’s
wagon and put it in the sack to keep it safe. Tim was happy to have his wagon back
and thanked the man. He put his wagon

Lily and Ben went to the park with Mom. They saw a big pond with many ducks and
swans. Lily liked the swans. They were white and graceful. She wanted to feed them
some bread.\n
\n
"Mom, can I give some bread to the sw

Lily and Ben nod. They promise to be careful. They ask mom to read the letter to them
. Mom smiles. She reads the letter. It is from grandma. She says she loves them a lot.
She sends them kisses and hugs. Lily and Ben are happy. They send kisses and hugs
back to grandma. They thank mom for the letter

Once upon a time

Once upon a time

Once upon a time

Once upon a time

Once upon a time

Once upon a time

Once upon a time

Once upon a time

Cluster 75: comma after temporal phrase Cluster 77: beginning of quote

One day, Jack wanted to show off his cool sunglasses. He spotted a nice patch of grass
in the park, and he decided to sit down and enjoy the sun. He put his sunglasses on
and just sat. He felt so special.\n

\n
A few moments later,

Jack happily agreed and they started the game. At first, it was a bit tricky for both of
them to get the squash to the other, but after a few tries, Jack was a pro. He laughed
and cheered as he ran back and forth to get the squash. \n

\n
Mommy and Jack played until the sun started to go down. Then,

Bob loves to go on adventures. He went for a walk along the beach, looking for fun and
exciting things. All of a sudden,

Linda was a little girl who loved wandering around in nature. She was eager to explore
and find what she could. One day, Linda was wandering around in the woods when she
spotted a big yellow flower. She was so excited that she ran over to it . She scooped the
flower up and inspected it more closely. Soon,

Next, her mom told Emma to wipe the floor clean. Emma grabbed a cloth and wiped the
floor. When she was finished, it was as clean as a new penny.\n

\n
Finally,

Jack showed her the big blue ticket and said, "This is my ticket. I’m going to lay it
down."\n
The girl asked, "Where will you lay it down?"\n
Jack answered, "

When she found her mom she said, "Mom, I have news!" Her mom said, "What is it ,
Jane?" Jane said, "I want to stir something up and make it more fun!" \n
\n
Her mom said, "

The twin jumped back in surprise. She had never heard a flower talk before! She asked
the flower, "Who are you?"\n
"My name is Pinky," said the flower.\n
\n
The twin was now even more surprised. She asked, "

He asked Jill , "What’s in this jar?" Jill smiled and said, "It’s sugar! Would you like
some?" \n
\n
Jack shook his head and said, "No, thank you. I don’t think I should eat sugar. My mom
won’t allow it." \n
\n
Jill nodded and said, "

Nearby, her mom was watching and called out, "Lucy, come here! What’s that you
have there?"\n
\n
Lucy proudly held up the hoop and announced, "

Figure 2.14: Examples of clusters within the TinyStories dataset, discovered by QDG on the
TinyStories-33M model. Here we just show samples from four out of 400 n_clusters
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Figure 2.15: Similarity matrix and rank-frequency plots from QDG on multitask sparse parity.
Despite sparse parity having a known decomposition into subtasks which are power law distributed
in frequency, we do not recover this same power law from samples. We used 𝛼 = 0.4 for the
frequency distribution for an expected rank-frequency power law exponent of -1.4, but measure a
rank-frequency envelope slope closer to -1.1.
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Figure 2.16: To understand the bias of spectral clustering, we apply spectral clustering to a toy
model with different embedding dimension 𝑑 , noise scale 𝜎 and number of cluster 𝑘 . The high-
dimension (𝑑 = 1000) large-noise (𝜎 = 2.0) scheme seems to best agree with the LLM results
(Figure 2.5).
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Figure 2.17: The difficulty of measuring 𝛼 from curves. We apply spectral clustering to a toy model
with different 𝛼 and number of clusters 𝑘 . For a fixed 𝛼 , different 𝑘 curves define an envelope.
One could use the envelope slope to infer 𝛼 , but this incurs errors around 0.2.
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Figure 2.18: Parameter and data scaling exponents from various studies of deep learning scaling,
compiled from the database of neural scaling laws from [47]. Our model of scaling predicts that
𝛼𝐷 = 𝛼𝑁 /(𝛼𝑁 + 1), indicated with the solid black line. Visible points are from [2,3,5,7,48]. [49] is
above the visible window of the figure.
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Chapter 3

On the Creation of Narrow AI: Hierarchy and
Nonlocality of Neural Network Skills*

In the previous chapter, we conjectured that the computation performed by neural networks
like large language models in some manner decomposes into a large number of simpler
modules, which each enable some separate skill. We assumed that these modules are
independent, and that they are learned at a rate determined just by their “use frequency”
in the data. But are these modules actually independent? Human skills, after all, are
often taught in a curriculum, with more advanced skills only being learnable after more
primitive ones are learned first. It may make sense then to imagine that our modules live
in a kind of hierarchical dependency graph, and the learning process traverses the graph
outwards, first learning primitive skills, then learning advanced skills which depend on
them. In this case, the order in which skills are learned is not just determined by their “use
frequency”, but also by the structure of this graph. In this paper, we study hierarchical
structure between skills/modules. Most notably, we generalize the multitask sparse parity
task to have hierarchical structure between the subtasks.

This work also begins to study how modules/skills are implemented within our networks.
Crucially, we find that they are often not localized, by default, into a small subset of neurons.
Instead, the computation is more distributed. However, with special training, we can move
these modules into alignment with a small number of neurons, revealing their simplicity.
This discussion emphasizes that the modularity we refer to in this thesis is not a naive one,
where specific computations are localized to a small set of model components. Instead, the
modularity is much more implicit, and takes special insight and effort to reveal.

∗Eric J. Michaud, Asher Parker-Sartori, and Max Tegmark. “On the creation of narrow AI: hierarchy and non-
locality of neural network skills.” Advances in Neural Information Processing Systems 39 (to appear), 2025. Preprint:
arXiv:2505.15811.
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Abstract

We study the problem of creating strong, yet narrow, AI systems. While recent AI progress has
been driven by the training of large general-purpose foundation models, the creation of smaller
models specialized for narrow domains could be valuable for both efficiency and safety. In this
work, we explore two challenges involved in creating narrow AI systems, having to do with basic
properties of how neural networks learn and structure their representations. The first challenge
regards when it is possible to train narrow models from scratch. Through experiments on a
synthetic task, we find that it is sometimes necessary to train networks on a wide distribution of
data to learn certain narrow skills within that distribution. This effect arises when skills depend
on each other hierarchically, and training on a broad distribution introduces a curriculum which
substantially accelerates learning. The second challenge regards how to transfer particular skills
from large general models into small specialized models. We find that model skills are often not
perfectly localized to a particular set of prunable components. However, we find that methods
based on pruning can still outperform distillation. We investigate the use of a regularization
objective to align desired skills with prunable components while unlearning unnecessary skills.

3.1 Introduction

Today, the most competent AI systems in any particular domain are general systems that are
relatively competent in every domain. The best models at math and coding are also broadly
knowledgeable about a very diverse array of topics, from Roman history to home cooking recipes
to medical diagnostics. And when domain-specific models are created today, they are typically
general foundation models fine-tuned on a particular task, rather than new models trained from
scratch [1,2], though with some notable exceptions [3]. This state of affairs is convenient and
powerful, since a single general model can be used for a variety of applications [4].

However, generality has downsides for both efficiency and safety. For instance, AI systems
used as coding assistants possess a large amount of knowledge which is never needed in those
applications. Instead, we might like to use smaller, specialized networks which preserve the coding
knowledge of general systems without the same breadth of irrelevant knowledge. Narrow systems
may also pose fewer safety risks than general systems. For instance, narrow systems may have
fewer dangerous capabilities that pose CBRN risks [5], be easier to understand mechanistically [6,7],
or be easier to verify properties of [8–10]. More imaginatively, for systems to operate autonomously
in the world requires a large breadth of skills, and an ecosystem of narrow “tool AI” systems may
therefore reduce loss-of-control risks and better support human agency over the long term [11].

In this work, we investigate some basic questions about how neural networks learn and
implement skills that are relevant to the problem of creating narrow AI systems. As summarized
in Figure 3.1, we focus on two main themes. First, we consider the question of when it is
possible to train well-performing neural networks from scratch on a narrow data distribution.
Through experiments on a novel synthetic task with hierarchical structure, we find that it can be
necessary to train networks on a broad distribution to efficiently learn narrow tasks within that
distribution. These results contribute to a growing literature on how task structure influences
neural network learning dynamics [12–15], but with special relevance to the problem of creating
narrow AI. Second, we consider the question of whether one can use pruning to turn broad
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(A) (B)
Distributed Representations Less-distributed Representations

Figure 3.1: We study two challenges to making strong, narrow-purpose AI models. (A): Data
may have hierarchical structure. If skills have a hierarchical dependence, where some skills are
only learnable after more primitive skills are learned first, then it sometimes may be necessary to
train on a broad distribution of data to learn certain narrow skills within that distribution. These
dynamics may mean that general-purpose models must be trained to achieve certain performance
on some domains. (B): Model features are distributed. By default, skills may not be localizable to a
particular set of model components (e.g. neurons). In this case, pruning of model components
won’t precisely retain wanted skills and remove unwanted skills from models. We explore methods
for aligning the model features relevant to particular domains with a smaller subset of model
components while unlearning others.

networks into smaller narrow ones. We find that the nonlocality of network representations to
prunable model components poses a challenge for this goal. While distributed representations have
been extensively studied in the context of neural network interpretability [16] and in the classical
connectionist literature [17,18], we study how this property of neural network computation
impacts pruning and unlearning [5] for creating narrow AI. Our specific contributions are as
follows:

• We describe a synthetic task, compositional multitask sparse parity (CMSP), extending the
multitask sparse parity task of Michaud et al. [19]. We find that networks trained on this
task exhibit extremely strong curriculum learning effects, where it is necessary to train on a
broad distribution of tasks in order to learn certain other tasks.

• We study pruning and unlearning on our networks trained on CMSP. We observe that tasks
are often distributed and distinct subtasks are entangled, making pruning an imperfect
strategy for “narrowing” the breadth of network skills. However, we find that a simple
group-sparsity regularization objective can be used to sparsify networks and unlearn skills.

• We perform an empirical comparison of methods for creating narrow systems on MNIST
and in LLMs. We tentatively find that methods based on pruning outperform distillation
and training networks from scratch for the creation of smaller, more narrow systems.1

1Code for the experiments in this paper can be found at: https://github.com/ejmichaud/narrow .
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This work is organized as follows. In Section 3.2, we briefly describe methods. In Section 3.3 we
perform a detailed case study of training and pruning on the CMSP task. We define the task (Sec-
tion 3.3.1), study network training dynamics on it (Section 3.3.2), find distributed representations
in these networks (Section 3.3.3), and use a regularization method for pruning and unlearning in
these networks (Section 3.3.4). We then compare various methods for creating narrow models,
studying MNIST in Section 3.4 and language models in Section 3.5. We discuss related work
in Section 3.6 and conclude in Section 3.7.

3.2 Methods

Pruning: We aim to preserve the performance of a model 𝑓 (·;𝜃 ) on a distributionD𝑁 while pruning
model components. Let 𝑔 be a collection of parameter indices 𝑖 corresponding to prunable compo-
nents of the model (e.g. the in-weights and out-weights of a neuron), and let𝐺 denote the collection
of all such groups. After ablating a specific 𝑔, we denote the new parameters 𝜃 ∗𝑔 . To perform prun-
ing, for each 𝑔 ∈ 𝐺 , we compute an ablation score 𝑠𝑔 =

��𝔼(𝑥,𝑦)∈D𝑁

[
𝐿(𝑓 (𝑥 ;𝜃 ), 𝑦) − 𝐿(𝑓 (𝑥 ;𝜃 ∗𝑔 ), 𝑦)

] ��,
the absolute change in the model’s expected loss 𝐿 after pruning 𝑔. We sort groups by their
ablation score and prune greedily to the desired sparsity from lowest to highest ablation score.
Where feasible, we estimate 𝑠𝑔 empirically by manually ablating the group across many samples
from D𝑁 . When this is computationally intractable, we instead use a linear estimate which we
refer to as an attribution score after [20,21]: 𝑠𝑔 =

�� ∑
𝑖∈𝑔

𝜕𝐿
𝜕𝜃𝑖
(−𝜃𝑖)

�� = | 𝜕𝐿
𝜕𝜃
· (𝜃 ∗𝑔 − 𝜃 ) |, where 𝜕𝐿/𝜕𝜃

is the model’s gradient on the distribution D𝑁 , which can be computed once and reused for all
𝑔 ∈ 𝐺 .
Regularization: We also experiment with making networks more prunable by performing ad-
ditional training with a “group lasso” regularization penalty on the model weights [22–25].
The group lasso penalty 𝑅 is the L1 norm of the L2 norms of each parameter group: 𝑅(𝜃 ) =∑

𝑔∈𝐺

√︃∑
𝑖∈𝑔 𝜃

2
𝑖
. This penalty incentivizes the weights to become sparse at the level of entire

groups 𝑔. When we perform “group lasso training” on a distribution D𝑁 , we minimize the loss
𝔼(𝑥,𝑦)∼D𝑁

[𝐿(𝑓 (𝑥 ;𝜃 ), 𝑦) + 𝜆𝑅(𝜃 )].
Distillation: We also explore distilling knowledge from a teacher model using the standard al-
gorithm employed in [26], minimizing the KL divergence between student and teacher output
distributions.

3.3 Case study: compositional multitask sparse parity

In this section, we conduct a detailed study of both curriculum learning and pruning on simple
synthetic task, which we call compositional multitask sparse parity (CMSP).

3.3.1 Defining compositional multitask sparse parity (CMSP)

The compositional multitask sparse parity (CMSP) task is a simple extension of the sparse parity
task recently studied in [27] and the multitask sparse parity task studied in [19], described below.

Barak et al. [27] studied neural network training dynamics on the sparse parity (SP) task. This
is a binary classification problem on binary strings 𝑥 of length 𝑛, where the label of a given sample
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𝑥 is the parity of the bits at a subset 𝐼 of 𝑘 indices: 𝑦 = ⊕𝑘
𝑙=1𝑥 [𝐼𝑙 ]. Strings 𝑥 are sampled uniformly.

Barak et al. observed that the loss curve for neural networks trained on this task exhibits a sharp
drop after an initial plateau, a case of the sort of “emergence” which has been observed in LLMs
[28,29] and in other toy settings [30].

Michaud et al. [19] extended the task to multitask sparse parity (MSP). In the MSP problem,
input strings consist of𝑚 + 𝑛 bits, where the first𝑚 bits are called “control bits” and the last 𝑛 bits
are called “task bits”. These leading 𝑚 control bits encode which “subtask” must be solved in each
problem instance. Instead of a single length-𝑘 set of indices 𝐼 , a collection of 𝑚 sets of task bit
indices (typically of equal length 𝑘) is chosen {𝐼1, . . . , 𝐼𝑚}. For each sample, only one control bit is
ON (1) while the others are OFF (0). If control bit 𝑡 is ON, then that sample’s label is the parity of
bits 𝐼𝑡 : 𝑦 = ⊕𝑘

𝑙=1𝑥 [(𝐼𝑡 )𝑙 ]. Michaud et al. [19] found that when subtasks are power law distributed
in frequency, where the probability that control bit 𝑖 is ON is 𝑝𝑖 ∝ 𝑖−(𝛼+1) , the mean loss exhibits
power-law scaling [31,32] while individual subtasks are learned at different times proportional to
their frequency [33]. They conjecture that LLM learning dynamics may be similar.

One of the main limitations of the MSP task, and the associated model of neural scaling from
[19], is that subtasks are independent. However, the world, and the problem of learning from it,
intuitively has a hierarchical structure—in order to learn to do certain concepts and tasks, we must
first learn simpler concepts and tasks. Accordingly, humans are taught in a curriculum, where
simpler concepts and tasks are learned first, and then composed into more complex ones later.
To capture this structure, we now introduce the toy task compositional multitask sparse parity
(CMSP). We show some CMSP samples to the right:

x y
100101001010 0
100010100011 1
010110111110 1
001101101110 0
110001101011
110111001010
011110001110
111000110100
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CMSP Samples: m=3, n=9, k=3CMSP is similar to MSP, except that (1) we require subtask indices
to be disjoint: 𝐼𝑖 ∩ 𝐼𝑗 = ∅ if 𝑖 ≠ 𝑗 , and (2) multiple control bits can now
be ON at the same time, in which case the label is the parity of the
bits in the union of the indices for each subtask. If control bits 𝑖, 𝑗 are
both ON, the label is the parity of the task bits at indices 𝐼𝑖∪𝐼𝑗 . We call
samples for which only one control bit is ON “atomic” and samples
for which multiple control bits are ON “composite”. So if 𝑘 = 3 for
all subsets 𝐼𝑖 , then on atomic samples networks must compute the
parity of 3 input bits, on composite samples with two control bits ON
the label is the parity of 6 input bits, and so on. Above, we illustrated
some CMSP data samples with𝑚 = 3, 𝑛 = 9, and 𝑘 = 3.

We call samples for which only one control bit is ON “atomic”
and samples for which multiple control bits are ON “composite”. So
if 𝑘 = 3 for all subsets 𝐼𝑖 , then on atomic samples networks must compute the parity of 3 input
bits, on composite samples with two control bits ON the label is the parity of 6 input bits, and so
on. Above, we illustrated some CMSP data samples with𝑚 = 3, 𝑛 = 9, and 𝑘 = 3.

3.3.2 Learning dynamics on CMSP

We find that neural network training on CMSP exhibits extremely strong curriculum learning
effects. To denote different types of CMSP samples, we list the ON control bits for those samples.
So, given a choice of 𝑚,𝑛, 𝑘 and 𝐼1, . . . , 𝐼𝑚 , D{0} denotes all samples for atomic subtask 0, and
D{0,1,2,3} denotes all samples from the composite subtask where the first four control bits are ON.
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For each subtask, there are 2𝑛 possible samples in that subtask, since the𝑚 control bits are fixed
but the 𝑛 task bits are free.

We first train ReLU MLPs with 1-2 hidden layers of width 128 with the Adam optimizer on
CMSP samples with 𝑚 = 4, 𝑛 = 64, 𝑘 = 4, and 2000 samples per task (atomic or composite) per
batch. We show the learning dynamics of these networks in Figure 3.2. We find that when we train
on a dataset containing both atomic and composite samples D{0} ∪D{1} ∪D{2} ∪D{3} ∪D{0,1,2,3}
in equal proportion, atomic tasks are learned before composite ones.

Something interesting happens when we remove atomic samples from the dataset: we find
that learning composite tasks takes dramatically longer. When we train on D{0} ∪ D{1} ∪ D{2} ∪
D{3} ∪ D{0,1,2,3} with 10000 samples per batch (2000 per subtask), across 40 seeds, we find that
27/40 networks converge on composite subtaskD{0,1,2,3} within 2× 109 samples, and the networks
that do converge typically converge within 2 × 108 samples (bottom left). However, when we
train just on D{0,1,2,3}, with a batch size of 2000 samples, we find that 0/40 networks converge
within 2 × 109 samples in Figure 3.2 (bottom right). It is much more efficient to train on a broader
distribution in order to learn subtask D{0,1,2,3} than just training on D{0,1,2,3} on its own.

This result makes sense given the exponential hardness of learning parities [34]. Since the
atomic task bits are disjoint in CMSP, networks can compute the parity of the composite tasks
by computing the parity of features learned for the atomic tasks, reducing the complexity of the
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Figure 3.2: Training dynamics on compositional multitask sparse parity. Top: training dynamics
for a single network trained on four atomic subtasks {0}, {1}, {2}, {3}, and their composition {0,1,2,3}.
Bottom left: loss on compositional subtask {0,1,2,3}, when training on atomic subtasks and their
composition, as in the top subplot, across 40 network seeds (depth 3, width 128). Bottom right:
loss on compositional subtask {0,1,2,3}, when only training on samples from that composite task,
without also training on atomic tasks, across 40 network seeds (depth 3, width 128). We find that
removing the atomic tasks prevents our networks from learning the composite task. We report
the minimum loss within the previous 100 steps of training to filter out loss spikes.
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problem. For instance, one could imagine that depth-3 networks would compute the parity of
the atomic tasks in the first layer, then the composite tasks in the next layer. Curiously though,
we find that single-hidden-layer (depth-2) networks can still take advantage of a curriculum
in Section 3.8.1. We leave a mechanistic analysis of how networks learn these tasks to future work.

These sorts of dynamics may be a part of the explanation for why large-scale general-purpose
models perform so strongly at many narrow, valuable tasks. We want to emphasize, however, that
the toy task where we observe these curriculum effects is fairly contrived. It is not clear to what
extent there are similarly strong effects on real-world tasks, and in many domains it is in fact
possible to train narrow specialized models by only training on data in that domain. For instance,
self-driving cars do not need to be trained on a broad corpus of text like LLMs.

Our work shows that for some types of tasks, it may be necessary to train on a broad data
distribution in order to learn some subtasks efficiently. Accordingly, we now turn to the question
of how to efficiently transfer knowledge from large models into smaller specialized ones.

3.3.3 Nonlocal representations in CMSP networks

If the circuitry for some subtasks were localized to a particular set of neurons, and the circuitry for
other subtasks were localized to different neurons, then the task of specializing broad networks into
narrow ones would be trivial. One could simply prune away neurons (or other model components,
e.g. attention heads in transformers) associated with some subtasks, and keep others. However,
often the situation seems more complicated than this ideal, which will be a focus for the rest of
this paper.

A related problem has recently been studied in neural network interpretability, where it has
been observed that individual computational units in neural networks, such as neurons, are
polysemantic, activating across a wide variety of unrelated inputs [35,36]. Accordingly, many
assume that the true model “features” do not align with architectural components like neurons.
Multiple explanations have been proposed for this phenomenon. One is simply that the model
architecture does not always “privilege” a particular basis [37,38], though other incidental reasons
for polysemanticity have also been proposed [39]. Another explanation of polysemanticity is the
superposition hypothesis [36,40]. The superposition hypothesis suggests that the need to represent
more features than there are dimensions or neurons prevents features from being represented
as orthogonal directions in the feature space, and therefore all features cannot be aligned with
standalone model dimensions or neurons. Recently, studies that use sparse autoencoders to
identify monosemantic model features have found that most features are highly distributed across
a large number of dimensions of activation space [16].

In our CMSP networks, we observe a related problem. By default, without any explicit
regularization, there is no incentive for the network to localize certain circuits cleanly into a
particular set of neurons. We train networks with two hidden layers on a dataset of CMSP samples
with 𝑚 = 6, 𝑛 = 18, 𝑘 = 3 with two different skill trees: {0}, {1}, {2}, {0,1,2}, and {3}, {4}, {5}, {3,4,5}
until convergence. In Figure 3.3, we visualize the connectivity of a 2-hidden-layer MLP trained on
this dataset, and see that the network is densely connected without obvious structure.

We attempt to prune this network to retain performance on subtask {0,1,2} while unlearning
{3,4,5}. With MLPs, our groups of parameters 𝑔 are the in-weights, bias, and out-weights for each
hidden layer neuron, so that |𝐺 | is the total number of hidden neurons. We compute ablation scores
on the distribution D𝑁 = D{0,1,2} (estimated on 2000 samples) and prune greedily, as described
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Figure 3.3: Top: We visualize the connectivity of 2-hidden-layer MLPs trained on a CMSP dis-
tribution with subtasks {0}, {1}, {2}, {0,1,2}, {3}, {4}, {5}, {3,4,5}, visualized before (left) and after
(right) regularizing network weights with the group lasso sparsity penalty while training on
subtask {0,1,2}. We find that network connectivity becomes sparse after regularizing. Negative
weights are shown in blue and positive ones in red, with width proportional to the norm of the
weight. Bottom: we show how pruning affects task performance on subtasks {0,1,2} and {3,4,5}
at varying sparsity levels. We prune neurons based on the absolute change that ablating them
has on the loss on subtask {0,1,2}. We find that subtasks here are nonlocal and entangled in the
“pretrained” network (left). As we prune neurons according to their relevance on subtask {0,1,2},
at the sparsity at which performance on subtask {0,1,2} accuracy drops below 98% (green line), we
can still recover some performance on subtask {3,4,5} with a small amount of additional training.
Thus naive pruning here has not completely and robustly unlearned subtask {3,4,5}. However,
after regularizing the weights (right), we find that not only we can more aggressively prune the
network, but we have also robustly unlearned subtask {3,4,5}. Note that the degree to which
subtasks are nonlocal and entangled in the pretrained networks depends on seed and width, and
we show a variety of additional curves in Figure 3.10.

in Section 3.2. In Figure 3.3, we show accuracy on subtask {0,1,2} vs. sparsity with this pruning
strategy. When applied naively, network performance tends to degrade quickly, since without
explicit regularization the network is not optimized to be naively prunable (see in Appendix
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Figure 3.8 and Figure 3.9 for more on how ablation scores for each subtask vary across neurons).
However, when we perform an additional 1000 steps of training on D{0,1,2} (5000 samples per
batch) after pruning (after either removing neurons from the architecture or pinning pruned
weights at zero) we can recover performance at higher sparsity levels. Since we are training just
on composite samples, 1000 steps is not enough to re-learn this task on its own, so if we can
recover performance, that will be because the mechanisms for the task were somewhat preserved
after pruning. We observe that often, the tasks {0,1,2} and {3,4,5} are entangled – when we prune
as aggressively as we can while being able to recover performance on subtask {0,1,2}, we can often
still recover some performance on subtask {3,4,5}. However, for our CMSP networks the degree
of entanglement is highly seed-dependent, and sometimes the subtasks are disentangled enough
that pruning as aggressively as possible on one subtask does in fact robustly unlearn the other.
We show pruning curves across seeds and widths in Appendix Figure 3.10.

3.3.4 Regularizing to “narrow” networks

We find that we can use a simple regularization penalty to simultaneously unlearn some tasks
while incentivizing the network to move its features to be less distributed, allowing for more
aggressive pruning. As described in Section 3.2, we simply perform additional training on D{0,1,2}
with a group lasso sparsity penalty on the network weights. We aim for this penalty to “clean
up” circuitry [41] not relevant to prediction on D{0,1,2} while also sparsifying the weights across
groups of parameters, allowing for easier pruning.

We apply this regularization to our CMSP networks, training with penalty strength 𝜆 = 10−3

with a batch size of 2000 for 10000 steps. With this regularized network, we then re-compute
neuron ablation scores and prune. In Figure 3.3 we find that, in CMSP networks, this method is
effective at unlearning skills and making the network more prunable. We find that we can prune
more aggressively while retaining performance on subtask {0,1,2}, and we are not able to recover
performance on {3,4,5} at any sparsity level. These results complete our case study on CMSP: in
order to efficiently learn compositional tasks, we train on a broad distribution of tasks. Then, we
can regularize the network to turn this broad network into a much smaller one which nevertheless
retains the broad network’s performance on the target compositional task.

3.4 Pruning vs distillation: MNIST

We now consider the problem of creating narrow systems in more natural domains, first on MNIST.
As our narrow subtask, we choose only even digits from the original MNIST dataset [42]. We
compare the resources required to achieve good performance on this narrow task when (1) training
from scratch on the narrow task, and (2) distilling models from a general teacher on this task, (3)
using group-lasso regularization to prune a large general model and (4) using attribution-based
pruning and then recovery training on a large general model. Our teacher model is a ReLU MLP
with two hidden layers each of width 1200, as in [26], and achieves 98.7% accuracy on the test set.
When pruning, we use this same teacher model as our initial model and prune its hidden neurons
to create a smaller network.

When using distillation (2), we use the approach of Hinton, Vinyals, and Dean [26] with𝑇 = 20.
When pruning with the group lasso penalty (3), we use 𝜆 values ranging from 0.001 to 0.008.
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Figure 3.4: Left: We compare the performance of distillation, training from scratch, and two
pruning approaches for creating small networks that classify MNIST even digits. Pruning-based
approaches Pareto-dominate distillation, achieving high compression ratios with fewer datapoints.
All points are averaged over 10 individual training runs. Right: When pruning using group lasso,
it often helps to first prune rapidly, degrading performance, and then recover performance with
no regularization. Each line represents a single training run, with a new point logged every 2,000
datapoints. Darker lines correspond to more aggressive pruning runs that attain lower final neuron
counts.

Unlike in Section 3.3.4, we regularize and prune simultaneously, pruning neurons when their L2
norm drops below 0.05. When the number of remaining neurons drops below a target threshold,
we remove the pruning penalty and continue training to recover lost performance during pruning.
When we prune up front and then separately recover performance (4), we use attribution scores
as described in Section 3.2.

To compare methods, we require that each method reach a test-set accuracy of 97 percent, and
we then plot the frontier of neuron count versus datapoints subject to that threshold. As seen in
Figure 4 (right), it is often optimal to first aggressively prune the network down to the desired
size and further train it until it reaches the requisite accuracy.

We find that while group lasso pruning is highly sensitive to choices in hyperparameters,
both pruning methods Pareto-dominate distillation and training from scratch, especially at high
neuron counts. Moreover, while other methods cannot consistently bridge the 97 percent accuracy
threshold with fewer than 25 hidden neurons, aggressive pruning can consistently shrink the
network’s size to a lower absolute limit.

3.5 Pruning vs distillation: LLMs on Python documents

We next study LLMs. As our narrow task D𝑁 , we choose next-token prediction on Python
documents in the GitHub Code Dataset.

We first prune the neurons in the MLP blocks of Llama-3.2-1B [43]. Later, we will also consider
pruning residual stream dimensions, which involves pruning all model parameters that “read
to” or “write from” a dimension of the residual stream [37]. We use attribution scores when
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Figure 3.5: Left: Neuron sparsity vs. loss curve for LLMs finetuned with group lasso regularization
with varying 𝜆 for 70k steps, as compared to the base network. Regularization flattens the sparsity
vs. loss curve, at the cost of slightly degrading model performance. Right: After pruning our
networks to 30%, 63%, and 80% sparsity for our runs with 𝜆 of 5e-4, 3e-4, and 1e-3, respectively,
we recover performance with additional training. We find that we can recover performance
lost during pruning, including in the network that was pruned without first using group-lasso
regularization training. The plot shows an exponential moving average of batch losses, with
individual batch losses shaded in back.

pruning, and show that the attribution scores correlate moderately with true ablation scores in
Appendix Figure 3.11. In Figure 3.5 (left), we show neuron sparsity vs loss curves. When pruning
neurons naively, we see that loss increases quickly at low sparsity levels. We also experiment
with applying group lasso regularization while further training on Python documents (learning
rate of 2e-6, max length 512, 18 documents per batch) and find that this training does indeed level
out the sparsity vs. loss curve, albeit at a slight cost to the loss. Fortunately, we find that we can
recover lost performance after pruning by doing a small amount of additional training on Python
documents in Figure 3.5 (right). We find that despite the loss increasing substantially after naively
pruning, we can also quickly recover that lost performance, and overall this strategy seems to
be more efficient than using group lasso training. We therefore next compare naive pruning +
recovery training against distillation and training networks from scratch.

We train networks with the Llama 3 [43] architecture of varying shape and size. We use a
learning rate of 5e-4, sequence length of 1024, and batch size of 64. For distillation, we use Llama-
3.1-8B as a teacher with 𝑇 = 2. For pruning + recovery, we prune Llama-3.2-1B to varying levels
of neuron and residual stream sparsity, shown in Appendix Table 3.3. In Appendix Figure 3.12 we
show learning curves for these three approaches. In Figure 3.6, we tentatively find that pruning
substantially outperforms training from scratch and distilling a model from scratch on the data-
parameter frontier. Given a target narrow network size and a fixed data budget, if one already has
access to a general model, it appears to be more efficient to prune that model than it is to perform
distillation.
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8B.

We also experiment with pruning random model
components instead of components selected by attribu-
tion score and find that random pruning performs sim-
ilarly [44]! In Appendix Figure 3.13, we find that after
a moderate number of recovery steps, attribution prun-
ing and random pruning result in the same recovered
performance. This result is in line with our earlier discus-
sion of nonlocality, and the empirical findings of Bricken
et al. [16], that monosemantic features are distributed
widely across model components. While some studies
have found some geometric similarity between function-
ally similar features [45,46], in our case it does not seem
like the relevant features for our task are localized into
a set of “Python” vs. “non-Python” neurons, at least that
attribution pruning identifies.

Unlearning: We lastly evaluate whether neuron prun-
ing can robustly unlearn downstream tasks. We con-
sider three pruning methods applied to Llama-3.2-1B at
sparsity levels of 30%, 63%, and 80%: (i) random neu-
ron pruning, (ii) attribution-based pruning on Python
code, and (iii) models trained with group-lasso regular-
ization on Python documents from Figure 3.5. We eval-
uate each pruned model on four benchmarks: counter-
fact [47], AI2-ARC (ARC-Easy) [48], WMDP-Bio, and
WMDP-Cyber [49] for hazardous knowledge. We found that the base model performed poorly on
WMDP-Chem. For each model, we first measure baseline accuracy after pruning, then fine-tune
on each benchmark’s training set with batch size 4, sweeping learning rates between 1e-6 and
1e-4 and reporting the best-performing configuration on the test set. In Table 3.1, we find that all
pruning techniques, including random pruning, robustly unlearn non-Python skills with roughly
similar effectiveness, except that at low sparsity, attribution pruning does not achieve much
unlearning. This result contrasts somewhat with our findings on CMSP networks in Sections 3.3.3
and 3.3.4, where training with the group lasso penalty led to stronger unlearning than naive
pruning.

88



Table 3.1: Unlearning: We prune Llama-3.2-1B using various techniques to create narrow Python-
specific models, then evaluate on other tasks to assess whether pruning led to unlearning. Accura-
cies are reported for the pruned model before finetuning and after finetuning on a train set of each
benchmark (non-FT→FT). ✓ indicates successful unlearning (FT score ≥10% lower than base).

Method Spar. counterfact AI2-ARC WMDP Bio WMDP Cyber
Base 0% 0.18→0.49 0.65→0.67 0.52→0.62 0.35→0.59
Random 30% 0.00→0.50 0.24→0.25✓ 0.22→0.27✓ 0.27→0.27✓
Attribution 30% 0.12→0.65 0.35→0.69 0.36→0.56 0.27→0.55
Group Lasso 30% 0.06→0.47 0.25→0.25✓ 0.24→0.31✓ 0.26→0.27✓
Random 63% 0.00→0.45 0.25→0.25✓ 0.23→0.27✓ 0.26→0.28✓
Attribution 63% 0.02→0.52 0.25→0.30✓ 0.23→0.34✓ 0.26→0.32✓
Group Lasso 63% 0.03→0.45 0.25→0.25✓ 0.24→0.29✓ 0.27→0.30✓
Random 80% 0.00→0.42 0.26→0.25✓ 0.26→0.28✓ 0.23→0.26✓
Attribution 80% 0.00→0.47 0.25→0.25✓ 0.23→0.27✓ 0.26→0.28✓
Group Lasso 80% 0.02→0.44 0.25→0.25✓ 0.24→0.29✓ 0.26→0.29✓

3.6 Related Work

Distillation. Many works have built on the original distillation work of Hinton, Vinyals, and Dean
[26], seeking to transfer intermediate representations [50,51] and applying these techniques to
language models [52,53], often after pruning [54,55]. Relevant to our discussion, Turc et al. [56]
showed that pretraining the student before distillation can substantially improve results.

Pruning. Even early approaches to pruning used second-order methods for pruning weights [57,58],
whereas our “attribution” scores are first-order. When training vision models, Zhou, Alvarez, and
Porikli [25] and Wen et al. [24] used a group lasso penalty like we do, albeit while training on the
full data distribution. Sanh, Wolf, and Rush [59] proposed “movement pruning” to prune weights
during transfer learning. A variety of works have applied structured pruning to LLMs [60,61],
including Xia, Zhong, and Chen [62] who develop a method for task-specific pruning. Vural and
Erdogdu [63] provide evidence that pruning boosts sample efficiency by directing gradient updates
to a sparse set of important directions.

Task Structure and Learning Dynamics. Several works have lately investigated the rela-
tionship between task structure and learning dynamics [12–15]. Liu et al. [64] also briefly study
a task similar to CMSP to show that hierarchical relationships between tasks cause what they
call “domino” learning dynamics. We also highlight the “Skill it!” paper of Chen et al. [65], who
empirically investigate hierarchical learning dependencies for real LLM tasks.

Machine Unlearning. Many approaches to unlearning have been proposed [66–70]. Guo et al.
[71] study how applying unlearning fine-tuning to different model components affects unlearning
success, inspired by a mechanistic understanding of how knowledge is retrieved in LLMs. Lee et al.
[72] show that distillation can be applied after unlearning fine-tuning to more robustly remove
unwanted capabilities. Highly relevant is the work of Cloud et al. [73], who apply “gradient
routing” during training to localize capabilities to different model components, allowing pruning
to be used for unlearning.
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3.7 Discussion

Limitations: This work explored some aspects of neural network learning which are relevant to
the creation of narrow AI systems. Much work remains to be done in determining how relevant
our findings are to real-world networks in various domains. We first emphasize that CMSP is
a toy task, an existence proof that curriculum learning effects can be quite strong, but it is still
unclear whether these dynamics occur on more natural datasets. For our pruning experiments,
we emphasize that our greedy attribution pruning approach is quite simple, and we cannot rule
out that more sophisticated pruning strategies would be more successful in preserving some
skills while unlearning others [74]. Also, we did not optimally scale hyperparameters in our LLM
experiments, so the performance of each of our models in Section 3.5 is likely imperfect. While
we found that pruning a pre-existing Llama model was more efficient than training a model from
scratch on Python documents, this could be due to our imperfect training setup, and not because
one needs to train on a broad distribution of data to learn Python documents due to curriculum
effects.

Conclusion: In this work, we have studied some potential challenges involved in creating
narrow AI systems, having to do both with the structure of data and the structures learned
internally by neural networks. Underlying this work is a perspective from mechanistic inter-
pretability, that neural networks compute a variety of sparse features [35], each with a distributed
representation [16,36,46], and that these features are computed from each other hierarchically in
circuits [75–77]. First, we found that in order to learn certain complex features, we may have to
first train on a broad set of samples which encourage the learning of simpler features. Second,
because features are distributed across model components, it is a nontrivial problem to move a set
of task-specific features and circuits into a smaller network, especially while unlearning unneeded
circuits.

While a neural network’s computation across the whole data distribution may be quite complex,
we hope that the computation that networks perform on any particular task will be reducible to
something less complex. That less complex computation, whatever it is, might be interpretable as
a circuit [76,77], or reduce to a simple program [78], or, as we studied here, could be instantiated
in a much smaller network. However, this hope, and the question of whether it is possible to
create narrow-purpose versions of today’s models, probes at a basic question about the nature
of the intelligence of these models. If their apparent generality indeed results from their having
learned a large, diverse set of crystallized, task-specific circuits, then we ought in principle to be
able to create competent, specialized versions of these models by just transferring the relevant
task-specific circuits. However, if the intelligence of our models, and intelligence more generally, is
better understood as resulting from a single unified algorithm, then the basic prospect of creating
narrow AI systems that are as strong as truly general ones could be a challenge.
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3.8 Appendix

3.8.1 Additional results on CMSP

Here we include some additional results on CMSP. We first explore whether network shape
influences learning dynamics when learning composite tasks (w/ corresponding atomic tasks
in the training dataset) vs. when learning an atomic task on its own. We find that the effect of
depth is similar between composite vs. atomic tasks. This suggests that our networks do not
necessarily need to be deep in order to take advantage of compositional structure in this task.
Note that a previous version of this manuscript suggested the opposite–we had observed that
deeper networks learn composite CMSP tasks faster than shallow networks, but it turns out that
deeper networks also learn standalone atomic tasks faster than shallow networks. We show loss
curves of depth-3 width-128, depth-2 width-361, and depth-2 width-128 networks in Figure 3.7.
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Figure 3.7: Impact of network shape on CMSP learning. Top: Forty runs of training with different
seeds on CMSP dataset D{0} ∪ D{1} ∪ D{2} ∪ D{3} ∪ D{0,1,2,3} with𝑚 = 4, 𝑛 = 64, 𝑘 = 4. We find
that 27/40 runs converge with two hidden layers versus 19/40 runs with a single hidden layer with
width 128 and 16/40 runs with a single hidden layer and width 361. Single-hidden-layer networks
are therefore able to learn composite subtasks in CMSP roughly as well as deeper networks.
Bottom: Forty runs of training on a standalone atomic task𝑚 = 1, 𝑛 = 64, 𝑘 = 4.

We also show how ablation scores vary across neurons in our unregularized networks. With
the setup in Section 3.3.3, we show ablation scores for each neuron for each subtask in Figure 3.8
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and Figure 3.9. We find that there are neurons which have high scores across most subtasks, even
subtasks in different “skill trees” ({0,1,2} versus {3,4,5}).
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Figure 3.8: For each hidden neuron in the first hidden layer (left) and the second hidden layer
(right) in a CMSP network, we show the ablation score of that neuron for each subtask. For some
neurons, ablation scores are high across multiple subtasks, even from separate “skill trees”.
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Figure 3.9: Ablation scores for each subtask and each neuron. This is simply a different way of
visualizing the results in Figure 3.8.

In Figure 3.10 we show sparsity vs accuracy curves from pruning like in Figure 3.3 (bottom
left), across seeds and network sizes. In our unregularized networks, there is a lot of variation
between runs in how entangled the different subtasks are.

3.8.2 Additional results on LLMs

Additional plots

We also show some additional results with LLMs. In Figure 3.11, we show how attribution scores
correlate with ablation scores in LLMs. We show results for pruning both neurons and residual
stream dimensions.

97



0.5

0.75

1.0
W

id
th

64
Ac

cu
ra

cy

Seed 0 Seed 1 Seed 2 Seed 3 Seed 4

0.5

0.75

1.0

W
id

th
12

8
Ac

cu
ra

cy

0.5

0.75

1.0

W
id

th
25

6
Ac

cu
ra

cy

0.5

0.75

1.0

W
id

th
51

2
Ac

cu
ra

cy

0.1 0.7 0.9 0.98
Sparsity

0.5

0.75

1.0

W
id

th
10

24
Ac

cu
ra

cy

0.1 0.7 0.9 0.98
Sparsity

0.1 0.7 0.9 0.98
Sparsity

0.1 0.7 0.9 0.98
Sparsity

0.1 0.7 0.9 0.98
Sparsity

Pruning "pretrained" unregularized MLPs based on subtask {0,1,2} ablation scores

Subtask {0,1,2}, no recovery training
Subtask {3,4,5}, no recovery training

Subtask {0,1,2}, 1k recovery steps
Subtask {3,4,5}, 1k recovery steps

Figure 3.10: Pruning sparsity vs accuracy curves for pretrained CMSP networks. We train MLPs
of varying width and random seed on a CMSP dataset with two skill trees, as in Figure 3.3. We
prune neurons based on ablation score on subtask {0,1,2}. On some networks, ablating neurons
to maximum sparsity while preserving performance on subtask {0,1,2} robustly unlearns subtask
{3,4,5}. However, for other networks, the subtasks seem more entangled, and we can recover
performance on subtask {3,4,5} even after ablating to the maximum extent we can still recover 98%
accuracy on subtask {0,1,2} (green line).

In Figure 3.12, we show learning curves across runs when training from scratch on Python
documents, when performing distillation, and when performing recovery training after pruning
both neurons and residual stream dimensions, to varying target sparsities, of Llama-3.2-1B.

In Figure 3.13, we show recovery curves after pruning neurons and residual stream dimensions
from Llama-3.2-1B to varying sparsity levels. We find that pruning random components performs
roughly as well as pruning components with the lowest attribution scores.
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Figure 3.11: Comparison of ablation vs. attribution scores for Llama-3.2-1B neurons (left) and
residual stream dimensions (right), evaluated on a single batch of Python code documents. For
each figure, we fully ablate model components and compare the absolute change in loss (Abs
Ablation Score, simply called “ablation score” elsewhere in the paper) with the absolute value of
the linear estimate of this change computed from model gradients (Abs Attribution Score, called
“attribution score” elsewhere). Note that the correlation between the log of these scores is 0.80 for
neurons and 0.05 for residual stream components.

Additional experimental details

When training networks from scratch and distilling from scratch (Figure 3.12 and Figure 3.6, we
train transformers with the Llama 3 architecture [43] of varying size, listed in Table 3.2.

Table 3.2: Transformer model configurations explored

Hidden size #Layers #Heads Intermediate size

256 4 4 1,024
512 8 8 2,048
768 12 12 3,072
864 16 16 3,456
1,024 16 16 4,096
1,280 20 20 5,120
1,536 24 24 6,144
1,792 28 28 7,168
2,048 32 32 8,192

When we prune Llama-3.2-1B, we prune neurons and residual stream dimensions with the
sparsity combinations shown in Table 3.3.
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Figure 3.12: Training curves of LLMs on Python documents when training from scratch (left),
training from scratch but with distillation of a larger pretrained LLM (center), and when training
pruned pretrained models (right) to recover performance lost during training.

Table 3.3: Neuron and residual sparsity configurations when using attribution pruning on Llama-
3.2-1B.

Neuron sparsity Residual sparsity

0.50 0.50
0.80 0.50
0.90 0.50
0.95 0.50
0.80 0.80
0.90 0.90

3.8.3 Compute estimates

We estimate the compute used for each of our experiments.
For the CMSP training experiments shown in Figure 3.2 and Figure 3.7, we ran 4 configurations

each with 40 different seeds. We ran each job on a GPU, but on a cluster with a variety of different
node configurations and GPUs. Jobs generally took between 5-60 minutes to complete, for between
13-160 total hours of GPU time.

For the experiments shown in Figure 3.3 and Figure 3.10, each run, across 5 choices of seed
and 5 choices of width, trained networks on a CMSP task, ran pruning experiments, performed
group-lasso training, and pruned again. Each such run took between 5-120 minutes on our cluster
with varying GPU configurations, for a total time of 2-50 hours of GPU time.

For our MNIST experiments shown in Figure 3.4, we plot a total of 54 points, each of which is
averaged over 10 training runs. We estimate that each run took around 2 minutes on our cluster,
totaling to around 18 hours of GPU time.

For our LLM experiments, we ran our experiments on A100-80GB nodes, with a single GPU
allocated per experiment. When we trained models from scratch on Python documents, we used 9
configurations with job lengths between 1-3 days. For distillation we had 9 configurations with
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Figure 3.13: Recovery training curves after pruning neurons and residual stream dimensions, for
Llama-3.2-1B on Python code documents. We compare recovery performance when pruning based
on attribution scores vs. choosing components randomly. Attribution scores are computed across
1024 documents with a max length of 1024 tokens. We find that pruning with attribution scores is
better than pruning random components, however this gap is eventually recovered. For instance,
at step 5365 when our run with 50% neuron sparsity and 20% residual sparsity first matches the
performance of the original model (≈ 1.3 nats), the performance on randomly-pruned model is
almost identical at 1.301 nats.

job lengths between 2-3 days, though some jobs failed. For the group lasso training experiments
in Figure 3.5, we show 3 configurations trained with job lengths of 3 days, and we performed
recovery training on these models with a job length of 1 day. We estimate that the total time for
these jobs was less than 1600 hours of A100 time, though the full set of experiments we attempted
in the work that led to this manuscript could be over 5000 hours.
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Chapter 4

Precision Machine Learning*

So far, we have considered models of learning and scaling where the “parts” that networks
learn are discrete, and scaling laws come from the statistics of these parts. However, there
is a different way of understanding neural network scaling laws via an argument from
approximation theory. The idea is that neural networks can be viewed as simply fitting a
function defined on a manifold ℝ𝑛 ⊇ 𝑀 → ℝ. As networks are scaled up, they can more
precisely fit this function, and the scaling exponent is determined by the dimension of the
manifold. In this paper, we see that modularity can play an important part of stories like
this too. The basic idea is that if the function we want to learn composes lower-dimensional
functions (modules), then networks can optimally scale as if the dimension of the data
manifold was the maximum input dimension of each module.

Abstract

We explore unique considerations involved in fitting machine learning (ML) models to data with
very high precision, as is often required for science applications. We empirically compare various
function approximation methods and study how they scale with increasing parameters and data.
We find that neural networks (NNs) can often outperform classical approximation methods on high-
dimensional examples, by auto-discovering and exploiting modular structures therein. However,
neural networks trained with common optimizers are less powerful for low-dimensional cases,
which motivates us to study the unique properties of neural network loss landscapes and the
corresponding optimization challenges that arise in the high precision regime. To address the
optimization issue in low dimensions, we develop training tricks which enable us to train neural
networks to extremely low loss, close to the limits allowed by numerical precision.

∗Eric J. Michaud, Ziming Liu, and Max Tegmark. “Precision machine learning.” Entropy 25, no. 1 (2023): 175.
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4.1 Introduction

Most machine learning practitioners do not need to fit their data with much precision. When
applying machine learning to traditional tasks in artificial intelligence such as those in computer
vision or natural language processing, one typically does not desire to bring training loss all the
way down to exactly zero, in part because training loss is just a proxy for some other performance
measure like accuracy that one actually cares about, or because there is intrinsic uncertainty
which makes perfect prediction impossible, e.g., for language modeling. Accordingly, to save
memory and speed up computation, much work has gone into reducing the numerical precision
used in models without sacrificing model performance much [1–3]. However, modern machine
learning methods, and deep neural networks in particular, are now increasingly being applied to
science problems, for which being able to fit models very precisely to (high-quality) data can be
important [4–7]. Small absolute changes in loss can make a big difference, e.g., for the symbolic
regression task of identifying an exact formula from data [8,9].

It is therefore timely to consider what, if any, unique considerations arise when attempting to
fit ML models very precisely to data, a regime we call Precision Machine Learning (PML). How does
pursuit of precision affect choice of method? How does optimization change in the high-precision
regime? Do otherwise-obscure properties of model expressivity or optimization come into focus
when one cares a great deal about precision? In this paper, we explore these basic questions.

4.1.1 Problem Setting

We study regression in the setting of supervised learning, in particular the task of fitting functions
𝑓 : ℝ𝑑 → ℝ to a dataset of 𝐷 = {( ®𝑥𝑖, 𝑦𝑖 = 𝑓 ( ®𝑥𝑖)} |𝐷 |𝑖=1. In this work, we mostly restrict our focus to
functions 𝑓 which are given by symbolic formulas. Such functions are appropriate for our purpose,
of studying precision machine learning for science applications, since they (1) are ubiquitous
in science, fundamental to many fields’ descriptions of nature, (2) are precise, not introducing
any intrinsic noise in the data, making extreme precision possible, and (3) often have interesting
structure such as modularity that sufficiently clever ML methods should be able to discover and
exploit. We use a dataset of symbolic formulas from [10], collected from the Feynman Lectures on
Physics [11].

Just how closely can we expect to fit models to data? When comparing a model prediction
𝑓𝜃 ( ®𝑥𝑖) to a data point 𝑦𝑖 , the smallest nonzero difference allowed is determined by the numerical
precision used. IEEE 754 64-bit floats [12] have 52 mantissa bits, so if 𝑦𝑖 and 𝑓𝜃 ( ®𝑥𝑖) are of order
unity, then the smallest nonzero difference between them is 𝜖0 = 2−52 ∼ 10−16. We should not
expect to achieve relative RMSE loss below 10−16, where relative RMSE loss, on a dataset 𝐷 , is:

ℓrms ≡
(∑|𝐷 |

𝑖=1 |𝑓𝜃 ( ®𝑥𝑖) − 𝑦𝑖 |2∑|𝐷 |
𝑖=1𝑦

2
𝑖

) 1
2

=
|𝑓𝜃 ( ®𝑥𝑖) − 𝑦𝑖 |rms

𝑦rms
. (4.1)

In practice, precision can be bottlenecked earlier by the computations performed within the
model 𝑓𝜃 . The task of precision machine learning is to try to push the loss down many orders of
magnitude, driving ℓrms as close as possible to the numerical noise floor 𝜖0.

104



4.1.2 Decomposition of Loss

One can similarly define relative MSE loss ℓmse ≡ ℓrms2, as well as non-relative (standard) MSE
loss 𝐿mse(𝑓 ) = 1

|𝐷 |
∑𝐷

𝑖=1(𝑓𝜃 ( ®𝑥𝑖) − 𝑦𝑖)2, and 𝐿rms =
√
𝐿mse. Minimizing ℓrms, ℓmse, 𝐿rms, 𝐿mse are

equivalent up to numerical errors. Note that (relative) expected loss can be defined on a probability
distribution ℙ(ℝ𝑑 ,ℝ) , like so:

ℓℙrms =

(
𝔼( ®𝑥,𝑦)∼ℙ [(𝑓𝜃 ( ®𝑥) − 𝑦)2]

𝔼( ®𝑥,𝑦)∼ℙ [𝑦2]

) 1
2

. (4.2)

When we wish to emphasize the distinction between loss on a dataset 𝐷 (empirical loss) and
a distribution ℙ (expected loss), we write ℓ𝐷 and ℓℙ. In the spirit of [13], we find it useful to
decompose sources of error into different sources, which we term optimization error, sampling
luck, the generalization gap, and architecture error. A given model architecture parametrizes a set
of expressible functionsH . One can define three functions of interest withinH :

𝑓 best
ℙ ≡ argmin

𝑓 ∈H
{ℓℙ(𝑓 )}, (4.3)

the best model on the expected loss ℓℙ,

𝑓 best
𝐷 ≡ argmin

𝑓 ∈H
{ℓ𝐷 (𝑓 )}, (4.4)

the best model on the empirical loss ℓ𝐷 , and

𝑓 used
𝐷 = A(H , 𝐷, 𝐿), (4.5)

the model found by a given learning algorithmA which performs possibly imperfect optimization
to minimize empirical loss 𝐿 on 𝐷 .

We can therefore decompose the empirical loss as follows:

ℓ𝐷 (𝑓 used
𝐷 ) = [ℓ𝐷 (𝑓 used

𝐷 ) − ℓ𝐷 (𝑓 best
𝐷 )]︸                        ︷︷                        ︸ optimization error+ [ℓ𝐷 (𝑓 best

𝐷 ) − ℓℙ(𝑓 best
𝐷 )]︸                       ︷︷                       ︸ sampling luck+

[ℓℙ(𝑓 best
𝐷 ) − ℓℙ(𝑓 bestℙ)]︸                         ︷︷                         ︸ generalization gap + ℓℙ(𝑓 bestℙ)︸      ︷︷      ︸ architecture error, (4.6)

where all terms are positive except possibly the sampling luck, which is zero on average, has
a standard deviation shrinking with data size |𝐷 | according to the Poisson scaling |𝐷 |−1/2, and
will be ignored in the present paper. The generalization gap has been extensively studied in prior
work, so this paper will focus exclusively on the optimization error and the architecture error.

To summarize: the architecture error is the best possible performance that a given architecture
can achieve on the task, the generalization gap is the difference between the optimal performance
on the training set 𝐷 and the architecture error, and the optimization error is the error introduced
by imperfect optimization – the difference between the error on the training set found by imperfect
optimization and the optimal error on the training set. When comparing methods and studying
their scaling, it useful to ask which of these error sources dominate. We will see that both
architecture error and optimization error can be quite important in the high-precision regime, as
we will elaborate on in Sections 4.2-4.3 and Section 4.4, respectively.
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4.1.3 Importance of Scaling Exponents

In this work, one property that we focus on is how methods scale as we increase parameters or
training data. This builds on a recent body of work on scaling laws in deep learning [14–22] which
has found that, on many tasks, loss decreases predictably as a power-law in the number of model
parameters and amount of training data. Attempting to understand this scaling behavior, [23,24]
argue that in some regimes, cross-entropy and MSE loss should scale as 𝑁 −𝛼 , where 𝛼 ≳ 4/𝑑 , 𝑁 is
the number of model parameters, and 𝑑 is the intrinsic dimensionality of the data manifold of the
task.

Consider the problem of approximating some analytic function 𝑓 : [0, 1]𝑑 → ℝ with some
function which is a piecewise𝑛-degree polynomial. If one partitions a hypercube in ℝ𝑑 into regions
of length 𝜖 and approximates 𝑓 as a 𝑛-degree polynomial in each region (requiring 𝑁 = O(1/𝜖𝑑)
parameters), absolute error in each region will be O(𝜖𝑛+1) (given by the degree-(𝑛 + 1) term in
the Taylor expansion of 𝑓 ) and so absolute error scales as 𝑁 −

𝑛+1
𝑑 . If neural networks use ReLU

activations, they are piecewise linear (𝑛 = 1) and so we may expect ℓrmse(𝑁 ) ∝ 𝑁 −
2
𝑑 . Sharma &

Kaplan [23] argue that if neural networks map input data onto an intermediate representation,
where representations lie on a manifold of intrinsic dimension 𝑑∗ < 𝑑 , and then perform a
piecewise linear fit to a function on this manifold, then RMSE error should scale as 𝑁 −2/𝑑∗ .

If one desires very low loss, then the exponent 𝛼 , the rate at which methods approach their
best possible performance1 matters a great deal. Sharma & Kaplan [23] note that 4/𝑑 (2/𝑑 for
RMSE loss) is merely a lower-bound on the scaling rate – we consider ways that neural networks
can improve on this bound. Understanding model scaling is key to understanding the feasibility
of achieving high precision.

4.1.4 Organization

This paper is organized as follows: In Section 4.2 we discuss piecewise linear approximation
methods, comparing ReLU networks with linear simplex interpolation. We discover that neural
networks can sometimes substantially outperform linear simplex interpolation, and hypothesize
that NNs do this by exploiting the modularity of the problem, which we call the modularity
hypothesis. In Section 4.3 we discuss nonlinear methods, including neural networks with nonlinear
activation functions, and find that optimization error, rather than approximation error, can be
a major bottleneck to achieving high-precision fits. In Section 4.4 we discuss the optimization
challenge of high-precision neural network training – how optimization difficulties can often
make total error far worse than the limits of what architecture error allows. We attempt to develop
optimization methods for overcoming these problems and describe their limitations, then conclude
in Section 4.5.

1The best possible performance can be determined either by precision limits or by noise intrinsic to the problem,
such as intrinsic entropy of natural language.
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Figure 4.1: In (a) (top), we show the solutions learned by a ReLU network and linear simplex
interpolation on the 1D problem𝑦 = cos(2𝑥). In (b) (bottom), we visualize linear regions for a ReLU
network, trained on unnormalized data (left) and normalized data (center), as well as linear simplex
interpolation (right) on the 2D problem 𝑧 = 𝑥𝑦. In general, we find that normalizing data to have
zero mean and unit variance improves network performance, but that linear simplex interpolation
outperforms neural networks on low-dimensional problems by better vertex placement.

4.2 Piecewise Linear Methods

We first consider approximation methods which provide a piecewise linear fit to data. We focus
on two such methods: linear simplex interpolation and neural networks with ReLU activations.

To review, linear simplex interpolation works as follows: given our dataset of |𝐷 | input-output
pairs {( ®𝑥𝑖, 𝑦𝑖)} |𝐷 |𝑖=1, linear simplex interpolation first computes a Delaunay triangulation from
®𝑥1, . . . , ®𝑥 |𝐷 | in the input space ℝ𝑑 , partitioning the space into a collection of 𝑑-simplices, each with
𝑑 + 1 vertices, whose union is the convex hull of the input points. Since 𝑑 + 1 points determine
a linear (affine) function ℝ𝑑 → ℝ, the function 𝑓 can be approximated within each 𝑑-simplex
as the unique linear function given by the value of the function 𝑓 at the vertices. This gives a
piecewise linear function on the convex hull of the training points. Linear simplex interpolation
needs to store 𝑁 = |𝐷 | (𝑑 + 1) parameters: |𝐷 |𝑑 values for the vertices ®𝑥𝑖 , and |𝐷 | values for the
corresponding function values 𝑦𝑖 .
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Figure 4.2: Scaling of linear simplex interpolation versus ReLU NNs. While simplex interpolation
scales very predictably as 𝑁 −2/𝑑 , where 𝑑 is the input dimension, we find that NNs sometimes
scale better (at least in early regimes) as 𝑁 −2/𝑑∗ , where 𝑑∗ = 2, on high dimensional problems.

Neural networks with ReLU activations also give a piecewise linear fit 𝑓𝜃 . We consider only
fully-connected feedforward networks, a.k.a. multilayer perceptrons (MLPs). Such networks
consist of a sequence of alternating affine transformations 𝑇 : ®𝑥 ↦→ 𝑊 ®𝑥 + 𝑏 and element-wise
nonlinearities 𝜎 ( ®𝑥)𝑖 = 𝜎 ( ®𝑥𝑖) for an activation function 𝜎 : ℝ→ ℝ:

𝑓𝜃 = 𝑇𝑘+1 ◦ 𝜎 ◦𝑇𝑘 ◦ · · · ◦𝑇2 ◦ 𝜎 ◦𝑇1.

Following [25], we define the depth of the network as the number of affine transformations in
the network, which is one greater than the number of hidden layers 𝑘 . As shown in [25], any
piecewise linear function on ℝ𝑑 can be represented by a sufficiently wide ReLU NN with at most
⌈log2(𝑑 + 1)⌉ + 1 depth. Therefore, sufficiently wide and deep networks are able to exactly express
functions given by linear simplex interpolation. A natural question then is: given the same
amount of data and parameters, how do the two methods compare? We discover that simplex
interpolation performs better on 1D and 2D problems, but that neural networks can outperform
simplex interpolation on higher-dimensional problems. So although simplex interpolation and
ReLU NNs both parametrize the same function class (piecewise linear functions), their performance
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Figure 4.3: ReLU neural networks are seen to initially scale roughly as if they were modular.
Networks with enforced modularity (dark blue and red, dashed line), with architecture depicted
on the right, perform and scale similarly, though slightly better, than standard dense MLPs of the
same depth (light blue and red).

can differ significantly in practice.2

In our experiments, we use the implementation of simplex interpolation from SciPy [27].
When training neural networks, we use the Adam optimizer [28] with a learning rate of 10−3, and
train for 20k steps. We use a batch size of min( |𝐷 |, 104). While we report loss using RMSE, we
train using MSE loss. Training points are sampled uniformly from intervals specified by the AI
Feynman dataset [10] (typically [1, 5] ⊂ ℝ for each input), but when training neural networks,
we normalize the input points [29] so that they have zero mean and unit variance along each
dimension. We estimate test loss on datasets of 30k samples.3

In Section 4.1, we show for 1D and 2D problems the linear regions given both by simplex

2Ref [26] analyzed the expressivity of ReLU NNs in comparison with multivariate adaptive regression splines. Our
work conducts a more extensive set of experiments to study how approximators scale in practice. We also restrict our
focus to fitting physics functions, which have modular structure.

3Project code can be found at https://github.com/ejmichaud/precision-ml.
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interpolation and by neural networks trained with a comparable number of parameters . For
2D problems, Figure 4.1 illustrates the importance of normalizing input data for ReLU networks.
We see that there is a far higher density of linear regions around the data when input data is
normalized, which leads to better performance. Neural networks, with the same number of
parameters and trained with the same low-dimensional data, often have fewer linear regions than
simplex interpolation.

In Figure 4.2, we show how the precision of linear simplex interpolation and neural networks
scale empirically. Since simplex interpolation is a piecewise linear method, from the discussion
in Section 4.1.3, we expect its RMSE error to scale as 𝑁 −2/𝑑 , and find that this indeed holds4.
To provide a fair comparison with simplex interpolation when evaluating neural networks on a
dataset of size 𝐷 , we give it the same number of parameters 𝑁 = |𝐷 | (𝑑 + 1). From Figure 4.2, we
see that simplex interpolation outperforms neural networks on low dimensional problems but
that neural networks do better on higher-dimensional problems.

For the 1D example in Figure 4.2 (top left), we know that the amount by which the neural
networks under-perform simplex interpolation is entirely due to optimization error. This is because
any 1D piecewise linear function 𝑓 (𝑥) with 𝑚 corners at 𝑥1, ..., 𝑥𝑚 can trivially be written as a
linear combination of𝑚 functions ReLU(𝑥 − 𝑥𝑖).

We hypothesize that the reason why neural networks are able to beat simplex interpolation
when fitting functions given by symbolic equations is that neural networks learn to exploit the
inherent modularity of these problems. We term this the modularity hypothesis. This property of the
regression functions we study, which we call modularity, has been referred to by other authors as
“compositional sparsity” [30,31] or the property of being “hierarchically local compositional” [32].
Such functions consist of many low-dimensional functions composed with each other. For instance,
given three two-dimensional functions 𝑓1, 𝑓2, 𝑓3, one can construct a modular four-dimensional
function 𝑔(𝑥1, 𝑥2, 𝑥3, 𝑥4) = 𝑓3(𝑓1(𝑥1, 𝑥2), 𝑓2(𝑥3, 𝑥4)). Many natural functions have this structure,
notably those we are interested in given by symbolic equations, which compose together binary
functions (+,−,×,÷) and unary functions (𝑒𝑥 , ln(𝑥), etc.). We are particularly interested in modular
functions where the computation graph describing the function has low maximum arity – that
the constituent functions composing it individually have low input dimension. For symbolic
equations, the maximum arity is two.

On modular problems, it is a theoretical possibility [33,34] that sufficiently deep neural net-
works could scale as if the problem dimension was the maximum arity of the problem computation
graph, rather than the input dimension. This is possible if networks learn a modular solution to the
problem, approximating each node in the computation graph and internally composing together
these elements according to the computation graph. The error of ReLU NNs should therefore be
able to scale as 𝑁 −2/𝑑∗ where 𝑑∗ is the maximum-arity of the computation graph of the target
function (𝑑∗ = 2 for symbolic equations). Scaling in this manner requires excess capacity to be
allocated towards improving the approximation of all nodes in the graph, while continuing to
compose them properly, rather than approximating a single function on a fixed data manifold.

We observe two tentative pieces of evidence for the modularity hypothesis as the reason why
NNs beat linear simplex interpolation. First, we see from Figure 4.2, at least early in the scaling

4Scaling as 𝑁 −2/𝑑 only holds when the model is evaluated on points not too close to the boundary of the training
set. At the boundary, simplices are sometimes quite large, leading to a poor approximation of the target function
close to the boundary, large errors, and worse scaling. In our experiments, we therefore compute test error only for
points at least 10% (of the width of the training set in each dimension) from the boundary of the training set.
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curves, that neural networks usually appear to scale not as 𝑁 −2/𝑑 , but rather as 𝑁 −2/𝑑∗ where
𝑑∗ = 2, the maximum arity of the symbolic regression problems we train on. As an additional test,
we train networks where we hard-code the modularity of the problem into the architecture, as
depicted in Figure 4.3. Figure 4.3 indeed reveals how models for which we enforce the modularity of
the problem perform and scale similarly to same-depth dense neural networks without modularity
enforced. A modular architecture can be created from a dense one by forcing weight matrices
to be block-diagonal (where we do not count off-diagonal entries towards the number of model
parameters), but in practice we create modular architectures by creating a separate MLP for each
node in the symbolic expression computation graph and connecting them together in accordance
with the computation graph. See the diagrams in Figure 4.3 for an illustration of the modular
architecture. In Figure 4.3, we plot modular and dense network performance against number of
model parameters, but we also find that holding width constant, rather than number of parameters,
modular networks still slightly outperform their dense counterparts. For instance, depth-6 width-
100 modular networks outperform dense networks of the same width and depth, despite dense
networks having ≈2.5x fewer parameters. Such “less is more” results are to be expected if the
optimal architecture is in fact modular, in which case a fully connected architecture wastes
resources training large numbers of parameters that should be zero.

Our observation that neural networks sometimes appear to scale as if the problem dimension
was the maximum arity of the computational graph generalizes and improves upon neural scaling
results from Sharma & Kaplan [23], which argued that the effective problem dimension 𝑑∗ is the
intrinsic dimension of a fixed data manifold. In the view from [23], excess capacity is allocated
towards approximating a function on this fixed manifold with greater resolution, rather than
allocating capacity towards many internal modules and composing them in an appropriate manner
as we have discussed. It is widely believed in the ML community that the dimensionality of the
data manifold or the power-law statistics of the data covariance matrix spectra sets the neural
scaling exponent (see for example the excellent treatment by Sharma & Kaplan [23] and Bahri et
al. [24]), however, our results show that scaling exponents can be better under the modularity
hypothesis, where networks exploit modularity to scale in the maximum arity of a problem’s
computation graph.

4.3 Nonlinear Methods

We now turn our attention to approximation methods that are thoroughly nonlinear (as opposed
to piecewise linear). As discussed in the introduction, methods approximating the target function
𝑓 by a piecewise polynomial have a scaling exponent 𝛼 = 𝑛+1

𝑑
where 𝑛 is the degree of the

polynomial.
In Figure 4.4, we plot the performance of approximation methods which are piecewise poly-

nomial, for 1D, 2D and 3D problems. For 1D and 2D problems, we use splines of varying order.
For 3D problems, we use the cubic spline interpolation method of [35]. We see empirically that
these methods have scaling exponent 𝛼 = (𝑛 + 1)/𝑑 . If the order of the spline interpolator is high
enough, and the dimension low enough, we see that relative RMSE loss levels out at 𝜖0 ≈ 10−16 at
the precision limit. Unfortunately, a basic limitation of these methods is that they are limited to
low-dimensional problems.
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Figure 4.4: Interpolation methods, both linear and nonlinear, on 2D and 3D problems, seen to
approximately scale as 𝐷−(𝑛+1)/𝑑 where 𝑛 is the order of the polynomial spline, 𝑑 is the input
dimension.

There are relatively few options for high-dimensional nonlinear interpolation.5 A particularly
interesting parametrization of nonlinear functions is given by neural networks with nonlinear
activation functions (and not piecewise linear like ReLUs). In Figure 4.5, we show how neural
networks with tanh activations scale in increasing width. We observe that on some problems, they
do better than the ideal scaling achievable with linear methods (shown as a green dashed line).
However, in our experiments, they can sometimes scale worse, perhaps the result of imperfect
optimization. Also, we find that scaling is typically not nearly as clean as a power law as it was
for ReLU networks.

For some problems, one can show theoretically that architecture error can be made arbitrarily
low, and that the loss is due entirely to optimization error and the generalization gap. As shown
in [36], a two-layer neural network with only four hidden units can perform multiplication between
two real numbers, provided that a twice-differentiable activation function is used. See Figure 4.6(b)
for a diagram of such a network, taken from [36]. Note that this network becomes more accurate
in the limit that some of its parameters become very small and others become very large. This
result, that small neural networks can express multiplication arbitrarily well, implies that neural
network architecture error is effectively zero for some problems. However, actually learning
this multiplication circuit in practice is challenging since it involves some network parameters
diverging→∞while others→ 0 in a precise ratio. This means that for some tasks, neural network
performance is mainly limited not by architecture error, but by optimization error.

Indeed, on some problems, a failure to achieve high precision can be blamed entirely on the opti-
mization error. In Figure 4.6(a), we show neural network scaling on the equation 𝑓 (𝑥1, 𝑥2, 𝑥3, 𝑦1, 𝑦2, 𝑦3) =
𝑥1𝑦1 + 𝑥2𝑦2 + 𝑥3𝑦3. For this problem, a 2-layer network with 12 hidden units (implementing three
multiplications in parallel, with their results added in the last layer) can achieve ≈ 0 architecture
error. Yet we see a failure to get anywhere near that architecture error or the noise floor set by
machine precision. Instead, as one scales up the network size on this task, we see that despite
architecture error abruptly dropping to zero early on, the actually attained loss continues to scales
down smoothly.

5One method, which we have not tested, is radial basis function interpolation.
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Figure 4.5: Scaling of linear simplex interpolation vs tanh NNs. We also plot ReLU NN performance
as a dotted line for comparison. While simplex interpolation scales very predictably as 𝑁 −2/𝑑 ,
where 𝑑 is the input dimension, tanh NN scaling is much messier.

It is therefore important to analyze the problem of optimization for high precision, which we
do in the next section.
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Figure 4.6: (a) Scaling of neural networks on a target function which can be arbitrarily closely
approximated by a network of finite width. (b) diagram from [36] showing how a 4-neuron
network can implement multiplication arbitrarily well. Therefore a depth-2 network of width at
least 12 has an architecture error at the machine precision limit, yet optimization in practice does
not discover solutions within at least 10 orders of magnitude of the precision limit.

4.4 Optimization

As seen above, when deep neural networks are trained with standard optimizers, they can produce
significant optimization error, i.e. fail to find the best approximation. In this section, we discuss
the difficulty of optimization in the high-precision regime and explore a few tricks for improving
neural network training.

4.4.1 Properties of Loss Landscape

To understand the difficulty of optimizing in the high-precision regime, we attempt to understand
the local geometry of the loss landscape at low loss. In particular, we compute the Hessian of the
loss and study its eigenvalues. In Figure 4.7, we plot the spectrum of the Hessian, along with the
magnitude of the gradient projected onto each of the corresponding eigenvectors, at a point in the
loss landscape found by training with the Adam optimizer for 30k steps in a teacher-student setup.
The teacher is a depth-3, width-3 tanh MLP and the student is a depth-3, width-40 tanh MLP. In
line with [37–39], we find that at low loss, the loss landscape has a top cluster of directions of high
curvature (relatively large positive eigenvalues) and a bulk of directions of very low curvature.
Furthermore, the gradient tends to point most strongly in directions of higher curvature, and has
very little projection onto directions of low curvature magnitude.

The basic picture emerging from this analysis is that of a canyon, i.e., a very narrow, very long
valley around a low-loss minimum. The valley has steep walls in high-curvature directions and a
long basin in low-curvature directions. Further reducing loss in this environment requires either
(1) taking very precisely-sized steps along high-curvature directions to find the exact middle of the
canyon or (2) moving along the canyon in low-curvature directions instead, almost orthogonally
to the gradient. In this landscape, typical first-order optimizers used in deep learning may struggle
to do either of these things, except perhaps if learning rates are chosen extremely carefully.
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Figure 4.7: Eigenvalues (dark green) of the loss landscape Hessian (MSE loss) after training with the
Adam optimizer, along with the magnitude of the gradient’s projection onto each corresponding
eigenvector (thin red line). We see a cluster of top eigenvalues and a bulk of near-zero eigenvalues.
The gradient (thin jagged red curve) points mostly in directions of high-curvature.

4.4.2 Optimization Tricks For Reducing Optimization Error

How can we successfully optimize in such a poorly-conditioned, low-loss regime? We first find
that switching from first-order optimizers like Adam to second-order optimizers like BFGS [40]
can improve RMSE loss by multiple orders of magnitude. Second-order methods often both
(1) employ line searches, and (2) search in directions not strongly aligned with the gradient,
allowing optimization to progress within low-curvature subspaces. However, methods like BFGS
are eventually bottlenecked by numerical precision limitations. To further lower loss, we tested
the following two methods:

Low-Curvature Subspace Optimization We find that by restricting our optimization to low-
curvature subspaces, we can further decrease loss past the point where loss of precision prevented
BFGS from taking further steps. Our method has a single hyperparameter 𝜏 . The method is as
follows: let 𝑔 = ∇𝜃L be the gradient and 𝐻 be the Hessian of the loss. Denote an eigenvector-
eigenvalue pair of 𝐻 by (𝑒𝑖, 𝜆𝑖). Instead of stepping in the direction −𝑔, we instead compute
𝑔 =

∑
𝑖:𝜆𝑖<𝜏 𝑒𝑖 (𝑒𝑖 · 𝑔). Essentially, we just project 𝑔 onto the subspace spanned by eigenvalues of

𝑒𝑖 such that 𝜆𝑖 < 𝜏 . We then perform a line search to minimize loss along the direction −𝑔, and
repeat the process. Note that this requires computing eigenvectors and eigenvalues for the whole
Hessian 𝐻 .

Boosting: staged training of neural networks We also investigated techniques related to the
common practice of “boosting” in ML [41–44]. We found the following method to work quite well
in our setting. Instead of training a full network to fit the target 𝑓 , one can train two networks

𝑓
(1)
𝜃1

, 𝑓
(2)
𝜃2

sequentially: first train 𝑓
(1)
𝜃1

to fit 𝑓 , then train 𝑓
(2)
𝜃2

to fit the residual
𝑓 −𝑓 (1)

𝜃1
𝑐

, where 𝑐 ≪ 1
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Figure 4.8: Comparison of Adam with BFGS + low-curvature subspace training + boosting. Using
second-order methods like BFGS, but especially using boosting, leads to an improvement of many
orders of magnitude over just training with Adam. Target functions are a teacher network (top)
and a symbolic equation (bottom).

normalizes the residual to be of order unity. One can then combine the two networks into a single
model 𝑓 (𝑥) ≈ 𝑓

(1)
𝜃1
(𝑥) + 𝑐 𝑓 (2)

𝜃2
(𝑥). If networks 𝑓 (1)

𝜃1
, 𝑓
(2)
𝜃2

have widths 𝑤1,𝑤2 respectively, then they
can be combined into one network of width 𝑤1,𝑤2, with block-diagonal weight matrices, and
where the parameters of the last layer of 𝑓 (2)

𝜃2
are scaled down by 𝑐 . While further boosting steps

can be performed, we found that there are quickly diminishing returns to training on successive
residuals beyond that of the first network.

We find that, for low-dimensional problems, we can achieve substantially lower loss with these
techniques. We use the following setup: we train width-40 depth-3 tanh MLPs to fit single-variable
polynomials with the BFGS optimizer on MSE loss. The SciPy [27] BFGS implementation achieves
10−7 RMSE loss before precision loss prevents further iterations. Subsequently using low-curvature
subspace training with a threshold 𝜏 = 10−16 can further lower RMSE loss a factor of over 2x. On
similar low-dimensional problems, as shown in Figure 4.8, applying boosting, training a second
network with BFGS on the residual of the first can lower RMSE loss further by 5-6 orders of
magnitude. In Figure 4.8, we compare training runs with these tricks to runs with the Adam
optimizer for a variety of learning rates. For our Adam training runs, we use width-40 tanh MLPs.
When training with boosting, we train a width-20 network for 𝑓 (1)

𝜃1
and a width-20 network for

𝑓
(2)
𝜃2

, for a combined width of 40. We also plot a width-40 network trained solely with BFGS
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Figure 4.9: Comparison of Adam with BFGS + low-curvature subspace training + boosting, for
a 2D problem (top) and a 6D problem (bottom), the equation we studied in Figure 4.6(a). As we
increase dimension, the optimization tricks we tried in this work show diminishing benefits.

for comparison. We find, unsurprisingly, that BFGS significantly outperforms Adam. With our
tricks, particularly boosting, we can sometimes outperform even well-tuned Adam by 8 orders of
magnitude, driving RMSE loss down to ≈ 10−14, close to the machine precision limit.

4.4.3 Limitations and Outlook

The techniques we described above are not a silver bullet for fitting neural networks to any data
with high precision. Firstly, second-order optimizers like BFGS scale poorly with the number of
model parameters 𝑁 (since the Hessian is an 𝑁 × 𝑁 matrix), limiting their applicability to small
models. Also, we find that the gains from boosting diminish quickly as the input dimension of
the problem grows. In Figure 4.9, we see that on the 6-dimensional problem discussed earlier
(Figure 4.6(a)), BFGS + boosting achieves only about a 2-order of magnitude improvement, bringing
the RMSE loss from 10−2 to 10−4.

While boosting does not help much for high-dimensional problems, its success on low-
dimensional problems is still noteworthy. By training two parts of a neural network separately and
sequentially, we were able to dramatically improve performance. This suggests that perhaps there
are other methods, not yet explored, for training and assembling neural networks in nonstandard
ways to achieve dramatically better precision. The solutions found with boosting, where some
network weights are at a much smaller scale than others, are not likely to be found with typical
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training. An interesting avenue for future work would be exploring new initialization schemes,
or other ways of training networks sequentially, to discover better solutions in underexplored
regions of parameter space.

4.5 Conclusions

We have studied the problem of fitting scientific data with a variety of approximation methods,
analyzing sources of error and their scaling.

• Linear Simplex Interpolation provides a piecewise linear fit to data, with RMSE loss scaling
reliably as 𝐷−2/𝑑 . Linear simplex interpolation always fits the training points exactly, and
so error comes from the generalization gap and the architecture error.

• ReLU Neural Networks also provide a piecewise linear fit to data. Their performance
(RMSE loss) often scales as 𝐷−2/𝑑∗ , where 𝑑∗ is the maximum arity of the task (typically
𝑑∗ = 2). Accordingly, they can scale better than linear simplex interpolation when 𝑑 > 2.
Unfortunately, they are often afflicted by optimization error making them scale worse than
linear simplex interpolation on 1D and 2D problems, and even in higher dimensions in the
large-network limit.

• Nonlinear Splines approximate a target function piecewise by polynomials. They scale as
𝐷−(𝑛+1)/𝑑 where 𝑛 is the order of the polynomial.

• Neural Networks with smooth activations provide a nonlinear fit to data. Quite small
networks with twice-differentiable nonlinearities can perform multiplication arbitrarily
well [36], and so for many of the tasks we study (given by symbolic formulas), their ar-
chitecture error is zero. We find that their inaccuraccy does not appear to scale cleanly as
power-laws. Optimization error is unfortunately a key driver of the error of these methods,
but with special training tricks, we found that we could reduce RMSE loss on 1D problems
down within 2-4 orders of magnitude of the 64-bit machine precision limit 𝜖0 ∼ 10−16.

For those seeking high-precision fits, these results suggest the following heuristics, summarized
in Figure 4.10 as a “User’s Guide to Precision": If data dimensionality 𝑑 is low(𝑑 ≤ 2), polynomial
spline interpolation can provide a fit at machine precision if you (1) have enough data and (2)
choose a high enough polynomial order. Neural networks with smooth activations may in some
cases also approach machine precision, possibly with less data, if they are trained with second-
order optimizers like BFGS and boosted. For higher-dimensional problems (𝑑 ≥ 3), neural networks
are typically the most promising choice, since they can learn compositional modular structure
that allows them to scale as if the data dimensionality were lower.

In summary, our results highlight both advantages and disadvantages of using neural networks
to fit scientific data. We hope that they will help provide useful building blocks for further work
towards precision machine learning.
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4.6 Appendix

4.6.1 Boosting advantage comes not just from rescaling loss

When one trains a second network on the residual of a first trained network during boosting, the
scale of the loss, at least early in training, lies around order unity, much higher than the loss at
the end of training the first network. Does the advantage of boosting then lie in increasing the
value of the loss to avoid precision limits within BFGS? To investigate this, instead of performing
boosting, we instead simply rescale the loss after training width-40 networks with BFGS and
further train the same network with BFGS. In Figure 4.11, we plot training curves for varying
amounts of rescaling of the loss function. We find that the benefits of rescaling the loss are small
compared with boosting. At best, we achieved an ≈4x reduction in RMSE loss, compared with the
10000-100000x reduction from boosting.

4.6.2 A closer look at low-curvature subspace optimization

Low-curvature subspace optimization tends to reduce loss much less than boosting; it is difficult to
even see improvement from low-curvature subspace training in Figures 4.8 and 4.9. In Figure 4.12,
we show training curves for low-curvature subspace optimization for a width-20 depth-3 tanh
network after being trained with BFGS. We see that for appropriately chosen curvature thresholds
𝜏 , we can reduce RMSE loss by 2-3x, although the method is admittedly expensive, requiring a full
computation of the Hessian.

4.6.3 Neural scaling of tanh networks with BFGS versus Adam optimizer

In Section 4.3, we found that tanh networks sometimes scaled poorly, and suggested that this was
due to challenges with optimization rather than the expressivity of the architecture. In Figure 4.13,
we compare neural scaling curves when training with Adam versus the BFGS optimizer for the
same problems as Figure 4.5.

4.6.4 Loss landscape at lower loss

In Figure 4.7, we plotted the Hessian eigenvalues at the end of training with the Adam optimizer.
In Figure 4.14, we do the same but for a point in the loss landscape found by the BFGS optimizer
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Figure 4.11: Rescaling loss has minimal benefit relative to boosting.

rather than Adam. The basic picture of a “canyon” discussed in Section 4.4 is clearer at lower-loss
points in the landscape found by BFGS – there is a clear set of high-curvature directions which
the gradient mostly points along.
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Figure 4.13: Scaling of tanh networks with the BFGS vs Adam optimizer. We use the same setup
as in Figure 4.5, training tanh MLPs of depth 2-4 of varying width on functions given by symbolic
equations. BFGS outperforms Adam on the 3-dimensional example shown (top left) and performs
roughly similarly to Adam on the other problems.
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Figure 4.14: Eigenvalues (dark green) of the loss landscape Hessian (MSE loss) after training a
width-20, depth-3 network to fit 𝑦 = 𝑥2 with the BFGS optimizer. Like in Figure 4.7, we also plot
the magnitude of the gradient’s projection onto each corresponding eigenvector (thin red line).
The “canyon” shape of the loss landscape is more obvious at lower-loss points in the landscape
found by BFGS than Adam finds. There is a clear set of top eigenvalues corresponding to a few
directions of much higher curvature than the bulk.
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Chapter 5

Towards Understanding Grokking: An
Effective Theory of Representation Learning*

In this paper, we developed a theory of “grokking”. Grokking a phenomenon where neural
networks first memorize their training set, but then eventually generalize with continued
training. We found that during training, networks form highly structured representations of
their inputs. We hypothesized that grokking occurs because these very particular represen-
tations, which presumably are necessary for generalization, take longer to form than the
circuitry that memorizes the training set points. See Section 6.8.5 for commentary on how
this work on grokking relates to other theories from the literature and the core ideas of this
thesis.

Abstract

We aim to understand grokking, a phenomenon where models generalize long after overfitting
their training set. We present both a microscopic analysis anchored by an effective theory and a
macroscopic analysis of phase diagrams describing learning performance across hyperparameters.
We find that generalization originates from structured representations whose training dynamics
and dependence on training set size can be predicted by our effective theory in a toy setting. We
observe empirically the presence of four learning phases: comprehension, grokking, memorization,
and confusion. We find representation learning to occur only in a “Goldilocks zone” (including
comprehension and grokking) between memorization and confusion. Compared to the compre-
hension phase, the grokking phase stays closer to the memorization phase, leading to delayed
generalization. The Goldilocks phase is reminiscent of “intelligence from starvation” in Darwinian
evolution, where resource limitations drive discovery of more efficient solutions. This study not
only provides intuitive explanations of the origin of grokking, but also highlights the usefulness
of physics-inspired tools, e.g., effective theories and phase diagrams, for understanding deep

∗Ziming Liu, Ouail Kitouni, Niklas S. Nolte, Eric J. Michaud, Max Tegmark, and Mike Williams. “Towards
understanding grokking: An effective theory of representation learning.” Advances in Neural Information Processing
Systems 35 (2022): 34651–34663.
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learning.

5.1 Introduction

Perhaps the central challenge of a scientific understanding of deep learning lies in accounting
for neural network generalization. Power et al. [1] recently added a new puzzle to the task of
understanding generalization with their discovery of grokking. Grokking refers to the surprising
phenomenon of delayed generalization where neural networks, on certain learning problems,
generalize long after overfitting their training set. It is a rare albeit striking phenomenon that
violates common machine learning intuitions, raising three key puzzles:

Q1 The origin of generalization: When trained on the algorithmic datasets where grokking
occurs, how do models generalize at all?

Q2 The critical training size: Why does the training time needed to “grok” (generalize) diverge
as the training set size decreases toward a critical point?

Q3 Delayed generalization: Under what conditions does delayed generalization occur?

We provide evidence that representation learning is central to answering each of these ques-
tions. Our answers can be summarized as follows:

A1 Generalization can be attributed to learning a good representation of the inputs, i.e. a
representation that has the appropriate structure for the task. See Figures 5.1 and 5.2.

A2 The critical training set size corresponds to the least amount of training data that can deter-
mine such a representation (which, in some cases, is unique up to linear transformations).

A3 Grokking is a phase between “comprehension” and “memorization” phases and it can
be remedied with proper hyperparmeter tuning, as illustrated by the phase diagrams in
Figure 5.5.

This paper is organized as follows: In Section 5.2, we introduce the problem setting and build
a simplified toy model. In Section 5.3, we will use an effective theory approach, a useful tool
from theoretical physics, to shed some light on questions Q1 and Q2 and show the relationship
between generalization and the learning of structured representations. In Section 5.4, we explain
Q3 by displaying phase diagrams from a grid search of hyperparameters and show how we can
"de-delay" generalization by following intuition developed from the phase diagram. We discuss
related work in Section 5.5, followed by conclusions in Section 5.6.
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Initialization (0 iterations)
train acc: 0.0 — val acc: 0.0

Overfitting (1000 iterations)
train acc: 1.0 — val acc: 0.1

Representation Learning (20000 iterations)
train acc: 1.0 — val acc: 1.0

Figure 5.1: Visualization of the first two principal components of the learned input embeddings at
different training stages of a transformer learning modular addition. We observe that generalization
coincides with the emergence of structure in the embeddings. See Section 5.4.2 for the training
details.

5.2 Problem Setting

Power et al. [1] observe grokking on an unusual task – learning an “algorithmic” binary operation.
Given some binary operation ◦, a network is tasked with learning the map (𝑎, 𝑏) ↦→ 𝑐 where
𝑎 ◦ 𝑏 = 𝑐 . They use a decoder-only transformer to predict the second to last token in a tokenized
equation of the form “<lhs> <op> <rhs> <eq> <result> <eos>”. Each token is represented as a
256-dimensional embedding vector. The embeddings are learnable and initialized randomly. After
the transformer, a final linear layer maps the output to class logits for each token.

Toy Model We primarily study grokking in a simpler toy model, which still retains the key
behaviors from the setup of [1]. Although [1] treated this as a classification task, we study both
regression and classification problems. The basic setup is as follows: our model takes as input the
symbols 𝑎, 𝑏 and maps them to trainable embedding vectors E𝑎,E𝑏 ∈ ℝ𝑑in . It then sums E𝑎,E𝑏 and
sends the resulting vector through a “decoder” MLP. The target output vector, denoted Y𝑐 ∈ ℝ𝑑out

is a fixed random vector (regression task) or a one-hot vector (classification task). Our model
architecture can therefore be compactly described as (𝑎, 𝑏) ↦→ Dec(E𝑎+E𝑏), where the embeddings
E∗ and the decoder are trainable. Despite its simplicity, this toy model can generalize to all abelian
groups (discussed in Appendix 5.7.1). In sections 5.3-5.4.1, we consider only the binary operation
of addition. We consider modular addition in Section 5.4.2 to generalize some of our results to a
transformer architecture and study general non-abelian operations in Appendix 5.7.6.

Dataset In our toy setting, we are concerned with learning the addition operation. A data
sample corresponding to 𝑖 + 𝑗 is denoted as (𝑖, 𝑗) for simplicity. If 𝑖, 𝑗 ∈ {0, . . . , 𝑝 − 1}, there are
in total 𝑝 (𝑝 + 1)/2 different samples since we consider 𝑖 + 𝑗 and 𝑗 + 𝑖 to be the same sample. A
dataset 𝐷 is a set of non-repeating data samples. We denote the full dataset as 𝐷0 and split it into
a training dataset 𝐷 and a validation dataset 𝐷′, i.e., 𝐷

⋃
𝐷′ = 𝐷0, 𝐷

⋂
𝐷′ = ∅. We define training

data fraction = |𝐷 |/|𝐷0 | where | · | denotes the cardinality of the set.
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5.3 Why Generalization: Representations and Dynamics

We can see that generalization appears to be linked to the emergence of highly-structured em-
beddings in Figure 5.2. In particular, Figure 5.2 (b) shows parallelograms in toy addition, and (d)
shows a circle in toy modular addition. We now restrict ourselves to the toy addition setup and
formalize a notion of representation quality and show that it predicts the model’s performance.
We then develop a physics-inspired effective theory of learning which can accurately predict
the critical training set size and training trajectories of representations. In physics, effective
theories aim to describe observed phenomena without implying that the mechanisms used in the
description necessarily have an exact counterpart in the true underlying causes. In our effective
theory, we will model the dynamics of representation learning not as gradient descent of the true
task loss but rather a simpler effective loss function ℓeff which depends only on the representations
and not on the decoder.

5.3.1 Representation quality predicts generalization for the toy model

A rigorous definition for structure in the learned representation is necessary. We propose the
following definition,

Definition 1. (𝑖, 𝑗,𝑚, 𝑛) is a 𝛿-parallelogram in the representation R ≡ [E0, · · · ,E𝑝−1] if

| (E𝑖 + E𝑗 ) − (E𝑚 + E𝑛) | ≤ 𝛿.

In the following derivations, we can take 𝛿 , which is a small threshold to tolerate numerical
errors, to be zero.

As long as training loss is effectively zero, any parallelogram (𝑖, 𝑗,𝑚, 𝑛) should satisfy 𝑖 + 𝑗 =
𝑚 + 𝑛. Suppose that this is not the case, i.e., suppose E𝑖 + E𝑗 = E𝑚 + E𝑛 but 𝑖 + 𝑗 ≠ 𝑚 + 𝑛, then
Y𝑖+ 𝑗 = Dec(E𝑖 + E𝑗 ) = Dec(E𝑚 + E𝑛) = Y𝑚+𝑛 where the first and last equalities come from the zero
training loss assumption. However, since 𝑖 + 𝑗 ≠𝑚 + 𝑛, we have Y𝑖+ 𝑗 ≠ Y𝑛+𝑚 (almost surely in the
regression task), a contradiction.

It is convenient to define the permissible parallelogram set associated with a training dataset
𝐷 (“permissible” means consistent with 100% training accuracy) as

𝑃0(𝐷) = {(𝑖, 𝑗,𝑚, 𝑛) | (𝑖, 𝑗) ∈ 𝐷, (𝑚,𝑛) ∈ 𝐷, 𝑖 + 𝑗 =𝑚 + 𝑛}. (5.1)

For simplicity, we denote 𝑃0 ≡ 𝑃0(𝐷0). Given a representation R, we can check how many
permissible parallelograms actually exist in R within error 𝛿 , so we define the parallelogram set
corresponding to R as

𝑃 (R, 𝛿) = {(𝑖, 𝑗,𝑚, 𝑛) | (𝑖, 𝑗,𝑚, 𝑛) ∈ 𝑃0, | (E𝑖 + E𝑗 ) − (E𝑚 + E𝑛) | ≤ 𝛿}. (5.2)

For brevity we will write 𝑃 (R), suppressing the dependence on 𝛿 . We define the representation
quality index (RQI) as

RQI(R) = |𝑃 (R) ||𝑃0 |
∈ [0, 1] . (5.3)

We will use the term linear representation or linear structure to refer to a representation whose
embeddings are of the form E𝑘 = a+𝑘b (𝑘 = 0, · · · , 𝑝 − 1; a, b ∈ ℝ𝑑in). A linear representation has
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(d) Generalization in toy modular addition

Figure 5.2: Visualization of the learned set of embeddings (𝑝 = 11) and the decoder function
associated with it for the case of 2D embeddings. Axes refer to each dimension of the learned
embeddings. The decoder is evaluated on a grid of points in embedding-space and the color at
each point represents the highest probability class. For visualization purposes, the decoder is
trained on inputs of the form (E𝑖 + E𝑗 )/2. One can read off the output of the decoder when fed the
operation 𝑖 ◦ 𝑗 from this figure simply by taking the midpoint between the respective embeddings
of 𝑖 and 𝑗 .

RQI = 1, while a random representation (sampled from, say, a normal dstribution) has RQI = 0
with high probability.

Quantitatively, we denote the “predicted accuracy” Âcc as the accuracy achievable on the
whole dataset given the representation R (see Appendix 5.7.2 for the full details). In Figure 5.3, we
see that the predicted Âcc aligns well with the true accuracy Acc, establishing good evidence that
representation leads to generalization. We use an example to illustrate the origin of generalization
here. In the setup of Figure 5.2 (a), suppose the decoder can achieve zero training loss and E6+E8 is a
training sample hence Dec(E6+E8) = Y14. At validation time, the decoder is tasked with predicting
a validation sample E5 +E9. Since (5, 9, 6, 8) forms a parallelogram such that E5 +E9 = E6 +E8, the
decoder can predict the validation sample correctly because Dec(E5 + E9) = Dec(E6 + E8) = Y14.

5.3.2 The critical training set size

Suppose that we have an ideal modelM∗ = (Dec∗,R∗) such that:1

1One can verify a posteriori if a trained modelM is close to being an ideal modelM∗. Please refer to Appendix
5.7.3 for details.
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Figure 5.3: We compute accuracy (of the full dataset) either measured empirically Acc, or predicted
from representation Âcc. These two accuracies as a function of training data fraction are plotted
in (a)(b), and their agreement is shown in (c).

• (1)M∗ can achieve zero training loss;

• (2)M∗ has an injective decoder, i.e., Dec∗(x1) ≠ Dec∗(x2) for any x1 ≠ x2.

Then Proposition 1 provides a mechanism for the formation of parallelograms.

Proposition 1. If a training set 𝐷 contains two samples (𝑖, 𝑗) and (𝑚,𝑛) with 𝑖 + 𝑗 =𝑚 + 𝑛, then
M∗ learns a representation R∗ such that E𝑖 + E𝑗 = E𝑚 + E𝑛 , i.e., (𝑖, 𝑗,𝑚, 𝑛) forms a parallelogram.

Proof. Due to the zero training loss assumption, we have Dec∗(E𝑖 +E𝑗 ) = Y𝑖+ 𝑗 = Y𝑚+𝑛 = Dec∗(E𝑚+
E𝑛). Then the injectivity of Dec∗ implies E𝑖 + E𝑗 = E𝑚 + E𝑛 .

The dynamics of the trained embedding parameters are determined by various factors in-
teracting in complex ways, for instance: the details of the decoder architecture, the optimizer
hyperparameters, and the various kinds of implicit regularization induced by the training proce-
dure. We will see that the dynamics of normalized quantities, namely, the normalized embeddings

at time 𝑡 , defined as Ẽ(𝑡)
𝑘

=
E(𝑡 )
𝑘
−𝜇𝑡

𝜎𝑡
, where 𝜇𝑡 =

1
𝑝

∑
𝑘 E(𝑡)

𝑘
and 𝜎𝑡 =

1
𝑝

∑
𝑘 |E

(𝑡)
𝑘
− 𝜇𝑡 |2, can be qualita-

tively described by a simple effective loss. We will assume that the normalized embedding vectors
obey a gradient flow for an effective loss function of the form

𝑑Ẽ𝑖

𝑑𝑡
= −𝜕ℓeff

𝜕Ẽ𝑖

, (5.4)

ℓeff =
ℓ0

𝑍0
, ℓ0 ≡

∑︁
(𝑖, 𝑗,𝑚,𝑛)∈𝑃0 (𝐷)

|Ẽ𝑖 + Ẽ𝑗 − Ẽ𝑚 − Ẽ𝑛 |2, 𝑍0 ≡
∑︁
𝑘

|Ẽ𝑘 |2, (5.5)

where | · | denotes Euclidean vector norm. Note that the embeddings do not collapse to the trivial
solution E0 = · · · = E𝑝−1 = 0 unless initialized as such, because two conserved quantities exist, as
proven in Appendix 5.7.4:

C =
∑︁
𝑘

E𝑘 , 𝑍0 =
∑︁
𝑘

|E𝑘 |2. (5.6)
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(d) Empirical: trajectory

Figure 5.4: (a) The effective theory predicts a phase transition in the probability of obtaining
a linear representation around 𝑟𝑐 = 0.4. (b) Empirical results display a phase transition of RQI
around 𝑟𝑐 = 0.4, in agreement with the theory (the blue line shows the median of multiple random
seeds). The evolution of 1D representations predicted by the effective theory or obtained from
neural network training (shown in (c) and (d) respectively) agree creditably well.

We shall now use the effective dynamics to explain empirical observations such as the existence
of a critical training set size for generalization.

Degeneracy of ground states (loss optima) We define ground states as those representations
satisfying ℓeff = 0, which requires the following linear equations to hold:

𝐴(𝑃) = {E𝑖 + E𝑗 = E𝑚 + E𝑛 | (𝑖, 𝑗,𝑚, 𝑛) ∈ 𝑃} (5.7)

Since each embedding dimension obeys the same set of linear equations, we will assume, without
loss of generality, that 𝑑in = 1. The dimension of the null space of 𝐴(𝑃), denoted as 𝑛0, is the
number of degrees of freedom of the ground states. Given a set of parallelograms implied by a
training dataset 𝐷 , the nullity of 𝐴(𝑃 (𝐷)) could be obtained by computing the singular values
0 ≤ 𝜎1 ≤ · · · ≤ 𝜎𝑝 . We always have 𝑛0 ≥ 2, i.e., 𝜎1 = 𝜎2 = 0 because the nullity of 𝐴(𝑃0), the set of
linear equations given by all possible parallelograms, is Nullity(𝐴(𝑃0)) = 2 which can be attributed
to two degrees of freedom (translation and scaling). If 𝑛0 = 2, the representation is unique up to
translations and scaling factors, and the embeddings have the form E𝑘 = a + 𝑘b. Otherwise, when
𝑛0 > 2, the representation is not constrained enough such that all the embeddings lie on a line.

We present theoretical predictions alongside empirical results for addition (𝑝 = 10) in Figure 5.4.
As shown in Figure 5.4 (a), our effective theory predicts that the probability that the training set
implies a unique linear structure (which would result in perfect generalization) depends on the
training data fraction and has a phase transition around 𝑟𝑐 = 0.4. Empirical results from training
different models are shown in Figure 5.4(b). The number of steps to reach RQI > 0.95 is seen
to have a phase transition at 𝑟𝑐 = 0.4, agreeing with the proposed effective theory and with the
empirical findings in [1].

Time towards the linear structure We define the Hessian matrix of ℓ0 as

H𝑖 𝑗 =
1
𝑍0

𝜕2ℓ0

𝜕E𝑖𝜕E𝑗

, (5.8)

Note that ℓ0 = 1
2R𝑇HR, R = [E0,E1, · · · ,E𝑝−1], so the gradient descent is linear, i.e.,

𝑑R
𝑑𝑡

= −HR. (5.9)
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If H has eigenvalues 𝜆𝑖 = 𝜎2
𝑖 (sorted in increasing order) and eigenvectors v̄𝑖 , and we have the

initial condition R(𝑡 = 0) = 𝑎𝑖 v̄𝑖 , then we have R(𝑡) = 𝑎𝑖 v̄𝑖𝑒−𝜆𝑖𝑡 . The first two eigenvalues vanish
and 𝑡ℎ = 1/𝜆3 determines the timescale for the slowest component to decrease by a factor of 𝑒 .
When the step size is 𝜂, the corresponding number of steps is 𝑛ℎ = 𝑡ℎ/𝜂 = 1/(𝜆3𝜂).

We verify the above analysis with empirical results. Figure 5.4 (c)(d) show the trajectories
obtained from the effective theory and from neural network training, respectively. The 1D neural
representation in Figure 5.4(d) are manually normalized to zero mean and unit variance. The two
trajectories agree qualitatively, and it takes about 3𝑛ℎ steps for two trajectories to converge to the
linear structure. The quantitative differences might be due to the absence of the decoder in the
effective theory, which assumes the decoder to be adiabatic in the sense that it takes infinitesimal
step sizes.

Limitations of the effective theory While our theory defines an effective loss based on the
Euclidean distance between embeddings E𝑖 + E𝑗 and E𝑛 + E𝑚 , one could imagine generalizing the
theory to define a broader notion of parallogram given by some other metric on the representation
space. For instance, if we have a decoder like in Figure 5.2(c) then the distance between distinct
representations within the same “pizza slice” is low, meaning that representations arranged not
in parallelograms w.r.t. the Euclidean metric may be parallelograms with respect to the metric
defined by the decoder.

5.4 Delayed Generalization: A Phase Diagram

So far, we have (1) observed empirically that generalization on algorithmic datasets corresponds
with the emergence of well-structured representations, (2) defined a notion of representation
quality in a toy setting and shown that it predicts generalization, and (3) developed an effective
theory to describe the learning dynamics of the representations in the same toy setting. We now
study how optimizer hyperparameters affect high-level learning performance. In particular, we
develop phase diagrams for how learning performance depend on the representation learning rate,
decoder learning rate and the decoder weight decay. These parameters are of interest since they
most explicitly regulate a kind of competition between the encoder and decoder, as we elaborate
below.

5.4.1 Phase diagram of a toy model

Training details We update the representation and the decoder with different optimizers. For the
1D embeddings, we use the Adam optimizer with learning rate [10−4, 10−2] and zero weight decay.
For the decoder, we use an AdamW optimizer with the learning rate in [10−4, 10−2] and the weight
decay in [0, 10] (regression) or [0, 20] (classification). For training/validation spliting, we choose
45/10 for non-modulo addition (𝑝 = 10) and 24/12 for the permutation group 𝑆3. We hard-code
addition or matrix multiplication (details in Appendix 5.7.6) in the decoder for the addition group
and the permutation group, respectively.

For each choice of learning rate and weight decay, we compute the number of steps to reach high
(90%) training/validation accuracy The 2D plane is split into four phases: comprehension, grokking,
memorization and confusion, defined in Table 5.1. Both comprehension and grokking are able to
generalize (in the “Goldilocks zone"), although the grokking phase has delayed generalization.
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Figure 5.5: Phase diagrams of learning for the addition group and the permutation group. (a) shows
the competition between representation and decoder. (b)(c)(d): each phase diagram contains four
phases: comprehension, grokking, memorization and confusion, defined in Table 5.1. Grokking is
sandwiched between comprehension and memorization.

Memorization is also called overfitting, and confusion means failure to even memorize training
data. Figure 5.5 shows the phase diagrams for the addition group and the permutation group.
They display quite rich phenomenon.

Competition between representation learning and decoder overfitting In the regression
setup of the addition dataset, we show how the competition between representation learning rate
and decoder learning rate lead to different learning phases in Figure 5.5 (a). As expected, a fast
decoder coupled with slow representation learning (bottom right) lead to memorization. In the
opposite extreme, although an extremely slow decoder coupled with fast representation learning
(top left) will generalize in the end, the generalization time is long due to the inefficient decoder
training. The ideal phase (comprehension) requires representation learning to be faster, but not
too much, than the decoder.

Drawing from an analogy to physical systems, one can think of embedding vectors as a group
of particles. In our effective theory from Section 5.3.2, internal particle interactions promote
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Table 5.1: Definitions of the four phases of learning

criteria

Phase
training acc > 90%
within 105 steps

validation acc > 90%
within 105 steps

step(validation acc>90%)
−step(training acc>90%)<103

Comprehension Yes Yes Yes
Grokking Yes Yes No

Memorization Yes No Not Applicable
Confusion No No Not Applicable

the formation of structure, while external forces inhibit it. The decoder plays the role of an
environment exerting external forces on the embeddings. If the decoder changes slowly/fast, the
magnitude of the external forces are small/large, leading to better/worse representations.

Universality of phase diagrams We fix representation learning to be 10−3 and sweep instead
decoder weight decay in Figure 5.5 (b)(c)(d). The phase diagrams correspond to addition regression
(b), addition classification (c) and permutation regression (d), respectively. Common phenomenon
emerge from these different tasks: (i) they all include four phases; (ii) The top right corner (a
fast and capable decoder) is the memorization phase; (iii) the bottom right corner (a fast and
simple decoder) is the confusion phase; (iv) grokking is sandwiched between comprehension and
memorization, which seems to imply that it is an undesirable phase that stems from improperly
tuned hyperparameters.

Due to limited space, we include phase diagrams of other hyperparameters (batch size, intial-
ization scale and weight decay on representation) in Appendix 5.7.5.

5.4.2 Beyond the toy model

We conjecture that many of the principles which we saw dictate the training dynamics in the
toy model also apply more generally. Below, we will see how our framework generalizes to
transformer architectures for the task of addition modulo 𝑝 , a minimal reproducible example of
the original grokking paper [1].

We first encode 𝑝 = 53 integers into 256D learnable embeddings, then pass two integers
to a decoder-only transformer architecture. For simplicity, we do not encode the operation
symbols here. The outputs from the last layer are concatenated and passed to a linear layer for
classification. Training both the encoder and the decoder with the same optimizer (i.e., with the
same hyperparameters) leads to the grokking phenomenon. Generalization appears much earlier
once we lower the effective decoder capacity with weight decay (full phase diagram in Figure 5.6).

Early on, the model is able to perfectly fit the training set while having no generalization. We
study the embeddings at different training times and find that neither PCA (shown in Figure 5.1)
nor t-SNE (not shown here) reveal any structure. Eventually, validation accuracy starts to increase,
and perfect generalization coincides with the PCA projecting the embeddings into a circle in
2D. Of course, no choice of dimensionality reduction is guaranteed to find any structure, and
thus, it is challenging to show explicitly that generalization only occurs when a structure exists.
Nevertheless, the fact that, when coupled with the implicit regularization of the optimizer for
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Figure 5.6: Left: Evolution of the effective dimension of the embeddings (defined as the exponential
of the entropy) during training and evaluated over 100 seeds. Center: Effect of dropout on speeding
up generalization. Right: Phase diagram of the transformer architecture. A scan is performed over
the weight decay and learning rate of the decoder while the learning rate of the embeddings is
kept fixed at 10−3 (with zero weight decay).

sparse solutions, such a clear structure appears in a simple PCA so quickly at generalization time
suggests that our analysis in the toy setting is applicable here as well. This is also seen in the
evolution of the entropy of the explained variance ratio in the PCA of the embeddings (defined as
𝑆 = −∑

𝑖 𝜎𝑖 log𝜎𝑖 where 𝜎𝑖 is the fractional variance explained by the 𝑖th principal component).
As seen in Figure 5.6, the entropy increases up to generalization time then decreases drastically
afterwards which would be consistent with the conjecture that generalization occurs when a low-
dimensional structure is discovered. The decoder then primarily relies on the information in this
low-dimensional manifold and essentially “prunes” the rest of the high-dimensional embedding
space.

In Figure 5.6 (right), we show a comparable phase diagram to Figure 5.5 evaluated now in the
transformer setting. Note that, as opposed to the setting in [1], weight decay has only been applied
to the decoder and not to the embedding layer. Contrary to the toy model, a certain amount of
weight decay proves beneficial to generalization and speeds it up significantly. We conjecture that
this difference comes from the different embedding dimensions. With a highly over-parameterized
setting, a non-zero weight decay gives a crucial incentive to reduce complexity in the decoder
and help generalize in fewer steps. This is subject to further investigation. We also explore the
effect of dropout layers in the decoder blocks of the transformer. With a significant dropout rate,
the generalization time can be brought down to under 103 steps and the grokking phenomenon
vanishes completely. The overall trend suggests that constraining the decoder with the same tools
used to avoid overfitting reduces generalization time and can avoid the grokking phenomenon.

5.5 Related work

We are not aware of other formal attempts to understand grokking, though some authors have
provided speculative, informal accounts. For instance, [2] describes training as a random walk
over parameters, and draws connections to Solomonoff induction. Separately, [3] suggest that
simpler functions which generalize achieve lower loss than complicated functions which memorize,
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providing a training signal encouraging generalization. More broadly, our work is related to the
following research directions:

Learning mathematical structures [4] trains a neural network to learn arithmetic operation
from pictures of digits, but they do not observe grokking due to their abundant training data.
Beyond arithmetic relations, machine learning has been applied to learn other mathematical
structures, including geometry [5], knot theory [6] and group theory [7].

Double descent Grokking is somewhat reminiscent of the phenomena of “epoch-wise” double
descent [8], where generalization can improve after a period of overfitting. [9] find that regulariza-
tion can mitigate double descent, similar perhaps to how weight decay influences grokking.

Representation learning Representation learning lies at the core of machine learning [10–13].
Representation quality is usually measured by (perhaps vague) semantic meanings or performance
on downstream tasks. In our study, the simplicity of arithmetic datasets allows us to define
representation quality and study evolution of representations in a quantitative way.

Physics of learning Physics-inspired tools have been proved useful to understand machine
learning from a theoretical perspective. These tools include effective theories [14,15], conservation
laws [16] and free energy principle [17]. However, none of these works aim to develop an effective
theory of representation learning.

We have argued that grokking occurs when models learn a particularly structured represen-
tation of their inputs. This connects a low-level understanding of the internal operation of our
models with a high-level phenomenon: an increase in validation accuracy. In a recent work, re-
searchers at Anthropic [18], connect a sudden decrease in loss during training with the emergence
of induction heads within their models. They analogize their work to statistical physics, since it
bridges a “microscopic”, mechanistic understanding of networks with “macroscopic” facts about
overall model performance. We view our work in the same vein, but we make the additional
contribution that we develop, in a toy setting, an analytic model of low-level representation
learning dynamics.

5.6 Conclusion

We have shown how, in both toy models and more general settings, that representation enables
generalization when it reflects structure in the data. We developed an effective theory of represen-
tation learning dynamics (in a toy setting) which predicts the critical dependence of learning on
the training data fraction. We then presented phase transitions between comprehension, grokking,
memorization and confusion where the learning “phase” depends on the decoder capacity and
learning rate in decoder-only architectures. While we have mostly focused on a toy model, we
find preliminary evidence that our results generalize to the setting of [1].

Our work can be viewed as a step towards a statistical physics of deep learning, a theory
which connects the “microphysics” of low-level network dynamics with the “thermodynamics”
of high-level model behavior. We view the application of theoretical tools from physics, such as
effective theories [19], to be a rich area for further work. The broader impact of such work, if
successful, would be to make models more transparent and predictable [18,20,21], crucial to the
task of ensuring the safety of advanced AI systems.
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5.7 Appendix

5.7.1 Applicability of our toy setting

In the main paper, we focused on the toy setting with (1) the addition dataset and (2) the addition
operation hard coded in the decoder. Although both simplifications appear to have quite limited
applicability, we argue below that the analysis of the toy setting can actually apply to all Abelian
groups.

The addition dataset is the building block of all Abelian groups A cyclic group is a group
that is generated by a single element. A finite cyclic group with order 𝑛 is𝐶𝑛 = {𝑒, 𝑔, 𝑔2, · · · , 𝑔𝑛−1}
where 𝑒 is the identify element and 𝑔 is the generator and 𝑔𝑖 = 𝑔 𝑗 whenever 𝑖 = 𝑗 (mod 𝑛). The
modulo addition and {0, 1, · · · , 𝑛 − 1} form a cyclic group with 𝑒 = 0 and 𝑔 can be any number
𝑞 coprime to 𝑛 such that (𝑞, 𝑛) = 1. Since algorithmic datasets contain only symbolic but no
arithmetic information, the datasets of modulo addition could apply to all other cyclic groups, e.g.,
modulo multiplication and discrete rotation groups in 2D.

Although not all Abelian groups are cyclic, a finite Abelian group𝐺 can be always decomposed
into a direct product of 𝑘 cyclic groups 𝐺 = 𝐶𝑛1 ×𝐶𝑛2 · · ·𝐶𝑛𝑘 . So after training 𝑘 neural networks
with each handling one cyclic group separately, it is easy to construct a larger neural network
that handles the whole Abelian group.

The addition operation is valid for all Abelian groups It is proved in [22] that for a permuta-
tion invariant function 𝑓 (𝑥1, 𝑥2, · · · , 𝑥𝑛), there exists 𝜌 and 𝜙 such that

𝑓 (𝑥1, 𝑥2, · · · , 𝑥𝑛) = 𝜌 [
𝑛∑︁
𝑖=1

𝜙 (𝑥𝑖)], (5.10)
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or 𝑓 (𝑥1, 𝑥2) = 𝜌 (𝜙 (𝑥1) + 𝜙 (𝑥2)) for 𝑛 = 2. Notice that 𝜙 (𝑥𝑖) corresponds to the embedding vector
E𝑖 , 𝜌 corresponds to the decoder. The addition operator naturally emerges from the commutativity
of the operator, not restricting the operator itself to be addition. For example, multiplication of
two numbers 𝑥1 and 𝑥2 can be written as 𝑥1𝑥2 = exp(ln(𝑥1) + ln(𝑥2)) where 𝜌 (𝑥) = exp(𝑥) and
𝜙 (𝑥) = ln(𝑥).

Figure 5.7: As we include more data in the training set, the (ideal) model have a more structured
representation, from (a) to (b) to (c).

5.7.2 Definition of Âcc

Given a training set 𝐷 and a representation R, if (𝑖, 𝑗) is a validation sample, can the neural
network correctly predict its output, i.e., Dec(E𝑖 + E𝑗 ) = Y𝑖+ 𝑗? Since neural network has never
seen (𝑖, 𝑗) in the training set, one possible mechanism of induction is through

Dec(E𝑖 + E𝑗 ) = Dec(E𝑚 + E𝑛) = Y𝑚+𝑛 (= Y𝑖+ 𝑗 ). (5.11)

The first equality Dec(E𝑖 + E𝑗 ) = Dec(E𝑚 + E𝑛) holds only when E𝑖 + E𝑗 = E𝑚 + E𝑛 (i.e., (𝑖, 𝑗,𝑚, 𝑛)
is a parallelogram). The second equality Dec(Em + En) = Ym+n, holds when (𝑚,𝑛) in training set,
i.e., (𝑚,𝑛) ∈ 𝐷 , under the zero training loss assumption. Rigorously, given a training set 𝐷 and
a parallelogram set 𝑃 (which can be calculated from R), we collect all zero loss samples in an
augmented training set 𝐷

𝐷 (𝐷, 𝑃) = 𝐷
⋃
{(𝑖, 𝑗) |∃(𝑚,𝑛) ∈ 𝐷, (𝑖, 𝑗,𝑚, 𝑛) ∈ 𝑃}. (5.12)

Keeping 𝐷 fixed, a larger 𝑃 would probably produce a larger 𝐷 , i.e., if 𝑃1 ⊆ 𝑃2, then 𝐷 (𝐷, 𝑃1) ⊆
𝐷 (𝑃, 𝑃2), which is why in Eq. (5.3) our defined RQI ∝ |𝑃 | gets its name “representation quality
index", because higher RQI normally means better generalization. Finally, the expected accuracy
from a dataset 𝐷 and a parallelogram set 𝑃 is:

Âcc =
|𝐷 (𝐷, 𝑃) |
|𝐷0 |

, (5.13)

which is the estimated accuracy (of the full dataset), and 𝑃 = 𝑃 (R) is defined on the representation
after training. On the other hand, accuracy Acc can be accessed empirically from trained neural
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network. We verified Acc ≈ Âcc in a toy setup (addition dataset 𝑝 = 10, 1D embedding space,
hard code addition), as shown in FIG. 5.3 (c). FIG. 5.3 (a)(b) show Acc and Âcc as a function of
training set ratio, with each dot corresponding to a different random seed. The dashed red diagonal
corresponds to memorization of the training set, and the vertical gap refers to generalization.

Although the agreement is good for 1D embedding space, we do not expect such agreement
can trivially extend to high dimensional embedding space. In high dimensions, our definition of
RQI is too restrictive. For example, suppose we have an embedding space with 𝑁 dimensions.
Although the representation may form a linear structure in the first dimension, the representation
can be arbitrary in other 𝑁 − 1 dimensions, leading to RQI ≈ 0. However, the model may still
generalize well if the decoder learns to keep only the useful information (the 1st dimension) and
drop all other useless information (other 31 dimensions). It would be interesting to investigate
how to define an RQI that takes into account the role of decoder in future works.

5.7.3 The gap of a realistic modelM and the ideal modelM∗

Realistic modelsM usually form fewer number of parallelograms than ideal modelsM∗. In this
section, we analyze the properties of ideal models and calculated ideal RQI and ideal accuracy,
which set upper bounds for empirical RQI and accuracy. The upper bound relations are verified
via numerical experiments in Fig. 5.8.

Similar to Eq. (5.12) where some validation samples can be derived from training samples,
we demonstrate how implicit parallelograms can be ‘derived’ from explicit ones in 𝑃0(𝐷). The
so-called derivation follows a simple geometric argument that: if 𝐴1𝐵1 is equal and parallel to
𝐴2𝐵2, and 𝐴2𝐵2 is equal and parallel to 𝐴3𝐵3, then we can deduce that 𝐴1𝐵1 is equal and parallel
to 𝐴3𝐵3 (hence (𝐴1, 𝐵2, 𝐴2, 𝐵1) is a parallelogram).

Recall that a parallelogram (𝑖, 𝑗,𝑚, 𝑛) is equivalent to E𝑖 + E𝑗 = E𝑚 + E𝑛 (∗). So we are
equivalently asking if equation (∗) can be expressed as a linear combination of equations in
𝐴(𝑃0(𝐷)). If yes, then (∗) is dependent on 𝐴(𝑃0(𝐷)) (defined in Eq. (5.7)), i.e., 𝐴(𝑃0(𝐷)) and
𝐴(𝑃0(𝐷)

⋃ (𝑖, 𝑗,𝑚, 𝑛)) should have the same rank. We augment 𝑃0(𝐷) by adding implicit parallel-
ograms, and denote the augmented parallelogram set as

𝑃 (𝐷) = 𝑃0(𝐷)
⋃
{𝑞 ≡ (𝑖, 𝑗,𝑚, 𝑛) |𝑞 ∈ 𝑃0, rank(𝐴(𝑃0(𝐷))) = rank(𝐴(𝑃0(𝐷)

⋃
𝑞))}. (5.14)

We need to emphasize that an assumption behind Eq. (5.14) is that we have an ideal model
M∗. When the model is not ideal, e.g., when the injectivity of the encoder breaks down, fewer
parallelograms are expected to form, i.e.,

𝑃 (𝑅) ⊆ 𝑃 (𝐷). (5.15)

The inequality is saying, whenever a parallelogram is formed in the representation after training,
the reason is hidden in the training set. This is not a strict argument, but rather a belief that today’s
neural networks can only copy what datasets (explicitly or implicitly) tell it to do, without any
autonomous creativity or intelligence. For simplicity we call this belief Alexander Principle. In very
rare cases when something lucky happens (e.g., neural networks are initialized at approximate
correct weights), Alexander principle may be violated. Alexander principle sets an upper bound
for RQI:

RQI(𝑅) ≤ |𝑃 (𝐷) ||𝑃0 |
≡ RQI, (5.16)
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Figure 5.8: We compare RQI and Acc for an ideal algorithm (with bar) and a realistic algorithm
(without bar). In (a)(b)(d)(e), four quantities (RQI, RQI, Acc, Acc) as functions of training data
fraction are shown. In (c)(f), RQI and Acc of the ideal algorithm sets upper bounds for those of
the realistic algorithm.

and sets an upper bound for Âcc:

Âcc ≡ Âcc(𝐷, 𝑃 (𝑅)) ≤ Âcc(𝐷, 𝑃 (𝐷)) ≡ Acc, (5.17)

In Figure 5.8 (c)(f), we verify Eq. (5.16) and Eq. (5.17). We choose 𝛿 = 0.01 to compute RQI(𝑅,𝛿).
We find the trained models are usually far from being ideal, although we already include a few
useful tricks proposed in Section 5.4 to enhance representation learning. It would be an interesting
future direction to develop better algorithms so that the gap due to Alexander principle can be
reduced or even closed. In Figure 5.8 (a)(b)(d)(e), four quantities (RQI, RQI, Acc, Acc) as functions of
the training data fraction are shown, each dot corresponding to one random seed. It is interesting
to note that it is possible to have RQI = 1 only with < 40% training data, i.e., 55× 0.4 = 22 samples,
agreeing with our observation in Section 5.3.

Realistic representations Suppose an ideal modelM∗ and a realistic modelM which train on
the training set 𝐷 give the representation 𝑅∗ and 𝑅, respectively. What is the relationship between
𝑅 and 𝑅∗? Due to the Alexander principle we know 𝑃 (𝑅) ⊆ 𝑃 (𝐷) = 𝑃 (𝑅∗). This means 𝑅∗ has
more parallelograms than 𝑅, hence 𝑅∗ has fewer degrees of freedom than 𝑅.
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Figure 5.9: 𝑝 = 4 case. Equation set 𝐴 (or geometrically, representation) has a hierarchy: 𝑎 → 𝑏

means 𝑎 is a parent of 𝑏, and 𝑏 is a child of 𝑎. A realistic model can only generate representations
that are descendants of the representation generated by an ideal model.

We illustrate with the toy case 𝑝 = 4. The whole dataset contains 𝑝 (𝑝 + 1)/2 = 10 samples, i.e.,

𝐷0 = {(0, 0), (0, 1), (0, 2), (0, 3), (1, 1), (1, 2), (1, 3), (2, 2), (2, 3), (3, 3)}. (5.18)

The parallelogram set contains only three elements, i.e.,

𝑃0 = {(0, 1, 1, 2), (0, 1, 2, 3), (1, 2, 2, 3)}, (5.19)

Or equivalently the equation set

𝐴0 = {A1 : E0 + E2 = 2E1,A2 : E0 + E3 = E1 + E2,A3 : E1 + E3 = 2E2}. (5.20)

Pictorially, we can split all possible subsets {𝐴|𝐴 ⊆ 𝐴0} into different levels, each level defined
by |𝐴| (the number of elements). A subset 𝐴1 in the 𝑖th level points an direct arrow to another
subset 𝐴2 in the (𝑖 + 1)th level if 𝐴2 ⊂ 𝐴1, and we say 𝐴2 is a child of 𝐴1, and 𝐴1 is a parent of 𝐴2.
Each subset 𝐴 can determine a representation 𝑅 with 𝑛(𝐴) degrees of freedom. So 𝑅 should be a
descendant of 𝑅∗, and 𝑛(𝑅∗) ≤ 𝑛(𝑅). Numerically, 𝑛(𝐴) is equal to the dimension of the null space
of 𝐴.

Suppose we have a training set

𝐷 = {(0, 2), (1, 1), (0, 3), (1, 2), (1, 3), (2, 2)}, (5.21)

and correspondingly 𝑃 (𝐷) = 𝑃0, 𝐴(𝑃) = 𝐴0. So an ideal modelM∗ will have the linear structure
E𝑘 = a + 𝑘b (see Figure 5.9 leftmost). However, a realistic modelM may produce any descendants
of the linear structure, depending on various hyperparameters and even random seeds.

In Figure 5.10, we show our algorithms actually generates all possible representations. We
have two settings: (1) fast decoder (𝜂1, 𝜂2) = (10−3, 10−2) (Figure 5.10 left), and (2) relatively slow
decoder (𝜂1, 𝜂2) = (10−2, 10−3) (Figure 5.10) right). The relatively slow decoder produces better
representations (in the sense of higher RQI) than a fast decoder, agreeing with our observation in
Section 5.4.
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Figure 5.10: 𝑝 = 4 case. Representations obtained from training neural networks are displayed.
𝜂1 and 𝜂2 are learning rates of the representation and the decoder, respectively. As described in
the main text, (𝜂1, 𝜂2) = (10−2, 10−3) (right) is more ideal than (𝜂1, 𝜂2) = (10−3, 10−2) (left), thus
producing representations containing more parallelograms.

5.7.4 Conservation laws of the effective theory

Recall that the effective loss function

ℓeff =
ℓ0

𝑍0
, ℓ0 ≡

∑︁
(𝑖, 𝑗,𝑚,𝑛)∈𝑃0 (𝐷)

|E𝑖 + E𝑗 − E𝑚 − E𝑛 |2, 𝑍0 ≡
∑︁
𝑘

|E𝑘 |2 (5.22)

where ℓ0 and 𝑍0 are both quadratic functions of 𝑅 = {E0, · · · ,E𝑝−1}, and ℓeff = 0 remains zero
under rescaling and translation E′𝑖 = 𝑎E𝑖 + b. The representation vector E𝑖 evolves according to
the gradient descent

𝑑E𝑖

𝑑𝑡
= −𝜕ℓeff

𝜕E𝑖

. (5.23)

We will prove the following two quantities are conserved:

C =
∑︁
𝑘

E𝑘 , 𝑍0 =
∑︁
𝑘

|E𝑘 |2 (5.24)

Eq. (5.22) and Eq. (5.23) give

𝑑E𝑖

𝑑𝑡
= − ℓeff

𝜕E𝑖

= −
𝜕( ℓ0

𝑍0
)

𝜕E𝑖

= − 1
𝑍0

𝜕ℓ0

𝜕E𝑖

+ ℓ0

𝑍 2
0

𝜕𝑍0

𝜕E𝑖

. (5.25)

Then

𝑑𝑍0

𝑑𝑡
= 2

∑︁
𝑖

E𝑘 ·
𝑑E𝑘

𝑑𝑡
(5.26)

=
2
𝑍 2

0

∑︁
𝑖

E𝑖 · (−𝑍0
𝜕ℓ0

𝜕E𝑘

+ 2ℓ0E𝑘)

=
2
𝑍0
(−

∑︁
𝑘

𝜕ℓ0

𝜕E𝑘

· E𝑘 + 2ℓ0)

= 0.
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where the last equation uses the fact that∑︁
𝑘

𝜕ℓ0

𝜕E𝑘

· E𝑘 = 2
∑︁
𝑘

∑︁
(𝑖, 𝑗,𝑚,𝑛)∈𝑃0 (𝐷)

(E𝑖 + E𝑗 − E𝑚 − E𝑛) (𝛿𝑖𝑘 + 𝛿𝑗𝑘 − 𝛿𝑚𝑘 − 𝛿𝑛𝑘) · E𝑘

= 2
∑︁

(𝑖, 𝑗,𝑚,𝑛)∈𝑃0 (𝐷)
(E𝑖 + E𝑗 − E𝑚 − E𝑛)

∑︁
𝑘

(𝛿𝑖𝑘 + 𝛿𝑗𝑘 − 𝛿𝑚𝑘 − 𝛿𝑛𝑘) · E𝑘

=
∑︁

(𝑖, 𝑗,𝑚,𝑛)∈𝑃0 (𝐷)
(E𝑖 + E𝑗 − E𝑚 − E𝑛) · (E𝑖 + E𝑗 − E𝑚 − E𝑛)

= 2ℓ0

The conservation of 𝑍0 prohibits the representation from collapsing to zero. Now that we have
demonstrated that 𝑍0 is a conserved quantity, we can also show

𝑑C
𝑑𝑡

=
∑︁
𝑘

𝑑E𝑘

𝑑𝑡
(5.27)

= − 1
𝑍0

∑︁
𝑘

𝜕ℓ0

𝜕E𝑘

= − 2
𝑍0

∑︁
𝑘

∑︁
(𝑖, 𝑗,𝑚,𝑛)∈𝑃0 (𝐷)

(E𝑖 + E𝑗 − E𝑚 − E𝑛) (𝛿𝑖𝑘 + 𝛿𝑗𝑘 − 𝛿𝑚𝑘 − 𝛿𝑛𝑘)

= 0.

The last equality holds because the two summations can be swapped and
∑

𝑘 (𝛿𝑖𝑘+𝛿𝑗𝑘−𝛿𝑚𝑘−𝛿𝑛𝑘) = 0.

5.7.5 More phase diagrams of the toy setup

We study another three hyperparameters in the toy setup by showing phase diagrams similar to
Figure 5.5. The toy setup is: (1) addition without modulo (𝑝 = 10); (2) training/validation is split
into 45/10; (3) hard code addition; (4) 1D embedding. In the following experiments, the decoder is
an MLP with size 1-200-200-30. The representation and the encoder are optimized with AdamW
with different hyperparameters. The learning rate of the representation is 10−3. We sweep the
learning rate of the decoder in range [10−4, 10−2] as the x axis, and sweep another hyperparameter
as the y axis. By default, we use full batch size 45, initialization scale 𝑠 = 1 and zero weight decay
of representation.

Batch size controls the amount of noise in the training dynamics. In Figure 5.11, the grokking
region appears at the top left of the phase diagram (small decoder learning rate and small batch
size). However, large batch size (with small learning rate) leads to comprehension, implying that
smaller batch size seems harmful. This makes sense since to get crystals (good structures) in
experiments, one needs a freezer which gradually decreases temperature, rather than something
perturbing the system with noise.

Initialization scale controls distances among embedding vectors at initialization. We initialize
components of embedding vectors from independent uniform distribution𝑈 [−𝑠/2, 𝑠/2] where 𝑠 is
called the initialization scale. Shown in Figure 5.12, it is beneficial to use a smaller initialization
scale. This agrees with the physical intuition that closer particles are more likely to interact
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Figure 5.11: Phase diagrams of decoder learning rate (x axis) and batch size (y axis) for the addition
group (left: regression; right: classification). Small decoder leanrning rate and large batch size
(bottom left) lead to comprehension.
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Figure 5.12: Phase diagrams of decoder learning rate (x axis) and initialization (y axis) for the
addition group (left: regression; right: classification). Small intialization scale (top) leads to
comprehension.
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Figure 5.13: Phase diagrams of decoder learning rate (x axis) and representation weight decay (y
axis) for the addition group (left: regression; right: classification). Representation weight decay
does not affect model performance much.

and form structures. For example, the distances among molecules in ice are much smaller than
distances in gas.

Representation weight decay controls the magnitude of embedding vectors. Shown in Fig-
ure 5.13, we see the representation weight decay in general does not affect model performance
much.

5.7.6 General groups

Theory

We focused on Abelian groups for the most part of the paper. This is, however, simply due to
pedagogical reasons. In this section, we show that it is straight-forward to extend definitions of
parallelograms and representation quality index (RQI) to general non-Abelian groups. We will also
show that most (if not all) qualitative results for the addition group also apply to the permutation
group.

Matrix representation for general groups Let us first review the definition of group represen-
tation. A representation of a group 𝐺 on a vector space 𝑉 is a group homomorphism from 𝐺 to
GL(𝑉 ), the general linear group on𝑉 . That is, a representation is a map 𝜌 : 𝐺 → GL(𝑉 ) such that

𝜌 (𝑔1𝑔2) = 𝜌 (𝑔1)𝜌 (𝑔2), ∀𝑔1, 𝑔2 ∈ 𝐺. (5.28)

In the case 𝑉 is of finite dimension 𝑛, it is common to identify GL(𝑉 ) with 𝑛 by 𝑛 invertible
matrices. The punchline is that: each group element can be represented as a matrix, and the binary
operation is represented as matrix multiplication.

A new architecture for general groups Inspired by the matrix representation, we embed
each group element 𝑎 as a learnable matrix E𝑎 ∈ ℝ𝑑×𝑑 (as opposed to a vector), and manually do
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Figure 5.14: Deduction of parallelograms

matrix multiplication before sending the product to the deocder for regression or classification.
More concretly, for 𝑎 ◦ 𝑏 = 𝑐 , our architecture takes as input two embedding matrices E𝑎 and E𝑏

and aims to predict Y𝑐 such that Y𝑐 = Dec(E𝑎E𝑏), where E𝑎E𝑏 means the matrix multiplication
of E𝑎 and E𝑏 . The goal of this simplication is to disentangle learning the representation and
learning the arithmetic operation (i.e, the matrix multiplication). We will show that, even with
this simplification, we are still able to reproduce the characteristic grokking behavior and other
rich phenomenon.

Generalized parallelograms we define generalized parallelograms: (𝑎, 𝑏, 𝑐, 𝑑) is a generalized
parallelogram in the representation if | |E𝑎E𝑏 − E𝑐E𝑑 | |2𝐹 ≤ 𝛿 , where 𝛿 > 0 is a threshold to tolerate
numerical errors. Before presenting the numerical results for the permutation group, we show an
intuitive picture about how new parallelograms can be deduced from old ones for general groups,
which is the key to generalization.

Deduction of parallelograms
We first recall the case of the Abelian group (e.g., addition group). As shown in Figure 5.14,

when (𝑎, 𝑑, 𝑏, 𝑐) and (𝑐, 𝑓 , 𝑑, 𝑒) are two parallelograms, we have

E𝑎 + E𝑑 = E𝑏 + E𝑐

E𝑐 + E𝑓 = E𝑑 + E𝑑

(5.29)

We can derive that E𝑎 + E𝑓 = E𝑏 + E𝑒 implying that (𝑎, 𝑓 , 𝑏, 𝑒) is also a parallelogram. That is, for
Abelian groups, two parallelograms are needed to deduce a new parallelogram.
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For the non-Abelian group, if we have only two parallelograms such that

E𝑎E𝑑 = E𝑏E𝑐

E𝑓 E𝑐 = E𝑒E𝑑

(5.30)

we have E−1
𝑏

E𝑎 = E𝑐E−1
𝑑

= E−1
𝑓

E𝑒 , but this does not lead to something like E𝑓 E𝑎 = E𝑒E𝑏 , hence
useless for generalization. However, if we have a third parallelogram such that

E𝑒Eℎ = E𝑓 E𝑔 (5.31)

we have E−1
𝑏

E𝑎 = E𝑐E−1
𝑑

= E−1
𝑓

E𝑒 = E𝑔E−1
ℎ

, equivalent to E𝑎Eℎ = E𝑏E𝑔, thus establishing a new
parallelogram (𝑎, ℎ, 𝑏, 𝑔). That is, for non-Abelian groups, three parallelograms are needed to
deduce a new parallelogram.

Numerical Results

In this section, we conduct numerical experiments on a simple non-abelian group: the permutation
group 𝑆3. The group has 6 group elements, hence the full dataset contains 36 samples. We embed
each group element 𝑎 into a learnable 3 × 3 embedding matrix E𝑎 . We adopt the new architecture
described in the above subsection: we hard code matrix multiplication of two input embedding
matrices before feeding to the decoder. After defining the generalized parallelogram in the last
subsection, we can continue to define RQI (as in Section 5.3) and predict accuracy Âcc from
representation (as in appendix 5.7.2). We also compute the number of steps needed to reach
RQI = 0.95.

Representation We flatten each embedding matrix into a vector, and apply principal component
analysis (PCA) to the vectors. We show the first three principal components of these group elements
in Figure 5.15. On the plane of PC1 and PC3, the six points are organized as a hexagon.
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Figure 5.15: Permuation group 𝑆3. First three principal components of six embedding matrices
ℝ3×3.

RQI In Figure 5.16(a), we show RQI as a function of training data fraction. For each training
data fraction, we run 11 random seeds (shown as scatter points), and the blue line corresponds to
the highest RQI.

Steps to reach RQI= 0.95 In Figure 5.16(b), we whow the steps to reach RQI > 0.95 as a
function of training data fraction, and find a phase transition at 𝑟 = 𝑟𝑐 = 0.5. The blue line
corresponds to the best model (smallest number of steps).

Accuracy The real accuracy Acc is shown in Figure 5.16(c), while the predicted accuracy Âcc
(calculated from RQI) is shown in Figure 5.16(d). Their comparison is shown in (e): Âcc is a lower
bound of Acc, implying that there must be some generalization mechanism beyond RQI.
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Figure 5.16: Permutation group 𝑆3. (a) RQI increases as training set becomes larger. Each scatter
point is a random seed, and the blue line is the highest RQI obtained with a fixed training set ratio;
(b) steps to reach RQI>0.95. The blue line is the smallest number of steps required. There is a
phase transition around 𝑟𝑐 = 0.5. (c) real accuracy Acc; (d) predicted accuracy Âcc; (e) comparison
of Acc and Âcc: Âcc serves as a lower bound of Acc.

Phase diagram We investigate how the model performance varies under the change of two
knobs: decoder learning rate and decoder weight decay. We calculate the number of steps to
training accuracy ≥ 0.9 and validation accuracy ≥ 0.9, respectively, shown in Figure 5.5 (d).
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Chapter 6

Omnigrok: Grokking Beyond Algorithmic
Data*

In this paper, we develop another perspective on “grokking”. We observe that there is a
relationship, in practice, between how well networks generalize and the size of their weight
norm. We find that network parameters 𝜽 with high weight norm | |𝜽 | | but which fit the
training set well tend to generalize worse than parameters 𝜽 with lower weight norm. We
find that we can induce grokking on datasets where it doesn’t normally occur by increasing
the initial weight norm of networks, and we can accelerate generalization by constraining
neural network weight norm to be small. See Section 6.8.5 for commentary on how this work
on grokking relates to other theories from the literature and the core ideas of this thesis.

Abstract

Grokking, the unusual phenomenon for algorithmic datasets where generalization happens long
after overfitting the training data, has remained elusive. We aim to understand grokking by
analyzing the loss landscapes of neural networks, identifying the mismatch between training and
test loss landscapes as the cause for grokking. We refer to this as the "LU mechanism" because
training and test losses (against model weight norm) typically resemble "L" and "U", respectively.
This simple mechanism can nicely explain many aspects of grokking: data size dependence, weight
decay dependence, the emergence of representations, etc. Guided by the intuitive picture, we
are able to induce grokking on tasks involving images, language and molecules. In the reverse
direction, we are able to eliminate grokking for algorithmic datasets. We attribute the dramatic
nature of grokking for algorithmic datasets to representation learning.

∗Ziming Liu, Eric J. Michaud, and Max Tegmark. “Omnigrok: Grokking beyond algorithmic data.” International
Conference on Learning Representations (2023).
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6.1 Introduction

Generalization lies at the heart of machine learning. A good machine learning model should
arguably be able to generalize fast, and behave in a smooth/predictable way under changes of
(hyper)parameters. Grokking, the phenomenon where the model generalizes long after overfitting
the training set, has raised interesting questions after it was observed on algorithmic datasets
by [1]:

Q1 The origin of grokking: Why is generalization much delayed after overfitting?

Q2 The prevalence of grokking: Can grokking occur on datasets other than algorithmic datasets?

This paper aims to answer these questions by analyzing neural loss landscapes:

A1 Grokking is caused by the mismatch between training and test loss landscapes. Specifically,
(reduced) training and test losses plotted against model weight norm resemble "L" and "U",
respectively, as shown in Figure 6.1b. We refer to this phenomenon as the "LU mechanism",
which we elaborate on in Section 6.2 and 6.3.

A2 Yes. Indeed, we demonstrate grokking for a wide range of machine learning tasks in Section
6.4, including image classification, sentiment analysis and molecule property prediction.
Grokking signals observed for these tasks are usually less dramatic than for algorithmic
datasets, which we attribute to representation learning in Section 6.5.

Partial answers to Q1 are provided in recent studies: [2] attribute grokking to the slow formation
of good representations, [3] attempts to link grokking to the slingshot mechanism of adaptive
optimizers, and [4] uses Fourier gap to describe hidden progress. This paper aims to understand
grokking through the lens of neural loss landscapes. Our landscape analysis is able to explain many
aspects of grokking: data size dependence, weight decay dependence, emergence of representations,
etc.

The paper is organized as follows: In Section 6.2, we review background on generalization, and
introduce the LU mechanism. In Section 6.3, we show how the LU mechanism leads to grokking for
a toy teacher-student setup. In Section 6.4, we show that the intuition gained from the toy problem
can transfer to realistic datasets (MNIST, IMDb reviews and QM9), for which we also observe
grokking, although in a slightly non-standard setup where it is relatively weak. In Section 6.5, we
discuss why grokking is more dramatic for algorithmic datasets than on others (e.g., MNIST), by
comparing their loss landscapes. As a byproduct, we find that training with constrained weight
norm can almost eliminate grokking. We review related work in Section 6.6 and summarize our
conclusions in Section 6.7. Code is available at https://github.com/KindXiaoming/Omnigrok.
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Figure 6.1: (a) 𝑤 : 𝐿2 norm of model weights. Generalizing solutions (green stars) are concentrated
around a sphere in the weight space where𝑤 ≈ 𝑤𝑐 (green). Overfitting solutions (orange) populate
the 𝑤 ≳ 𝑤𝑐 region. (b) The training loss (orange) and test loss (gray) have the shape of L and
U, respectively. Their mismatch in the 𝑤 > 𝑤𝑐 region leads to fast-slow dynamics, resulting in
grokking.

6.2 The LU mechanism for grokking

Weight norm and reduced loss Letting w denote the weights of a model, any function 𝑓 (w) (e.g,
train/test loss/accuracy) depends on both the weight norm 𝑤 ≡ ||w| |2 and the angular direction
ŵ ≡ w/𝑤 . Similar to [5], we define a reduced function 𝑓 (𝑤) by minimizing training loss 𝑙train(w)
over angular directions, i.e.,

𝑓 (𝑤) ≡ 𝑓 (w∗(𝑤)), where w∗(𝑤) ≡ argmin
| |w| |2=𝑤

𝑙train(w) (6.1)

In practice, we perform the constrained minimization by rescaling the model weights back to their
original norm after each unconstrained optimization step. We will see that this reduced 1D loss
landscape, which is easy to visualize, captures important features related to grokking. Throughout
the paper, our model is initialized by multiplying a factor 𝛼 ≡ 𝑤/𝑤0 to the standard initialization 1,
where 𝑤0 and 𝑤 are the weight norm of the network before and after multiplying 𝛼 .

LU mechanism Although the loss landscapes of neural networks are nonlinear, [5] reveal a
simple landscape picture: There is a spherical shell in the weight space (the "Goldilocks" zone),
where generalization is better than outside this zone. We illustrate the Goldilocks zone as the
green area with average radius 𝑤𝑐 in Figure 6.1a; the green stars are the generalizing solutions.
The test loss is thus higher either both when 𝑤 > 𝑤𝑐 and 𝑤 < 𝑤𝑐 , forming a U-shape against 𝑤
in Figure 6.1b (gray curve). By contrast, the training loss has an L-shape against weight norm 2.
There are many solutions which overfit training data for 𝑤 > 𝑤𝑐 , but high training losses are

1The standard initialization means the default one in PyTorch.
2ℓtrain (𝑤) is non-increasing: One can always construct a larger network by adding useless non-zero weights to a

smaller network, without changing the functionality of the model.
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incurred for𝑤 < 𝑤𝑐 . This corresponds to the L-shaped curve seen in Figure 6.1b (orange curve, no
regularization). In summary, the (reduced) training loss and test loss are L-shaped and U-shaped
against weight norm, respectively, which we will refer to as the LU mechanism throughout the
paper.

It is well known in statistics that generalization error has a "U" shape against model capacity,
which is usually attributed to the bias-variance trade-off. Although this common wisdom was
challenged by the observation of double descent [6], the "U" curve can be recovered from a double
descent simply by changing the x-axis from the number of model parameters 𝑁 to the 2-norm
of model parameters 𝑤 ≡ ||w| |2 [7]. Although the LU mechanism may remind readers of related
phenomena [6,8,9], their setups are not exactly the same as ours. More importantly, our focus and
contribution is to understand grokking, a brand new generalization puzzle.

Grokking dynamics We identify the "LU mechanism" as the cause of grokking. If the weight
norm is initialized to be large (e.g., the black square in the 𝑤 > 𝑤𝑐 region), the model first quickly
moves to a nearby overfitting solution by minimizing the training loss. Without any regularization,
the model will stay where it is, because the gradient of the training loss is almost zero along the
valley of overfitting solutions, so generalization does not happen. Fortunately, there are usually
explicit and/or implicit regularizations that can drive the weight vector towards the Goldilocks
zone 𝑤 ≈ 𝑤𝑐 . When the regularization magnitude is non-zero but small, the radial motion can
be (arbitrarily) slow. If weight decay is the only source of regularization, and training loss is
negligible after overfitting, then weight decay 𝛾 causes 𝑤 (𝑡) ≈ exp(−𝛾𝑡)𝑤0, when 𝑤0 > 𝑤𝑐 , so it
takes time 𝑡 ≈ ln(𝑤0/𝑤𝑐)/𝛾 ∝ 𝛾−1 to generalize. A small 𝛾 results in a huge generalization delay
(i.e., grokking). The dependence on regularization magnitudes is illustrated in Figure 6.1b: no
generalization at all happens for 𝛾 = 0, small 𝛾 leads to slow generalization (grokking), and large
𝛾 leads to faster generalization 3. The above analysis only applies to large initializations 𝑤 > 𝑤𝑐 .
Small initializations 𝑤 < 𝑤𝑐 can always generalize fast 4, regardless of regularization.

Why isn’t grokking commonly observed? The standard initialization schemes typically
initialize𝑤 no larger than𝑤𝑐 . However, if we increase initialization scales (explicitly or implicitly),
grokking can appear. In Section 6.3 and 6.4, we find that explicitly increasing initialization weight
norm can induce grokking. In Section 6.5, we argue for algorithmic datasets because (shown in
Figure 6.6d)

𝑤𝑐 (bad representation) > 𝑤𝑐 (good representation), (6.2)

i.e., a proper initialization for a bad representation is effectively too large for a good representation,
leading to grokking. Take the addition (base 𝑝) for example: with the good (linear) representation
or a bad (random) representation, the decoder needs to learn to classify 𝑂 (𝑝) or 𝑂 (𝑝2) examples,
respectively.

6.3 Grokking for a teacher-student setup

To illustrate how the LU mechanism results in grokking, we employ a toy teacher-student setup.
The teacher and the student share the same architecture (a 5-100-100-5 MLP with tanh activation),
but are initialized with different seeds. The student network is initialized with the standard

3𝛾 should not be too large, otherwise it will bring the weights to a trivial solution w = 0.
4𝑤 should not be too small to harm optimization.
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Figure 6.2: Teacher-student setup. 𝛼 : student initialization scale, 𝛾 : weight decay. (a) The reduced
training loss and test loss have the shape of "L" and "U", respectively. (b) Top row: large initialization
(𝛼 = 2.0) can demonstrate no generalization (no reg), grokking (small reg) and fast generalization
(large reg). Bottom: small initialization (𝛼 = 0.5) always generalizes fast, regardless of weight
deacy. (c) 𝛼 = 2. The steps to overfitting is independent of weight decay, while the steps to
generalization scale inversely with the weight decay.

initialization (the default one in PyTorch) but each weight is rescaled by the same factor 𝛼 ≡ 𝑤/𝑤0,
where 𝑤0 and 𝑤 are the weight norm of the student network before and after rescaling. The
teacher network is initialized standardly, i.e., 𝛼teacher = 1. Inputs and outputs have dimensions
𝑑in = 5 and 𝑑out = 5, respectively. We generate 𝑁train = 100 training and 𝑁test = 100 test samples
by first drawing inputs from the standard Gaussian distribution 𝑁 (0, I𝑑in×𝑑in), and then feed the
input data to the teacher to generate output labels. The student network is trained with the Adam
optimizer (learning rate 3 × 10−4) for 105 steps.

LU landscapes Firstly, we compute the reduced losses by minimizing the training loss (exclud-
ing weight decay) while constraining the weight norm of the student network to be constant. We
treat the converging point after training as the global minimum on the spherical surface, which
explicitly defines the reduced losses 𝑙train(𝛼) and 𝑙test(𝛼). As shown in Figure 6.2a, 𝑙test(𝛼) first
decreases and then increases as 𝛼 increases, displaying a U-shape with a minimum at 𝛼 ≈ 1. By
contrast, 𝑙train(𝛼) decreases when 𝛼 < 1 and remains flat near zero when 𝛼 ≥ 1, forming an L-shape.
When weight decay 𝛾 is present, the training landscape becomes 𝑙train(𝛼,𝛾) = 𝑙train(𝛼) + 𝛾𝛼2𝐶2

where 𝐶 is the average parameter magnitude determined by the standard initialization.
Training dynamics Our problem is a regression task, but we can imitate the behavior of a

classification task by manually setting a threshold 𝜃 = 0.01 and defining a sample to be correctly
“classified" if the prediction error is less than 𝜃 . We study the dynamics of training and test accuracy.
We run experiments with two initializations 𝛼 = 0.5 (small) and 𝛼 = 2.0 (large), and three weight
decays 𝛾 = 0 (no reg), 𝛾 = 0.03 (small reg) and 𝛾 = 1 (large reg). As shown in Figure 6.2b (bottom),
small initialization runs always generalize fast regardless of regularization. Large initialization
runs (top) depended on weight decay: no regularization fails to generalize, small regularization
generalizes slowly (grokking), while large regularization generalizes faster.

For the large initialization 𝛼 = 2.0, we do a finer sweep of 𝛾 in [0.03, 1]. We compute the
number of steps and weight norm 𝑤 when training or test accuracy reaches 95%. As shown in
Figure 6.2c, the time (number of steps) to reach 95% training accuracy is independent of weight
decay 𝛾 , while the time to reach 95% test accuracy is inversely proportional to the weight decay,
as we derived above for the LU mechanism.
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6.4 Omnigrok: Grokking for more interesting tasks

We now analyze loss landscapes and search for grokking for several more interesting datasets,
and see that the insights obtained from our toy model can transfer to these datasets. We report
the main results here, with experiment details included in Appendix 6.8.1.

10 1 100 101

relative weight norm = w/w0

101

102

103

104

6 × 104

tra
in

in
g 

da
ta

 si
ze

 N A B

C

grokking

de
grokking

training error

0.
1

0.1

0.2
0.3

0.4

0.0

0.2

0.4

0.6

0.8

1.0

(a)

10 1 100 101

relative weight norm = w/w0

101

102

103

104

6 × 104

tra
in

in
g 

da
ta

 si
ze

 N A B

C

grokking

de
grokking

test error

0.
10.

2
0.

3
0.

4

0.0

0.2

0.4

0.6

0.8

1.0

(b)

0.1 1 10
0.0

0.2

0.4

0.6

0.8

er
ro

r

data size = 200

A

B

test
train

0.1 1 10
relative weight norm = w/w0

0.0

0.2

0.4

0.6

0.8

er
ro

r

data size = 8000

C

test
train

(c)

102 103 104 105

Optimization Steps

0.25

0.50

0.75

1.00

Ac
cu

ra
cy

MNIST Grokking With Varying , 1000 Train Points, =1e-4

train
test 2

4

6

8

10

Initialization Scale 

(d)

0 5000 10000 15000 20000 25000 30000
Train Points

104

105
St

ep
s t

o 
Te

st
 A

cc
ur

ac
y 

> 
60

%
Steps until generalization for MNIST (weight decay 5e-3)

Mean
Runs that didn't reach 60% test acc in 10^5 steps
Runs that reached 60% test acc in 10^5 steps

(e)

Figure 6.3: MNIST. (a) reduced training error, (b) reduced test error. Comparing A and B: larger
weight norm makes learning grok (delay generalization). Comparing B and C: a larger training
data size makes learning de-grok (speed up generalization). (c) "LU" holds truer for smaller data.
(d) Accuracy curves for MNIST in the setting where we observe grokking. (e) Time to generalize
as a function of training set size 𝑁 .

Image classification We visualize loss landscapes of MNIST [10] to verify the LU mechanism,
and study the dependence on training data size. Similar to the teacher-student case, we reduce
losses and errors (one minus accuracy) to two variables (weight norm 𝑤 and data size 𝑁 ) by
minimizing over angular directions of weights, i.e.,

𝑙train(𝑤, 𝑁 ) ≡ 𝑙train(w∗, 𝑁 ), 𝑙test(𝑤, 𝑁 ) ≡ 𝑙test(w∗, 𝑁 ), w∗(𝑤, 𝑁 ) ≡ argmin
| |w| |2=𝑤

𝑙train(w, 𝑁 ), (6.3)

shown in Figure 6.3 (a)(b). The reduced loss landscape reveals three things: (1) Larger initializations
lead to grokking. Point A in Figure 6.3 corresponds to the standard initialization (𝛼 = 1), which
has low training and test errors, hence no grokking. When increasing the weight norm from
A to B, training error is seen to remain low while test error rises. To generalize, implicit or

158



0.1 1.0 10.0
relative weight norm = w/w0

102

103

104

5 × 104

da
ta

 si
ze

 N
training error

0.20

0.200.25

0.2
5

0.25

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

(a)

0.1 1.0 10.0
relative weight norm = w/w0

102

103

104

5 × 104

da
ta

 si
ze

 N

test error

0.2
0

0.25

0.20

0.25

0.30

0.35

0.40

0.45

(b)

0.1 1 10
0.0

0.1

0.2

0.3

0.4

0.5

er
ro

r

data size = 1k

test
train

0.1 1 10
relative weight norm = w/w0

0.0

0.1

0.2

0.3

0.4

0.5

er
ro

r

data size = 50k

test
train

(c)

100 101 102 103 104 105

steps
0.4

0.6

0.8

1.0

ac
cu

ra
cy

= 6

100 101 102 103 104 105

steps
0.4

0.6

0.8

1.0

ac
cu

ra
cy

= 1

train
test

(d)

Figure 6.4: We use an LSTM to predict IMDb reviews. (a) training error; (b) test error; (c) reduced
losses for data size 1k (top) and 50k (bottom); (d) With 1k data, a (weak) grokking signal is observed
for large initializations (𝛼 = 6), while no grokking is observed for standard initializations (𝛼 = 1).
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Figure 6.5: We use a GCNN to predict isotropic polarizability of molecules in the QM9 dataset. (a)
training loss; (b) test loss; (c) reduced losses for data size 100 (top) and 3000 (bottom); (d) with
200 training samples, grokking is observed for large initialization (𝛼 = 3), while no grokking is
observed for standard initializations (𝛼 = 1).

explicit regularization such as weight decay then brings the weight norm down, leading to
delayed generalization (grokking) if regularization is small. (2) Larger datasets lead to de-grokking.
Comparing B and C in Figure 6.3, C is seen to have larger training size than B and lower test
error. Larger data size 𝑁 makes the Goldilocks zone broader, reducing or eliminating grokking
even for large weight initializations. (3) Critical data size can be defined. As reported in [1,2],
we see that there exists a critical training set size below which generalization is impossible. The
effective theory analysis in [2] only applies to algorithmic datasets, but not to other datasets with
unknown optimal representations. The loss landscape analysis presented is this work can apply
to all supervised-learning tasks. As shown in Figure 6.3 (b), the contours of constant test error
are thumb-like, and the tip of the thumb determines the minimum amount of data required for
generalization.

Guided by the landscape analysis, we make two nonstandard decisions to induce grokking
on MNIST: (1) we reduce the size of the training set from 60k to 1k samples (by taking a random
subset) and (2) we increase the scale of the weight initialization distribution (by multiplying the
initial weights, sampled with Kaiming uniform initialization, by a constant 𝛼 > 1). With these
modifications to the training set size and initialization scale, we train a depth-3 width-200 MLP
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with ReLU activations with the AdamW optimizer using MSE loss with one-hot targets. We find
that the network quickly fits the training set, and test accuracy improves much later, as shown in
Figure 6.3d, just as in the stereotypical grokking learning first observed in algorithmic datasets.
Figure 6.3e shows the effect of training set size on time to generalization for MNIST. We find a
result similar to what [1] observed, namely that generalization time increases rapidly once one
approaches a certain critical data set size.

Sentiment analysis of text We look for grokking using LSTMs [11] for IMDb dataset [12].
Similar to Eq. (6.3), we reduce training and test losses to depend on only the weight norm 𝑤 and
data size 𝑁 . We show the reduced training and test error in Figure 6.4 (a)(b). For large data size say
the full dataset, training and test errors have similar "U" shapes 5, so one cannot create grokking
via the "LU" mechanism. For small data size, say 1k, however, the mismatch between training
and test errors makes it possible to create grokking via large initializations. In Figure 6.4 (c), we
initialize weights larger (𝛼 = 6) with weight decay 1, overfitting is complete within 102 steps, but
generalization does not start until around 103 steps. Note that the generalization "jump" is not
as sharp as on algorithmic datasets [1] or MNIST, but at least generalization is delayed here. By
contrast, if we use the standard initialization (𝛼 = 1) with no weight decay, generalization happens
early on during training, and does not improve much after overfitting.

Molecules We search for grokking using the graph convolutional neural network (GCNN)
for QM9 dataset [13]. Similar to Eq. (6.3), we define the reduced training/test losses, which are
only dependent on weight norm 𝑤 and data size 𝑁 . As shown in Figure 6.5(a)(b), when data size
is large, training and test losses have similar "U" shapes, hence grokking is impossible via the
"LU mechanism". When data size is small, training and test losses mismatch somewhere in the
region 𝛼 = 𝑤/𝑤0 > 1, making grokking possible. Indeed, shown in Figure 6.5(d), there is a sharp
drop in test loss around 104 steps if initialization is 3 times larger than standard, while standard
initialization does not lead to grokking. Note that zero weight decay is applied in both cases,
implying the existence of implicit regularizations.

6.5 Representation is key to grokking

In Section 6.4, we showed that increasing initialization scales can make grokking happen for
standard ML tasks. However, this seems a bit artificial and does not explain why standard
initialization leads to grokking on algorithmic datasets, but not on standard ML datasets, say
MNIST. The key difference is how much the task relies on representation learning. For the MNIST
dataset, the quality of representation determines whether the test accuracy is 95% or 100%; by
constrast in algorithmic datasets, the quality of representation determines whether test accuracy
is random guess (bad representation) or 100% (good representation). So overfitting (under a
bad representation) has a more dramatic effect on algorithmic datasets, i.e., the model weights
increase quickly during overfitting but test accuracy remains low. During overfitting, model
weight norm is much larger than at initialization, but then drops below the initialization norm
when the model generalizes, shown in Figure 6.7a, and also observed by [14]. As a byproduct, we
are able to eliminate grokking by constraining the model on a small weight norm sphere, shown
in Figure 6.7b.

5In principle, reduced training losses should be non-increasing ("L"), but optimization issues may occur for too
large initializations [8].
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In the following, we will compare algorithmic datasets (Section 6.5.1) to MNIST (Section 6.5.2).
We show how their loss landscapes depend on representations differently, and how the difference
leads to different outcomes (grokking or not).

6.5.1 Algorithmic datasets

Setup We take the toy addition setup in [2], where each input digit 0 ≤ 𝑖 ≤ 𝑝 − 1 (output
label 0 ≤ 𝑘 ≤ 2(𝑞 − 1)) is embedded as a vector E𝑖 (Y𝑘 ). A decoder MLP is employed to
predict Y𝑘 = Dec(E𝑖 + E𝑗 ) (𝑘 = 𝑖 + 𝑗). In the setup of grokking, both the decoder and the
input representations R ≡ {E𝑖 } are trainable, with learning rates 𝜂𝐷 and 𝜂𝑅 , respectively; in the
setup of landscape analysis, only decoder is trainable, as we explain below. Training and test
losses depend on three factors: (i) representation R, (ii) weight norm 𝑤 and (iii) weight direction
ŵ. As in previous sections, we can optimize ŵ by minimizing the training loss on constant weight
norm spheres. We further reduce the high-dimensional representations to 1D by interpolating in
a particular direction:

R =𝑚Rrandom + (1 −𝑚)Rlinear (6.4)

where Rlinear refers to the linear representation in which number𝑘 is embedded to E𝑘 = [𝑘, 0, · · · , 0],
Rrandom is drawn from Gaussian distributions, i.e, E𝑘 ∼ 𝑁 (0, I), and 𝑚 ∈ [0, 1] is a scalar inter-
polating between Rlinear and Rrandom, that we term representation messiness because R = Rlinear
when𝑚 = 0, and R = Rrandom when𝑚 = 1. After these reductions, both training and test losses
become functions of two variables, representation messiness𝑚 and weight norm 𝑤 :

w∗(𝑤,𝑚) ≡ argmin
| |w| |2=𝑤

𝑙train(w,𝑚), 𝑙train(𝑤,𝑚) ≡ 𝑙train(w∗,𝑚), 𝑙test(𝑤,𝑚) ≡ 𝑙test(w∗,𝑚) (6.5)

Note that our definition of 𝑙train(𝑤,𝑚) excludes the weight decay term ℓreg = 1
2𝛾𝑤

2, but we should be
aware of its presence when we analyze the dynamics of (𝑤,𝑚), which is governed by the gradient
flow on 𝑙train(𝑤,𝑚) plus weight decay (𝜂𝑅/𝜂𝐷 are learning rates of representation/decoder):

𝑑𝑤

𝑑𝑡
= −𝜂𝐷

(
𝜕𝑙train

𝜕𝑤
+ 𝛾𝑤

)
,

𝑑𝑚

𝑑𝑡
= −𝜂𝑅

𝜕𝑙train

𝜕𝑚
, (6.6)

Landscape We show 𝑙train(𝑤,𝑚) and 𝑙test(𝑤,𝑚) in Figures 6.6a and 6.6b, indicating the generalizing
solution with a green star. Based on the reduced training loss (Figure 6.6a), we can divide the 2D
plane into two regions I and II, separated by a dashed yellow line (the contour of training loss =
0.05): (I): The darker region, with high training losses/gradients and small weight norm. (II): The
lighter region, with low training losses/gradients and large weight norm. Comparing Figures 6.6a
and 6.6b reveals that training and test loss landscapes differ, especially in region II. Moreover,
while the training loss depends weakly on 𝑚, the test loss depends strongly on 𝑚. As we will see,
the (weak) dependence of training loss on representation drives the model to the generalizing
solution. However, the driving force is small because the dependence is weak, leading to grokking.
We elaborate below how these particular loss landscapes lead to grokking.

Grokking dynamics In region II, the dynamics is slow (for small 𝛾 ) due to nearly vanishing
gradients. By contrast, the dynamics in region I is relatively fast. As we will explain, dynamics is
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Figure 6.6: Loss landscapes for a toy MLP, on the 2D (𝑤,𝑚) plane. (a) Training loss splits the plane
into two regions: large loss small 𝑤 (fast dynamics) and small loss large 𝑤 (slow dynamics). (b)
Test loss; the green star is the generalizing solution. (c) Losses along an illustrative path A→ E,
demonstrating multiple descent; (d) zoom-in of the training loss highlighting the gradients on the
boundary. (e) the boundary depends on training data size; (f) a simple illustration of grokking
dynamics.

also slow on the boundary of I and II, and grokking is the consequence of traversing region II
and/or the boundary.

Let us analyze a typical path A to E shown in Figure 6.6(a)(b). A rolls "downhill" to B following
training gradients, possibly continuing to C due to momentum. C is located in II where 𝑙train ≈ 0,
so according to Eq. (6.6), 𝑑𝑚/𝑑𝑡 ≈ 0 and 𝑑𝑤/𝑑𝑡 ≈ −𝜂𝐷𝛾𝑤 or, equivalently, 𝑑 (log𝑤)/𝑑𝑡 ≈ −𝜂𝐷𝛾 .
So (log𝑤,𝑚) moves with a constant speed 𝑣 = 𝜂𝐷𝛾 in the −𝑤 direction from C to D, a point near
the boundary. Negative gradients around the boundary point towards larger 𝑤 and smaller 𝑚,
shown in Figure 6.6d (a zoom-in of Figure 6.6a). The gradients become increasingly large as the
model goes deeper inside region I, and at some point, the gradient totally cancels out 𝑣 in the
gradient direction, making the model start to drift along the boundary, as illustrated in Figure 6.6f.
Then the model moves along the boundary with a new velocity 𝑣′ = 𝑣cos𝜃 6, until it reaches the
generalizing solution E.

6For simplicity, we assume 𝜂𝑅 = 𝜂𝐷 here, but the analysis can apply to any (𝜂𝑅, 𝜂𝐷 ).
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Figure 6.7: Training 1L transformer on modular addition (𝑝 = 113). (a) Weight norm, train accuracy,
and test accuracy over time, initialized and trained normally. Weight norm first increases, and is
highest during the period of overfitting, but then drops to become lower than initial weight norm
when the model generalizes. (b) Constrained optimization at constant weight norm (𝛼 = 0.8)
largely eliminates grokking, with test and train accuracy improving concurrently.

The slow dynamics from C to E is the origin of grokking. During this period, the model
first moves in the −𝑤 direction with a velocity 𝑣 over the distance 𝐿1 = 𝐿 − ℎcot𝜃 , and then
moves along the boundary with a velocity 𝑣′ over the distance 𝐿2 = ℎ/sin𝜃 . So the total time is
𝑡 = 𝐿1/𝑣 + 𝐿2/𝑣′ = (𝐿 + ℎtan𝜃 )/(𝜂𝐷𝛾). This formula agrees with the observation that large weight
decays 𝛾 and/or larger decoder learning rates 𝜂𝐷 can make generalization happen faster [1,2].
Besides, the path manifests intriguing multiple descent of test loss, shown in Figure 6.6c.

The above picture is supported by a transformer experiment: Figure 6.7a, shows how model
norm changes over time and we see that there is an initial increase in weight norm, which
peaks during overfitting, but then drops during the period of generalization to be lower than the
initialization norm. For this experiment, we used the setup of [14], training a 1-layer transformer
on modular addition (𝑝 = 113). The model width 𝑑model = 128, with 4 attention heads, and
𝑑mlp = 512 with ReLU activations. We train with AdamW with a learning rate of 0.001 and weight
decay 𝛾 = 1.

Dependence of grokking on training data size Another important observation in [1] is that
grokking happens faster for larger training size. Our landscape analysis can also explain the
data size dependence. In Figure 6.6e, we show the contours (training loss = 0.02) for different
training sizes (25, 35, 45, 55). The contours of training size 45 and 55 both connect to the green
star, meaning that generalization will eventually happen. However, the slopes of the contours are
different, i.e., 𝜃55 < 𝜃45. Since 𝑡 = (𝐿 + ℎtan𝜃 )/(𝜂𝐷𝛾) increases as 𝜃 increases, we have 𝑡55 < 𝑡45,
i.e, more training data leads to faster grokking. For training size 35 and 25, the contours do not
connect to the green star, so generalization will not happen, no matter how long the training will
be run.

De-grokking by constraining weight norm Guided by our understanding of grokking from the
LU mechanism, we find that we can control grokking in the setting where it was first observed by [1]
– transformers trained on algorithmic tasks. As shown in Figure 6.7b, reducing the initialization
scale and constraining optimization to hold model weight norm constant over training brings
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train accuracy and test accuracy learning curves together, almost eliminating grokking.

6.5.2 MNIST

We now study how training and test losses depend on representation messiness in the MNIST
dataset. We denote the 28 × 28 images as the raw representation Rraw. We construct a linearly
separable representation Rlinear by assigning input representations proportional to their label
𝑦𝑖 , for example, an image of a 2 is represented by a matrix with all elements being 2. Similar to
Eq. (6.4), we use𝑚 ∈ [0, 1] to interpolate between Rraw and Rlinear:

R =𝑚Rraw + (1 −𝑚)Rlinear, (6.7)

Similarly to Eq. (6.5), we define and plot 𝑙train(𝑤,𝑚) and 𝑙test(𝑤,𝑚) in Figure 6.8, using the full
dataset 𝑁 = 60000. Comparing Figures 6.8a and 6.8b reveals two things: (1) The training and test
losses behave similarly; (2) Both training and test losses depend very weakly on𝑚. This implies
that the raw image representation is already quite close to being optimal, so decent test accuracy
can be obtained even without learning optimal representations. As a result, grokking does not
occur (Figure 6.8c).
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Figure 6.8: MNIST landscapes as functions of representation messiness 𝑚 and weight norm 𝑤 :
(a) training loss, and (b) test loss. Training and test losses do not have significant mismatch,
and neither of them depend on representation strongly, which is in stark contrast to algorithmic
datasets (Figure 6.6). (c) an illustrative path A→ B→ C does not manifest grokking.

Comparing Figure 6.6 and 6.8, we see that the (strong) dependence of test performance on the
representation is the key to grokking: the dependence on representation is strong for algorithmic
datasets, so grokking happens. By contrast, the dependence is weak for MNIST, so grokking does
not happen.

Discussion: grokking on language models? We conjecture that grokking is more easily
observed in tasks where generalization relies heavily on learning good representations (from
scratch). This seems to imply the possibility of grokking on language tasks where word embeddings
are key to generalization. However, we have not yet observed clear grokking signals for large
language models, perhaps because: (i) the structure of languages is complicated, so the "optimal
representation" for language might be much "messier" than algorithmic representations. (ii)
Pre-training avoids learning representations from scratch, hence helps reduce possible grokking.
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6.6 Relation to Related works

Grokking was first observed for algorithmic datasets by [1]. Several formal or informal attempts
have been made to understand grokking: (a) [2] attributes grokking to the slow formation of good
representations. (b) [15] suggests that generalizable solutions achieve lower loss than overfitting
solutions, providing a training signal encouraging generalization. (c) [14] suggests grokking is a
phase change due to limited data and regularization. (d) [4] suggests that generalization is due
not to random search, but to hidden progress of SGD to gradually amplify a Fourier gap. (e) [3]
links grokking to the "Slingshot mechanism" specific to adaptive optimizers. (f) [16] describes
training as a random walk over parameters. Our conclusion supports (a)(b)(c)(d), but does not
necessarily negate (e)(f).

Double descent is the phenomenon that performance first gets worse and then gets better
as we increase the model size, data size, training epochs or regularization [6,17]. The typical "U"
shape of test loss in this paper does not conflict with double descent, because we are plotting
the weight norm instead of the number of model parameters [7]. However, the "U"-shape should
better be considered as empirically common rather than provably universal. In fact, the interaction
between properties of data and inductive biases of learning algorithms can be more complicated
than double descent [18,19].

Initialization From the optimization perspective, initializations are usually based on the "edge
of chaos" idea such that variance of features and gradients should be preserved in the forward
and backward pass [9,20–23], or based on analyzing Jacobians and/or Hessians [24]. From the
generalization perspective, it was shown that large initializations overfit data easily but result in
poor generalization [25,26], which agrees with our LU mechanism.

Weight decay regularization is a standard trick in machine learning and has various effects on
optimization and generalization [27,28]. In particular, [29] observes that it takes 𝑡 ∝ 1/𝜆 training
steps to reach maximum test performance. This is strikingly similar to the grokking time 𝑡 ∝ 1/𝜆
we derived from the LU mechanism.

6.7 Conclusions

This study elucidates the grokking phenomenon from the perspective of loss landscapes. Our
conclusions are: (i) grokking originates from the mismatch between training and test losses ("LU"
mechanism). (ii) grokking can happen in various models for a wide range of datasets, although
the grokking signature is usually most dramatic for algorithmic datasets. (iii) The dramaticness of
grokking depends on how much the task relies on learning representations. This work not only
reveals the mechanism of grokking, but also shows that reduced landscape analysis is a useful
tool for characterizing data-model interaction and representation learning.
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6.8 Appendix

6.8.1 Experiment details

Sentiment analysis of text IMDb [12] includes 50k movie reviews to be classified as being positive
or negative. To pre-process the data, we extract the 1000 most frequent words and tokenize each
review into an array of token indices. Less frequent words are ignored, and each review array
is padded to length 500. We adopt the LSTM model [11] to perform the classification, with two
layers, embedding dimension 64, and hidden dimension 128. We use the Adam optimizer [30] with
learning rate 0.001 to minimize the binary cross entropy loss. We hold back 25% of the dataset for
testing.

Molecules QM9 is a database for small molecules and their properties. We use a graph
convolutional neural network (GCNN) to predict the isotropic polarizability. The GCNN contains 2
convolutional layers with ReLU activation, followed by a linear layer. We use the Adam optimizer
with learning rate 0.001 to minimize the MSE loss. We split the dataset into 50/50 train/test.

MNIST We train width-200 depth-3 ReLU MLPs on the MNIST dataset with MSE loss. We use
the AdamW optimizer with a learning rate of 0.001 and a batch size of 200.

6.8.2 Reduced loss for modular addition with transformers

In Figure 6.9 we show reduced loss landscape plots for transformers trained on modular addition.
We use the setup of [14] and train a 1-layer transformer on modular addition (𝑝 = 113) with
𝑑model = 128, 4 attention heads, and 𝑑mlp = 512 with ReLU activations. We train with a learning
rate of 0.001 while constraining model weight norm, for a variety of 𝛼 and a variety of train set
fractions. The LU shape holds for 𝛼 ∈ [0.1, 4] (some optimization issue may be responsible for the
rise in train loss for 𝛼 > 4). We see the critical train set size is approximately 0.25, in line with
earlier studies on grokking.

6.8.3 time to generalize versus weight decay

In our discussion of the “LU mechanism” as an explanation for grokking in Section 6.2, we predicted
that the training time required for a model to generalize should be 𝑡 ∝ 𝛾−1 where 𝛾 is the weight
decay. To test this, we perform a grid search over weight decays 𝛾 and plot the number of training
steps required for models to reach a specified level of test accuracy in Figure 6.10a-6.10b. We also
show full training curves for these runs in Figure 6.10c-6.10d. We perform experiments in two
setups:

(a) Transformer on modular addition: We use the replication of grokking from Nanda et al.
[14] and train a 1-layer transformer on modular addition (𝑝 = 113 and a train set fraction
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Figure 6.9: Reduced loss landscapes for transformers trained on modular addition, the original
setting where grokking was observed.

of 0.3) where 𝑑model = 128, with 4 attention heads, 𝑑mlp = 512, ReLU activations, and an
AdamW learning rate of 0.001. From Figure 6.10a, we find that 𝑡 ∝ 𝛾−1 holds across roughly
two orders of magnitude of 𝑡 and 𝛾 . There is some seed dependence on the generalization
time (some seeds consistently require longer to generalize), but for each seed (corresponding
to a particular model initialization) the relation 𝑡 ∝ 𝛾−1 appears to fit the data well.

(b) ReLU MLP on MNIST: We train ReLU MLPs on MNIST as described in Appendix 6.8.1. We
use an 𝛼 = 9.0 and train on a reduced training set of 1000 samples to delay generalization
/ induce grokking. From Figure 6.10b, we find that for 𝛾 roughly between 0.1 and 1.0 the
relation 𝑡 ∝ 𝛾−1 holds. Very high values of weight decay seem to mess with optimization.
On the other hand, with very low weight decay the model generalizes faster than naively
expected, perhaps due to implicit regularization.

6.8.4 Section 6.5.1 setup

Architecture Similar to [2], the decoder architecture is an MLP with hard coded addition. Each
input symbol 𝑖 is encoded to a scalar 𝐸𝑖 . Each output symbol 𝑘 is represented by a 30D random
vector Ŷ𝑘 . We consider addition with base 𝑝 , so input 0 ≤ 𝑖, 𝑗 ≤ 𝑝 − 1 and output 0 ≤ 𝑘 = 𝑖 + 𝑗 ≤
2(𝑝 − 1). We denote representation as R = {𝐸0, 𝐸1 · · · , 𝐸𝑝−1}. The MLP has two hidden layers, with
neurons 1-200-200-30 in each layer and ReLU activations. Given a training sample (𝐸𝑖, 𝐸𝑗 ) → Y𝑘

where 𝑖 + 𝑗 = 𝑘 , the prediction of the MLP decoder is

Y𝑘 = Decw(𝐸𝑖 + 𝐸𝑗 ), (6.8)

and the loss function being the mean squared error (MSE) between Y𝑘 and Ŷ𝑘 , and w being the
decoder weight. Although the common setup of grokking is to make both the representation R
and the decoder w trainable, we will freeze part of them for easier analysis. This is where it could
be a bit confusing, so we explicitly distinguish three setups: landscape analysis, reduced trajectory
analysis and full trajectory analysis. Each setup have different subset of trainable parameters, as
shown in Table 6.1.
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Trainability
decoder weight w Representation R

norm 𝑤 = | |w| |2 direction ŵ = w/𝑤 messiness𝑚 Other
Landscape analysis No, 𝑤 Yes No,𝑚 No, 0
Reduced trajectory Yes No, ŵ∗(𝑤,𝑚) Yes No, 0

Full trajectory Yes Yes Yes Yes

Table 6.1: Threes setups used in this paper, with different set of parameters trainable.

Landscape analysis Both the representation R and weight norm 𝑤 are fixed. Only the weight
direction ŵ is trainable. The representation R is fixed according to Eq. (6.4), which is dependent on
𝑚, the representation messiness. The decoder has fixed weight norm 𝑤 , but the weight direction
ŵ is trainable. For each fixed (𝑤,𝑚), we minimize training loss over ŵ to get

ŵ∗(𝑤,𝑚) = argmin
ŵ

ℓtrain(𝑤,𝑚, ŵ), (6.9)

and define reduced training and test loss, as in Eq. (6.5). The minimization is implemented by the
Adam optimizer with learning rate 10−3 for 104 steps. Although (𝑤,𝑚) are not trainable, we repeat
the above minimization independently for different (𝑤,𝑚). In Figure 6.6 (a)(b)(d), the background
heatmaps belong to landscape analysis.

Reduced trajectory analysis is a “thought experiment" based on landscape analysis. Since
full trajectory analysis can be intractable due to too high dimensions, we try to reduce the
trajectory analysis to 2D, by making two assumptions about the real dynamics: (1) Scale separation:
the dynamics of ŵ is much faster than the dynamics along 𝑤 and along 𝑚, such that ŵ(𝑡) =
ŵ∗(𝑤 (𝑡),𝑚(𝑡)) is valid at every moment during training. (2) Representation evolution is linear,
i.e., interpolating between initial random Gaussian and final linear representation. With these
two assumptions, the training dynamics is effectively reduced to 2D, depending only on (𝑤,𝑚),
obeying Eq. (6.6). In Figure 6.6 (a)(b)(c), the path A→ E belongs to reduced trajectory analysis.

Admittedly the reduced trajectory may deviate from the full trajectory since the assumptions
may not be met, but it can shed light on the full trajectory: the weight norm first increases and
then increases, and the decrease of weight norm is highly correlated with generalization (please
Figure 6.7.

6.8.5 MNIST experiments with cross entropy loss

To respond to a reviewer’s concern that our use of the MSE loss is the “secret" to get grokking on
MNIST (Figure 6.3), we reran our experiments with the cross entropy (CE) loss. The results are
qualitatively similar, with some quantitative differences.

Landscape analysis
Comparing Figure 6.3 (MSE) and Figure 6.11 (CE), we notice the they are qualitatively similar:

(1) for small datasets, the reduced training error and test error resemble an “L" and “U" against the
weight norm, respectively; (2) for large datasets, the “U" becomes more like “L", i.e., the mismatch
between the reduced training and test error is small. However, a quantitative difference exist: CE
produces a broader “Goldilocks zone" (the weight range where generalization happens) than MSE.
This implies that to induce grokking with CE, we need to increase the weight norm to a larger
value (say 𝛼 = 100).
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Training dynamics
We are able to observe delayed generalization during trianing on MNIST with cross entropy

loss, but doing so requires a higher 𝛼 than was necessary when using MSE loss, as predicted by
the reduced loss landscapes in Figure 6.11. Figure 6.12 shows training trajectories from a 3-layer
ReLU MLP on MNIST trained with cross entropy loss with 𝛼 = 100 and 𝐷 = 200. We see that test
accuracy rises to 30-40% early in training, then plateaus for an extended period, before increasing
to ≈75% while train accuracy remains at 100%. While the dynamics are not as clean as with MSE
loss, since test accuracy first plateaus at better-than-random accuracy, we think it is still fair to
classify these dynamics as “grokking” due to the improvement in generalization late in training
after a plateau.
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Figure 6.10: Time to generalize as a function of weight decay: we investigate to what extent the
relation 𝑡 ∝ 𝛾−1 holds, where 𝑡 is number of training steps needed for the model to generalize
and 𝛾 is the AdamW weight decay. When a lower weight decay is used, models spend longer in
the period of overfitting before eventually generalizing. We show the generalization time 𝑡 as a
function of 𝛾 in (a)-(b) and full training curves for these runs in (c)-(d).
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Figure 6.11: MNIST with the cross entropy loss (as opposed to the MSE loss used in Figure 6.3). (a)
reduced training error, (b) reduced test error. (c) "LU" still holds for the cross entropy loss, but the
effect is milder than the MSE loss. In particular, the “Goldilocks zone" (the weight range where
generalization happens) is broader.
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The modern synthesis on grokking
In the past two chapters, we have seen two explanations of grokking from papers written in
2022. Since then, there has been a large amount of additional work on grokking from the
research community. In this short note, I will describe a more up-to-date theory of grokking
from the literature which synthesizes aspects from both of our two papers and rebuts other
aspects.

In Chapter 5, we studied how structured representations are needed for generalization
on certain tasks. Our basic idea was that structured representations take longer to learn.
At first, networks memorize where to map unstructured representations, but slowly the
representations form structure, which enables a solution where the network implements a
more sophisticated algorithm using those representations and which generalizes.

In Chapter 6, we studied how the weight norm of neural networks impacts generalization.
We observed that networks with high weight norm tend to generalize worse than networks
with low weight norm, and that the weight norm to drops as networks generalize in the
setting where grokking occurs.

One highly impactful paper on grokking from other authors was Neel Nanda’s “Progress
measures for grokking via mechanistic interpretability”[14], based on a blog post Neel
published in August 2022. This work did not just study the structured circular representations
that we found, but described how those representations are used by an end-to-end circuit that
implements modular addition. This algorithm essentially uses trigonometric identities to add
the angles of the representation of the two inputs on the circle. Neel found that this circuitry
forms before the network begins to generalize, suggesting that generalization happens when
networks clean up the “memorisation circuit” that had formed early in training. From this
perspective, our observation that the circular representations appearing in the PCA axes
coincided with generalization was likely due to the “clean up” phase removing noise in other
dimensions, causing the PCA axes to align with the circular representations which were
already there. Neel suggested that grokking occurs because the “generalising circuit” takes
longer to form during training, essentially because it is more complex than the “memorising
circuit”, and that it has lower weight norm than the “memorising circuit”. Since networks
are trained with weight decay, once the slower-forming “generalising circuit” is present, the
“memorising circuit” is removed by the network in order to reduce its weight norm.

The ideas of Neel’s work were made more rigorous in Varma & Shah et al. “Explaining
grokking through circuit efficiency.” This work observed directly that the weight norm of
the “memorising circuit” (holding training set loss fixed) increases linearly with the size of
the training set, whereas the “generalising circuit” has constant weight norm.
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... continued
Varma & Shah note that the question of “What causes generalising circuits to develop slower?
[than the memorising circuit]” is left open by their work. Here, I’ll suggest an answer, which
is implied, though not stated exactly, by Neel’s work: The memorizing circuit is learned
faster than the generalizing circuit because it is not a single circuit, but rather a large
number of very simple, independent mechanisms which memorize individual points in the
training set. Since these mechanisms are independent, and each have the same complexity,
they are learned at roughly the same time, but this does not mean that there is a true unified
“memorization circuit”. The generalizing circuit forms more slowly because it is much more
complex than the mechanisms which memorize individual datapoints. However, the total
weight norm required to implement the collection of memorizing mechanisms is greater
than the weight norm required to implement the generalizing circuit.

The unified perspective (largely paraphrasing Nanda): When we train networks on the
“algorithmic” tasks where grokking happens, in order for networks to generalize, they must
learn a fairly complex mechanism. This mechanism requires highly structured representa-
tions to be learned as part of a sophisticated algorithm. Because this mechanism is complex,
it takes many steps of training to develop. The network can also learn a mechanism which
memorizes each individual sample in the training set. These individual mechanisms are very
simple, and are learned in parallel very quickly in training. There are as many individual
memorization mechanisms as there are samples in the training set. While the more complex,
generalizing mechanism takes longer to form, it also requires lower weight norm than the
total weight norm of all memorizing mechanisms (when the training set is sufficiently large).
Eventually, when the more complex generalizing mechanisms forms, the network cleans
up all the memorizing mechanisms, lowering the weight norm, and leaving behind just the
generalizing mechanism. Grokking occurs then due to differences in the complexity and
efficiency of different possible mechanisms that neural networks can learn.
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Chapter 7

Opening the AI Black Box: Distilling
Machine-Learned Algorithms into Code*

Many assume that neural networks are irreducible black boxes, and cannot be given any
description other than the inscrutable weights of the network itself 𝜽 . In this work, we
show that this is not the case. We can take recurrent neural networks, trained on algorith-
mic/mathematical tasks, and decode their internal representations and computation into
functioning, standalone, interpretable Python programs that replicate the functioning of the
network.

Abstract

Can we turn AI black boxes into code? Although this mission sounds extremely challenging, we
show that it is not entirely impossible by presenting a proof-of-concept method, MIPS, which
can synthesize programs based on automated mechanistic interpretability of neural networks
trained to perform the desired task, auto-distilling the learned algorithm into Python code. We
test MIPS on a benchmark of 62 algorithmic tasks that can be learned by an RNN and find it highly
complementary to GPT-4: MIPS solves 32 of them, including 13 that are not solved by GPT-4
(which also solves 30). MIPS uses an integer autoencoder to convert the RNN into a finite state
machine, then applies Boolean or integer symbolic regression to capture the learned algorithm.
As opposed to large language models, this program synthesis technique makes no use of (and
is therefore not limited by) human training data such as algorithms and code from GitHub. We
discuss opportunities and challenges for scaling up this approach to make machine-learned models
more interpretable and trustworthy.

∗Eric J. Michaud, Isaac Liao, Vedang Lad, Ziming Liu, Anish Mudide, Chloe Loughridge, Zifan Carl Guo, Tara Rezaei
Kheirkhah, Mateja Vukelić, and Max Tegmark. “Opening the AI black box: Distilling machine-learned algorithms
into code.” Entropy 26, no. 12 (2024): 1046.
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7.1 Introduction

Machine-learned algorithms now outperform traditional human-discovered algorithms on many
tasks, from translation to general-purpose verbal reasoning. These learned algorithms tend to be
black-box neural networks, and we typically lack a full understanding of how they work. This
is part of the reason why many leading AI researchers and business leaders have warned that
the seemingly unstoppable race toward ever-more-powerful AI could end badly for humanity [1].
Regardless of one’s views on this controversial matter, there is broad agreement that improved
reliability and trustworthiness is valuable as AI gets ever more capable [2,3].

Our research question is: How can we ensure that AI models are truly implementing their
intended functions? Without formal proof, we can never be certain. We propose transforming AI
models into programs that can be formally verified. Yet formal verification, the gold standard for
reliability, is widely viewed as unattainable for powerful AI systems because

1. neural networks seem too messy to formally verify and

2. mechanistic interpretability converting learned powerful neural network algorithms into
formally verifiable code seems too hard and labor-intensive.

Our paper aims to inject optimism into this field by taking a small but nontrivial step toward
showing that automatic mechanistic interpretability (AutoMI) is not impossible, where AutoMI
means black-box models can be turned into programs automatically without human inspection.
Specifically, we present a proof-of-concept method MIPS (Mechanistic-Interpretability-based
Program Synthesis), which can distill simple learned algorithms from neural networks into Python
code, for small-scale algorithmic tasks. The main goal of this paper is not to present a method
that fully solves AutoMI, but to demonstrate progress towards AutoMI with a simple proof of
concept. The rest of this paper is organized as follows. After reviewing prior work in Section 7.2,
we present our method in Section 7.3, test it on a benchmark in Section 7.4 and summarize our
conclusions in Section 7.5.

7.2 Related Work

Program synthesis is a venerable field dating back to Alonzo Church in 1957; Zhou and Ding [4]
and Odena et al. [5] provide recent reviews of the field. Large language Models (LLMs) have
become increasingly good at writing code based on verbal problem descriptions or auto-complete.
We instead study the common alternative problem setting known as “programming by example"
(PBE), where the desired program is specified by giving examples of input-output pairs [6]. The
aforementioned papers review a wide variety of program synthesis methods, many of which
involve some form of search over a space of possible programs. LLMs that synthesize code directly
have recently become quite competitive with such search-based approaches [7]. Our work provides
an alternative search-free approach where the program learning happens during neural network
training rather than execution.

Our work builds on the recent progress in mechanistic interpretability (MI) of neural net-
works [8–11]. Much MI work has tried to understand how neural networks represent various
types of information, e.g., geographic information [12–14], truth [15,16] and the state of board
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games [17–19]. Another major MI thrust has been to understand how neural networks perform
algorithmic tasks, e.g., modular arithmetic [20–23] and other group operations [24], greater-
than [25], and greatest-common-divisor [26]. The key step of mechanistic interpretability is to
look into discovering structures in hidden representations. In this paper, we manage to discover
bit representations, integer representations, and clusters (finite state machines).

Whereas Lindner et al. [27] automatically convert traditional code into a neural network, we
aim to do the opposite, as was also recently demonstrated in Friedman, Wettig, and Chen [28].
One direction in automating mechanistic interpretability uses LLMs to label internal units of
neural networks such as neurons [29] and features discovered by sparse autoencoders [30,31].

Another recent effort in automating MI involves automatically identifying which internal units
causally influence each other and the network output for a given set of inputs, [32–34]. However,
these methods do not automatically generate pseudocode or give a description of how the states
of downstream units are computed from upstream units, which we aim to do in this work.

In this work, we focus on automating mechanistic interpretability for recurrent neural networks
(RNNs), building on the rich existing literature on interpreting RNN internals [35,36] and on
extracting finite state machines from trained RNNs [36–41]. In our work, we seek exceptionally
simple descriptions of RNNs by factoring network hidden states into discrete variables and
representing state transitions with symbolic formulae.

7.3 MIPS, our program synthesis algorithm

As summarized in Figure 7.1, MIPS involves the following key steps.

1. Neural network training

2. Neural network simplification

3. Finite state machine extraction

4. Symbolic regression

Step 1 is to train a black-box neural network to learn an algorithm that performs the desired task.
In this paper, we use a recurrent neural network (RNN) of the general form

h𝑖 = 𝑓 (h𝑖−1, x𝑖), (7.1)
y𝑖 = 𝑔(h𝑖), (7.2)

that maps input vectors x𝑖 into output vectors y𝑖 via hidden states h𝑖 . The RNN is defined by
the two functions 𝑓 and 𝑔, which are implemented as feed-forward neural networks (MLPs) to
allow more model expressivity than for a vanilla RNN. The techniques described below can also
be applied to more general neural network architectures.

Step 2 attempts to automatically simplify the learned neural network without reducing its
accuracy. Steps 3 and 4 automatically distill this simplified learned algorithm into Python code.
When the training data is discrete (consisting of say text tokens, integers, or pixel colors), the
neural network will be a finite state machine: the activation vectors for each of its neuron layers
define finite sets and the entire working of the network can be defined by look-up tables specifying
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Figure 7.1: The pipeline of our program synthesis method. MIPS relies on discovering integer
representations and bit representations of hidden states, which enable regression methods to
figure out the exact symbolic relations between input, hidden, and output states.
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the update rules for each layer. For our RNN, this means that the space of hidden states h is
discrete, so that the functions 𝑓 and 𝑔 can be defined by lookup tables. As we will see below, the
number of hidden states that MIPS needs to keep track of can often be greatly reduced by clustering
them, corresponding to learned representations. After this, the geometry of the cluster centers
in the hidden space often reveals that they form either an incomplete multidimensional lattice
whose points represent integer tuples, or a set whose cardinality is a power of two, whose points
represent Boolean tuples. In both of these cases, the aforementioned lookup tables simply specify
integer or Boolean functions, which MIPS attempts to discover via symbolic regression. Below
we present an integer autoencoder and a Boolean autoencoder to discover such integer/Boolean
representations from arbitrary point sets.

We will now describe each of the three steps of MIPS in greater detail.

7.3.1 AutoML optimizing for simplicity

We wish to find the simplest RNN that can learn our task, to facilitate subsequent discovery of
the algorithm that it has learned. We therefore implement an AutoML-style neural architecture
search that tries to minimize network size while achieving perfect test accuracy. This search
space is defined by a vector p of five main architecture hyperparameters: the five integers
p = (𝑛,𝑤 𝑓 , 𝑑 𝑓 ,𝑤𝑔, 𝑑𝑔) corresponding to the dimensionality of hidden state h, the width and depth
of the 𝑓 -network, and the width and depth of the 𝑔-network, respectively. Both the 𝑓 - and 𝑔-
networks have a linear final layer and ReLU activation functions for all previous layers. The
hidden state h0 is initialized to zero.

To define the parameter search space, we define ranges for each parameter. For all tasks, we
use 𝑛 ∈ {1, 2, . . . , 128}, 𝑤 𝑓 ∈ {1, 2, . . . , 256}, 𝑑 𝑓 ∈ {1, 2, 3}, 𝑤𝑔 ∈ {1, 2, . . . , 256} and 𝑑𝑔 ∈ {1, 2, 3}, so
the total search space consists of 128 × 256 × 3 × 256 × 3 = 75, 497, 472 hyperparameter vectors
p𝑖 . We order this search space by imposing a strict ordering on the importance of minimizing
each hyperparameter – lower 𝑑𝑔 is strictly more important than lower 𝑑 𝑓 , which is strictly more
important than lower 𝑛, which is strictly more important than lower 𝑤𝑔, which is strictly more
important than lower 𝑤 𝑓 . We aim to find the hyperparameter vector (integer 5-tuple) 𝑝𝑖 in the
search space which has lowest rank 𝑖 under this ordering.

We search the space in the following simple manner. We first start at index 𝑖 = 65, 536, which
corresponds to parameters (1, 1, 2, 1, 1). For each parameter tuple, we train networks using 5
different seeds. We use the loss function ℓ (𝑥,𝑦) = 1

2 log[1 + (𝑥 − 𝑦)2], finding that it led to more
stable training than using vanilla MSE loss. We train for either 10,000 or 20,000 steps, depending
on the task, using the Adam optimizer, a learning rate of 10−3, and batch size 4096. The test
accuracy is evaluated with a batch of 65536 samples. If no networks achieve 100% test accuracy
(on any test batch), we increase 𝑖 by 21/4. We proceed in this manner until we find a network
where one of the seeds achieves perfect test accuracy or until the full range is exhausted. If we find
a working network on this upwards sweep, we then perform a binary search using the interval
halving method, starting from the successful 𝑖 , to find the lowest 𝑖 where at least one seed achieves
perfect test accuracy.

181



7.3.2 Auto-simplification

After finding a minimal neural network architecture that can solve a task, the resulting neural
network weights typically seem random and un-interpretable. This is because there exist symmetry
transformations of the weights that leave the overall input-output behavior of the neural network
unchanged. The random initialization of the network has therefore caused random symmetry
transformations to be applied to the weights. In other words, the learned network belongs to an
equivalence class of neural networks with identical behavior and performance, corresponding to
a submanifold of the parameter space. We exploit these symmetry transformations to simplify the
neural network into a normal form, which in a sense is the simplest member of its equivalence
class. Conversion of objects into a normal/standard form is a common concept in mathematics
and physics (for example, conjunctive normal form, wavefunction normalization, reduced row
echelon form, and gauge fixing).

Two of our simplification strategies below exploit a symmetry of the RNN hidden state space
h. We can always write the MLP 𝑔 in the form 𝑔(h) = 𝐺 (Uh + c) for some function 𝐺 . So if 𝑓 is
affine, i.e., of the form 𝑓 (h, x) = Wh + Vx + b, then the symmetry transformation

W′ ≡ AWA−1, V′ = AV, U′ = UA−1, h′ ≡ Ah, b′ = Ab keeps the RNN in the same form:

h′𝑖 = Ah𝑖 = AWA−1Ah𝑖−1 + AVx𝑖 + Ab
= W′−1h′𝑖−1 + V′x𝑖 + b′, (7.3)

y𝑖 = 𝐺 (Uh𝑖 + c) = 𝐺 (UA−1h′𝑖 + c)
= 𝐺 (U′h′𝑖 + c). (7.4)

We think of neural networks as nails, which can be hit by various auto-normalization hammers.
Each hammer is an algorithm that applies transformations to the weights to remove degrees of
freedom caused by extra symmetries or cleans the neural network up in some other way. In this
section, we describe five normalizers we use to simplify our trained networks, termed “Whitening",
“Jordan normal form", “Toeplitz", “De-bias", and “Quantization". For every neural network, we
always apply this sequence of normalizers in that specific order, for consistency. We describe
them below and provide additional details about them in the Appendix 7.6.7.

1. Whitening: Just as we normalize input data to use for training neural networks, we would
like activations in the hidden state space h𝑖 to be normalized. To ensure normalization in all
directions, we feed the training dataset into the RNN, collect all the hidden states, compute
the uncentered covariance matrix C, and then apply a whitening transform h ↦→ C−1/2h
to the hidden state space so that its new covariance becomes the identity matrix. This
operation exists purely to provide better numerical stability to the next step.

2. Jordan normal form: When the function 𝑔 is affine, we can apply the aforementioned
symmetry transformation to try to diagonalize W, so that none of the hidden state dimen-
sions interact with one another. Unfortunately, not all matrices W can be diagonalized,
so we use a generalized alternative: the Jordan normal form, which allows elements of
the superdiagonal to be either zero or one. To eliminate complex numbers, we also apply
2 × 2 unitary transformations to eigenvectors corresponding to conjugate pairs of complex
eigenvalues afterward. The aforementioned whitening is now ruined, but it helped make
the Jordan normal form calculation more numerically stable.
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Figure 7.2: These hidden structures can be turned into discrete representations. Left: bitstring
addition, corresponding to 2 bits: the output bit and the carry bit. Right: Sum_Last2 task, 2D
lattice corresponding to two integers.

3. Toeplitz: Once W is in Jordan normal form, we divide it up into Jordan blocks and apply
upper-triangular Toeplitz transformations to the dimensions belonging to each Jordan block.
There is now an additional symmetry, corresponding to multiplying each Jordan block by
an upper triangular Toeplitz matrix, and we exploit the Toeplitz matrix that maximally
simplifies the aforementioned V-matrix.

4. De-bias: Sometimes W is not full rank, and b has a component in the direction of the
nullspace. In this case, the component can be removed, and the bias c can be adjusted to
compensate.

5. Quantization: After applying all the previous normalizers, many of the weights may have
become close to integers, but not exactly due to machine precision and training imperfections.
Sometimes, depending on the task, all of the weights can become integers. We therefore
round any weights that are within 𝜖 ≡ 0.01 of an integer to that integer.

7.3.3 Boolean and integer autoencoders

As mentioned, our goal is to convert a trained recurrent neural network (RNN) into a maximally
simple (Python) program that produces equivalent input-output behavior. This means that if the
RNN has 100% accuracy for a given dataset, so should the program, with the added benefit of
being more interpretable, precise, and verifiable.

Once trained/written, the greatest difference between a neural network and a program imple-
menting the same finite state machine is that the former is fuzzy and continuous, while the latter
is precise and discrete. To convert a neural network to a program, some discretization (“defuzzifi-
cation") process is needed to extract precise information from seemingly noisy representations.
Fortunately, mechanistic interpretability research has shown that neural networks tend to learn
meaningful, structured knowledge representations for algorithmic tasks [20,21]. Previous inter-
pretability efforts typically involved case-by-case manual inspection, and only gained algorithmic
understanding at the level of pseudocode at best. We tackle this more ambitious question: can we
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create an automated method that distills the learned representation and associated algorithms
into an equivalent (Python) program?

Since the tasks in our benchmark involve bits and integers, which are already discrete, the only
non-discrete parts in a recurrent neural network are its hidden representations. Here we show
two cases when hidden states can be discretized: they are (1) a bit representation or (2) a (typically
incomplete) integer lattice. Generalizing to the mixed case of bits and integers is straightforward.
Figure 7.2 shows all hidden state activation vectors h𝑖 for all steps with all training examples for
two of our tasks. The left panel shows that the 104 points h𝑖 form 22 = 4 tight clusters, which we
interpret as representing 2 bits. The right panel reveals that the points h𝑖 form an incomplete 2D
lattice that we interpret as secretly representing a pair of integers.

Bit representations

The hidden states for the 2 bits in Figure 7.2 are seen to form a parallelogram. More generally,
we find that hidden states encode 𝑏 bits as 2𝑏 clusters, which in some cases form 𝑏-dimensional
parallelograms and in other cases look more random. Our algorithm tries all (2𝑏)! possible
assignments of the 2𝑏 clusters to bitstrings of length 𝑏 and selects the assignment that minimizes
the length of the resulting Python program.

Integer lattice

As seen in Figure 7.2, the learned representation of an integer lattice tends to be both non-square
(deformed by a random affine transformation) and sparse (since not all integer tuplets occur during
training). We thus face the following problem: given (possibly sparse) samples of points h𝑖 from
an 𝑛-dimensional lattice, how can we reconstruct the integer lattice in the sense that we figure
out which integer tuple each lattice point represents? We call the solution an integer autoencoder
since it compresses any point set into a set of integer tuples from which the original points can
be at least approximately recovered as h𝑖 = Ak𝑖 + b, where A is a matrix and b is a vector that
defines the affine transformation and a set of integer vectors k𝑖 .

In the Appendix 7.6.1, we present a solution that we call the GCD lattice finder. For the
special case 𝑛 = 1, its core idea is to compute the greatest common denominator of pairwise
separations: for example, for the points {1.7, 3.2, 6.2, 7.7...}, all point separations are divisible by
𝐴 = 1.5, from which one infers that 𝑏 = 0.2 and the lattice can be rewritten as 1.5×{1,2,4,5}+0.2.
For multidimensional lattices, our algorithm uses the GCD of ratios of generalized cell volumes to
infer the directions and lengths of the lattice vectors that form the columns of A.

For the special case where the MLP defining the function 𝑓 is affine or can be accurately
approximated as affine, we use a simpler method we term the Linear lattice finder, also described
in Appendix 7.6.5. Here the idea is to exploit that the lattice is simply an affine transformation
of a regular integer lattice (the input data), so we can simply “read off" the desired lattice basis
vectors from this affine transformation.

Symbolic regression

Once the hidden states h𝑖 have been successfully mapped to Boolean or integer tuples as described
above, the functions 𝑓 and 𝑔 that specify the learned RNN can be re-expressed as lookup tables,
showing their Boolean/integer output tuple for each Boolean/integer input tuple. All that remains
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is now symbolic regression, i.e., discovering the simplest possible symbolic formulae that define 𝑓

and 𝑔.

Boolean regression

In the case where a function maps bits to a bit, our algorithm determines the following set of
correct Boolean formulae and then returns the shortest one. The first candidate formula is the
function written in disjunctive normal form, which is always possible. If the Boolean function
is symmetric, i.e., invariant under all permutations of its arguments, then we also write it as an
integer function of its bit sum.

Integer regression

In the case when a function maps integers to an integer, we try the following two methods:

1. If the function is linear, then we perform simple linear regression, round the resulting
coefficients to integers, and simplify, e.g., multiplications by 0 and 1.

2. Otherwise, we use the brute-force symbolic solver from AI Feynman [42], including the
6 unary operations {>, <,∼, 𝐻, 𝐷,𝐴} and 4 binary operations {+,−, ∗,%} whose meanings
are explained in Appendix 7.6.6, then convert the simplest discovered formula into Python
format.

Once symbolic formulas have been separately discovered for each component of the vector-valued
functions 𝑓 and 𝑔, we insert them into a template Python program that implements the basic loop
over inputs that are inherent in an RNN. We present examples of our auto-generated programs in
Figures 7.3 and 7.4 and in Appendix 7.6.9. Most hyperparameters are thresholds. For example,
when a lattice has the reconstruction error 𝜖 below some threshold 𝜃 , we claim an integer lattice
has been detected. Since we define the reconstruction errors to be dimensionless, it is clear that
𝜖 = 1 means no structure detected and 𝜖 = 0 means perfect integer lattices. We find our results to
be fairly robust with respect to 𝜃 , e.g., 𝜃 = 10−2 − 10−1 would yield the same results.

7.4 Results

We will now test the program synthesis abilities of our MIPS algorithm on a benchmark of
algorithmic tasks specified by numerical examples. For comparison, we try the same benchmark
on GPT-4 Turbo, which is currently (as of January 2024) described by OpenAI as their latest
generation model, with a 128k context window and more capable than the original GPT-4.

7.4.1 Benchmark

Our benchmark consists of the 62 algorithmic tasks listed in Table 7.1. They each map one or two
integer lists of length 10 or 20 into a new integer list. We refer to integers whose range is limited
to {0, 1} as bits. We generated this task list manually, attempting to produce a collection of diverse
tasks that would in principle be solvable by an RNN. We also focused on tasks whose known
algorithms involved majority, minimum, maximum, and absolute value functions because we
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believed they would be more easily learnable than other nonlinear algorithms due to our choice
of the ReLU activation for our RNNs. The benchmark training data and project code is available
at https://github.com/ejmichaud/neural-verification. The tasks are described in Table 7.1, with
additional details in Appendix 7.6.8. The benchmark aims to cover a diverse range of algorithmic
tasks. To balance between different families, when a group of tasks is similar (e.g., summing up
the last 𝑘 bits), our convention is to keep (at most) six of them.

Since the focus of our paper is not on whether RNNs can learn algorithms, but on whether
learned algorithms can be auto-extracted into Python, we discarded from our benchmark any
generated tasks on which our RNN-training failed to achieve 100% accuracy.

Our benchmark can never show that MIPS outperforms any large language model (LLM).
Because LLMs are typically trained on GitHub, many LLMs can produce Python code for compli-
cated programming tasks that fall outside of the class we study. Instead, the question that our
MIPS-LLM comparison addresses is whether MIPS complements LLMs by being able to solve some
tasks where an LLM fails.

7.4.2 Evaluation

For both our method and GPT-4 Turbo, a task is considered solved if and only if a Python program
is produced that solves the task with 100% accuracy. GPT-4 Turbo is prompted using the “chain-
of-thought” approach described below and illustrated in Figure 7.5.

For a given task, the LLM receives two lists of length 10 sourced from the respective RNN
training set. The model is instructed to generate a formula that transforms the elements of list “x"
(features) into the elements of list ‘y’ (labels). Subsequently, the model is instructed to translate this
formula into Python code. The model is specifically asked to use elements of the aforementioned
lists as a test case and print “Success" or “Failure" if the generated function achieves full accuracy
on the test case. An external program extracts a fenced markdown codeblock from the output,
which is saved to a separate file and executed to determine if it successfully completes the task.
To improve the chance of success, this GPT-4 Turbo prompting process is repeated three times,
requiring only at least one of them to succeed. We run GPT using default temperature settings.
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Table 7.1: Benchmark results. For tasks with note “see text”, please refer to Appendix 7.6.8. The
last column highlights the MIPS module responsible for each task. BR = boolean regression, LR
= linear regression, SR = symbolic regression, and NA means MIPS is not expected to solve this
problem. Green means success and red means failure.

Task
#

Input
Strings

Element
Type

Task Description Task Name Solved
by
GPT-
4?

Solved
by
MIPS?

MIPS
mod-
ule

1 2 bit Binary addition of two bit strings Binary_Addition 0 1 BR
2 2 int Ternary addition of two digit strings Base_3_Addition 0 0 SR
3 2 int Base 4 addition of two digit strings Base_4_Addition 0 0 SR
4 2 int Base 5 addition of two digit strings Base_5_Addition 0 0 SR
5 2 int Base 6 addition of two digit strings Base_6_Addition 1 0 SR
6 2 int Base 7 addition of two digit strings Base_7_Addition 0 0 SR
7 2 bit Bitwise XOR Bitwise_Xor 1 1 BR
8 2 bit Bitwise OR Bitwise_Or 1 1 BR
9 2 bit Bitwise AND Bitwise_And 1 1 BR
10 1 bit Bitwise NOT Bitwise_Not 1 1 BR
11 1 bit Parity of last 2 bits Parity_Last2 1 1 BR
12 1 bit Parity of last 3 bits Parity_Last3 0 1 BR
13 1 bit Parity of last 4 bits Parity_Last4 0 0 BR
14 1 bit Parity of all bits seen so far Parity_All 0 1 BR
15 1 bit Parity of number of zeros seen so far Parity_Zeros 0 1 BR
16 1 int Cumulative number of even numbers Evens_Counter 0 0 BR
17 1 int Cumulative sum Sum_All 1 1 LR
18 1 int Sum of last 2 numbers Sum_Last2 0 1 LR
19 1 int Sum of last 3 numbers Sum_Last3 0 1 LR
20 1 int Sum of last 4 numbers Sum_Last4 1 1 LR
21 1 int Sum of last 5 numbers Sum_Last5 1 1 LR
22 1 int sum of last 6 numbers Sum_Last6 1 1 LR
23 1 int Sum of last 7 numbers Sum_Last7 1 1 LR
24 1 int Current number Current_Number 1 1 LR
25 1 int Number 1 step back Prev1 1 1 LR
26 1 int Number 2 steps back Prev2 1 1 LR
27 1 int Number 3 steps back Prev3 1 1 LR
28 1 int Number 4 steps back Prev4 1 1 LR
29 1 int Number 5 steps back Prev5 1 1 LR
30 1 int 1 if last two numbers are equal Previous_Equals_Current 0 1 SR
31 1 int current − previous Diff_Last2 0 1 SR
32 1 int |current − previous | Abs_Diff 0 1 SR
33 1 int |current | Abs_Current 1 1 SR
34 1 int |current | − |previous | Diff_Abs_Values 1 0 SR
35 1 int Minimum of numbers seen so far Min_Seen 1 0 SR
36 1 int Maximum of integers seen so far Max_Seen 1 0 SR
37 1 int integer in 0-1 with highest frequency Majority_0_1 1 0 SR
38 1 int Integer in 0-2 with highest frequency Majority_0_2 0 0 SR
39 1 int Integer in 0-3 with highest frequency Majority_0_3 0 0 SR
40 1 int 1 if even, otherwise 0 Evens_Detector 1 0 SR
41 1 int 1 if perfect square, otherwise 0 Perfect_Square_Detector 0 0 SR
42 1 bit 1 if bit string seen so far is a palindrome Bit_Palindrome 1 0 NA
43 1 bit 1 if parentheses balanced so far, else 0 Balanced_Parenthesis 0 0 SR
44 1 bit Number of bits seen so far mod 2 Parity_Bits_Mod2 1 0 BR
45 1 bit 1 if last 3 bits alternate Alternating_Last3 0 0 BR
46 1 bit 1 if last 4 bits alternate Alternating_Last4 1 0 BR
47 1 bit bit shift to right (same as prev1) Bit_Shift_Right 1 1 LR
48 2 bit Cumulative dot product of bits mod 2 Bit_Dot_Prod_Mod2 0 1 BR
49 1 bit Binary division by 3 (see text) Div_3 1 0 SR
50 1 bit Binary division by 5 (see text) Div_5 0 0 SR
51 1 bit Binary division by 7 (see text) Div_7 0 0 SR
52 1 int Cumulative addition modulo 3 Add_Mod_3 1 1 SR
53 1 int Cumulative addition modulo 4 Add_Mod_4 0 0 SR
54 1 int Cumulative addition modulo 5 Add_Mod_5 0 0 SR
55 1 int Cumulative addition modulo 6 Add_Mod_6 0 0 SR
56 1 int Cumulative addition modulo 7 Add_Mod_7 0 0 SR
57 1 int Cumulative addition modulo 8 Add_Mod_8 0 0 SR
58 1 int 1D dithering, 4-bit to 1-bit (see text) Dithering 1 0 NA
59 1 int Newton’s of - freebody (integer input) Newton_Freebody 0 1 LR
60 1 int Newton’s law of gravity (see text) Newton_Gravity 0 1 LR
61 1 int Newton’s law w. spring (see text) Newton_Spring 0 1 LR
62 2 int Newton’s law w. magnetic field (see text) Newton_Magnetic 0 0 LR

Total solved 30 32
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1

2 def f(s,t):
3 a = 0;b = 0;
4 ys = []
5 for i in range(10):
6 c = s[i]; d = t[i];
7 next_a = b ^ c ^ d
8 next_b = b+c+d>1
9 a = next_a;b = next_b;

10 y = a
11 ys.append(y)
12 return ys

Figure 7.3: The generated program for the addition of two binary numbers represented as bit
sequences. Note that MIPS rediscovers the “ripple adder", where the variable 𝑏 above is the carry
bit.

7.4.3 Performance

As seen in Table 1, MIPS is highly complementary to GPT-4 Turbo: MIPS solves 32 of our tasks,
including 13 that are not solved by ChatGPT-4 (which solves 30).

The AutoML process of Section 7.3.1 discovers networks of varying task-dependent shape and
size. Table 7.2 shows the parameters p discovered for each task. Across our 62 tasks, 16 tasks could
be solved by a network with hidden dimension 𝑛 = 1, and the largest 𝑛 required was 81. For many
tasks, there was an interpretable meaning to the shape of the smallest network we discovered. For
instance, on tasks where the output is the element occurring 𝑘 steps earlier in the list, we found
𝑛 = 𝑘 + 1, since the current element and the previous 𝑘 elements must be stored for later recall.

We found two main failure modes for MIPS:

1. Noise and non-linearity. The latent space is still close to being a finite state machine, but the
non-linearity and/or noise present in an RNN is so dominant that the integer autoencoder
fails, e.g., for Diff_Abs_Values. Humans can stare at the lookup table and regress the symbolic
function with their brains, but since the lookup table is not perfect, i.e., has the wrong integer
in a few examples, MIPS fails to symbolically regress the function. This can probably be
mitigated by learning and generalizing from a training subset with a smaller dynamic range.

2. Continuous computation. A key assumption of MIPS is that RNNs are finite-state ma-
chines. However, RNNs can also use continuous variables to represent information — the
Majority_0_X tasks fail for this reason. This can probably be mitigated by identifying and
implementing floating-point variables.

Figure 7.3 shows an example of a MIPS rediscovering the "ripple-carry adder" algorithm. The
normalizers significantly simplified some of the resulting programs, as illustrated in Figure 7.4,
and sometimes made the difference between MIPS failing and succeeding. We found that applying
a small 𝐿1 weight regularization sometimes facilitated integer autoencoding by axis-aligning the
lattice.
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1 def f(s):
2 a = 198;b = -11;c = -3;d = 483;e = 0;
3 ys = []
4 for i in range(20):
5 x = s[i]
6 next_a = -b+c+190
7 next_b = b-c-d-e+x+480
8 next_c = b-e+8
9 next_d = -b+e-x+472

10 next_e = a+b-e-187
11 a = next_a;b = next_b;c = next_c;d = next_d;e = next_e;
12 y = -d+483
13 ys.append(y)
14 return ys

1 def f(s):
2 a = 0;b = 0;c = 0;d = 0;e = 0;
3 ys = []
4 for i in range(20):
5 x = s[i]
6 next_a = +x
7 next_b = a
8 next_c = b
9 next_d = c

10 next_e = d
11 a = next_a;b = next_b;c = next_c;d = next_d;e = next_e;
12 y = a+b+c+d+e
13 ys.append(y)
14 return ys

Figure 7.4: Comparison of code generated from an RNN trained on Sum_Last5, without (top) and
with (bottom) normalizers.
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Conversation Start

User: "Each
row in the
table below

contains two
lists...give me a
formula for ..."

GPT: [Response]

User: "Please
write a Python
program to ..."

GPT: [Response]

Extracted Code Block

Success or Failure?

Success Failure

Figure 7.5: We compare MIPS against program synthesis with the large language model GPT-
4 Turbo, prompted with a “chain-of-thought" approach. It begins with the user providing a
task, followed by the model’s response, and culminates in assessing the success or failure of the
generated Python code based on its accuracy in processing the provided lists.
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7.5 Discussion

We have presented MIPS, a novel method for program synthesis based on automated mechanistic
interpretability of neural networks trained to perform the desired task, auto-distilling the learned
algorithm into Python code. Its essence is to first train a recurrent neural network to learn a clever
finite state machine that performs the task, and then automatically figure out how this machine
works.

7.5.1 Findings

We found MIPS highly complementary to LLM-based program synthesis with GPT-4 Turbo, with
each approach solving many tasks that stumped the other. Please note that our motivation is not
to outcompete other program synthesis methods, but instead to provide a proof-of-principle that
fully automated distillation of machine-learned algorithms is not impossible.

Whereas LLM-based methods have the advantage of drawing upon a vast corpus of human
training data, MIPS has the advantage of discovering algorithms from scratch without human
hints, with the potential to discover entirely new algorithms. As opposed to genetic programming
approaches, MIPS leverages the power of deep learning by exploiting gradient information.

Program synthesis aside, our results shed further light on mechanistic interpretability, specifi-
cally on how neural networks represent bits and integers. We found that 𝑛 integers tend to get
encoded linearly in 𝑛 dimensions, but generically in non-orthogonal directions with an additive
offset. This is presumably because there are many more such messy encodings than simple ones,
and the messiness can be easily (linearly) decoded. We saw that 𝑛 bits sometimes get encoded as
an 𝑛-dimensional parallelogram, but not always ––– possibly because linear decodability is less
helpful when the subsequent bit operations to be performed are nonlinear anyway.

7.5.2 Outlook

Our work is merely a modest first attempt at mechanistic-interpretability-based program synthesis,
and there are many obvious generalizations worth trying in future work. For example:

1. Improvements in training and integer autoencoding (since many of our failed examples
failed only just barely)

2. Generalization from RNNs to other architectures such as transformers

3. Generalization from bits and integers to more general extractable data types such as floating-
point numbers and various discrete mathematical structures and knowledge representations

4. Scaling to tasks requiring much larger neural networks

5. Automated formal verification of synthesized programs (we perform such verification with
Dafny in Section 7.6.10 to show that our MIPS-learned ripple adder correctly adds any
binary numbers, not merely those in the test set, but such manual work should ideally be
fully automated)
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LLM-based coding co-pilots are already highly useful for program synthesis tasks based on
verbal problem descriptions or auto-complete, and will only get better. MIPS instead tackles
program synthesis based on test cases alone. This makes it analogous to symbolic regression
[42,43], which has already proven useful for various science and engineering applications [44,45]
where one wishes to approximate data relationships with symbolic formulae. The MIPS framework
generalizes symbolic regression from feed-forward formulae to programs with loops, which are in
principle Turing complete. If this approach can be scaled up, it may enable promising opportunities
for making machine-learned algorithms more interpretable, verifiable, and trustworthy.
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7.6 Appendix

7.6.1 Lattice finding using generalized greatest common divisor (GCD)

Our method often encounters cases where hidden states secretly form an affine transformation of
an integer lattice. However, not all lattice points are observed in training samples, so our goal is
to recover the hidden integer lattice from sparse observations.

7.6.2 Problem formulation

Suppose we have a set of lattice points in ℝ𝐷 spanned by 𝐷 independent basis vectors, b𝑖 (𝑖 =
1, 2, · · · , 𝐷). Each lattice point 𝑗 has the position

x𝑗 =

𝐷∑︁
𝑖=1

𝑎𝑗𝑖b𝑖 + c, (7.5)

where c is a global translation vector, and the coefficients 𝑎𝑗𝑖 are integers
Our problem: given 𝑁 such data points (x1, x2, · · · , x𝑁 ), how can we recover the integer

coefficients 𝑎𝑗𝑖 for each point data point as well as b𝑖 and c?
Note that even when the whole lattice is given, there are still degrees of freedom for the

solution. For example, {c ↦→ c + b𝑖, 𝑎𝑗𝑖 ↦→ 𝑎𝑗𝑖 − 1} remains a solution, and {b𝑖 →
∑𝐷

𝑗=1 Λ𝑖 𝑗b𝑗 }
remains a solution if Λ is an integer matrix whose determinant is ±1. So our success criterion is:
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(1) 𝑎𝑗𝑖 are integers; (2) the discovered bases and the true bases have the same determinant (the
volume of a unit cell). Once a set of bases is found, we can simplify them by minimizing their total
norms over valid transformations (Λ ∈ ℤ𝐷×𝐷 , det(Λ) = ±1).

7.6.3 Regular GCD

As a reminder, given a list of 𝑛 numbers {𝑦1, 𝑦2, · · · , 𝑦𝑛}, a common divisor 𝑑 is a number such that
for all 𝑖 , 𝑦𝑖

𝑑
is an integer. All common divisors are the set {𝑑 |𝑦𝑖/𝑑 ∈ ℤ, and the greatest common

divisor (GCD) is the largest number in this set. Because

GCD(𝑦1, · · · , 𝑦𝑛) = GCD(𝑦1,GCD(𝑦2,GCD(𝑦3, ...))), (7.6)

it without loss of generality suffices to consider the case 𝑛 = 2. A common algorithm to compute
GCD of two number is the so-called Euclidean algorithm. We start with two numbers 𝑟0, 𝑟1 and
𝑟0 > 𝑟1, which is step 0. For the 𝑘 th step, we perform division-with-remainder to find the quotient
𝑞𝑘 and the remainder 𝑟𝑘 so that 𝑟𝑘−2 = 𝑞𝑘𝑟𝑘−1+𝑟𝑘 with |𝑟𝑘−1 | > |𝑟𝑘 | 1. The algorithm will eventually
produce a zero remainder 𝑟𝑁 = 0, and the other non-zero remainder 𝑟𝑁−1 is the greatest common
divisor. For example, GCD(55, 45) = 5, because

55 = 1 × 45 + 10,
45 = 4 × 10 + 5,
10 = 2 × 5 + 0.

(7.7)

7.6.4 Generalized GCD in 𝐷 dimensions

Given a list of 𝑛 vectors {y1, y2, · · · , y𝑛} where y𝑖 ∈ ℝ𝐷 , and assuming that these vectors are in
the lattice described by Eq. (7.5), we can without loss of generality set c = 0, since we can always
redefine the origin. In 𝐷 dimensions, the primitive of interest is the 𝐷-dimensional parallelogram:
a line segment for 𝐷 = 1 (one basis vector), a parallelogram for 𝐷 = 2 (two basis vectors),
parallelepiped for 𝐷 = 3 (three basis vectors), etc.

One can construct a 𝐷-dimensional parallelogram by constructing its basis vectors as a linear
integer combination of y𝑗 , i.e.,

q𝑖 =

𝑛∑︁
𝑗=1

𝑚𝑖 𝑗y𝑗 ,𝑚𝑖 𝑗 ∈ ℤ, 𝑖 = 1, 2, · · · , 𝐷. (7.8)

The goal of 𝐷-dimensional GCD is to find a “minimal” parallelogram, such that its volume (which
is det(q1, q2, · · · , q𝐷)) is GCD of volumes of other possible parallelograms. Once the minimal
parallelogram is found 2, we can also determine b𝑖 in Eq. (7.5), since b𝑖 are exactly q𝑖 ! To find
the minimal parallelogram, we need two steps: (1) figure out the unit volume; (2) figure out
q𝑖 (𝑖 = 1, 2, · · · ) whose volume is the unit volume.

Step 1: Compute unit volume 𝑉0. We first define representative parallelograms as one where
all 𝑖 = 1, 2, · · · , 𝐷 , m𝑖 ≡ (𝑚𝑖1,𝑚𝑖2, · · · ,𝑚𝑖𝐷) are one-hot vectors, i.e., with only one element

1We are considering a general case where 𝑟0 and 𝑟1 may be negative. Otherwise 𝑟𝑘 can always be positive numbers,
hence no need to use the absolute function.

2There could be many minimal parallelograms, but finding one is sufficient.
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being 1 and 0 otherwise. It is easy to show that the volume of any parallelogram is a linear
integer combination of volumes of representative parallelograms, so WLOG we can focus on
representative parallelograms. We compute the volumes of all representative parallelograms,
which gives a volume array. Since volumes are just scalars, we can get the unit volume 𝑉0 by
calling the regular GCD of the volume array.

Step 2: Find a minimal parallelogram (whose volume is the unit volume computed in step
1). Recall that in regular GCD, we are dealing with two numbers (scalars). To leverage this in the
vector case, we need to create scalars out of vectors, and make sure that the vectors share the same
linear structure as the scalars so that we can extend division-and-remainder to vectors. A natural
scalar is volume. Now consider two parallelograms P1 and P2, which share 𝐷 − 1 basis vectors
(y3, . . . , y𝐷+1), but last basis vector is different: y1 for P1 and y2 for P2. Denote their volume as 𝑉1
and 𝑉2:

𝑉1 = det(y1, y3, y4, . . . , y𝐷)
𝑉2 = det(y2, y3, y4, . . . , y𝐷)

(7.9)

Since
𝑎𝑉1 + 𝑏𝑉2 = det(𝑎y1 + 𝑏y2, y3, y4, . . . , y𝐷), (7.10)

which shows that (𝑉1,𝑉2) and (y1, y2) share the same linear structure. We can simply apply
division-and-remainder to 𝑉1 and 𝑉2 as in regular GCD:

𝑉 ′1 ,𝑉
′
2 = GCD(𝑉1,𝑉2), (7.11)

whose quotients in all iterations are saved and transferred to y1 and y2:

y′1, y
′
2 = GCD_with_predefined_quotients(y1, y2). (7.12)

If𝑉1 = 𝑉0 (which is the condition for minimal parallelogram), the algorithm terminates and returns
(y′1, y3, y4, · · · , y𝐷). If 𝑉1 > 𝑉0, we need to repeat step 2 with the new vector list {y′1, y3, · · · , y𝑁 }.

Why can we remove y′2 for next iteration? Note that although eventually 𝑉 ′1 > 0 and 𝑉 ′2 = 0,
typically y2 ≠ 0. However, since

0 = 𝑉 ′2 = det(y′2, y3, y4, · · · , y𝐷), (7.13)

this means y′2 is a linear combination of (y3, · · · , y𝐷), hence can be removed from the vector list.
Step 3: Simplification of basis vectors. We want to further simplify basis vectors. For example,

the basis vectors obtained in step 2 may have large norms. For example 𝐷 = 2, the standard integer
lattice has b1 = (1, 0) and b2 = (0, 1), but they are infinitely many possibilities after step 2, as long
as 𝑝𝑡 − 𝑠𝑞 = ±1 for b1 = (𝑝, 𝑞) and b2 = (𝑠, 𝑡), e.g., b1 = (3, 5) and b2 = (4, 7).

To minimize ℓ2 norms, we choose a basis and project-and-subtract for other bases. Note that:
(1) again we are only allowed to subtract integer times of the chosen basis; (2) the volume of the
parallelogram does not change since the project-and-subtract matrix has determinant 1 (suppose
b𝑖 (𝑖 = 2, 3, · · · , 𝐷) are projected to b1 and subtracted by multiples of b1. 𝑝∗ represents projection
integers):

©­­­­­­«

1 𝑝2→1 𝑝3→1 · · · 𝑝𝐷→1
0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

...

0 0 0 · · · 1

ª®®®®®®¬
(7.14)
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Figure 7.6: Both red and blue basis form a minimal parallelogram (in terms of cell volume), but one
can further simplify red to blue by linear combination (simplicity in the sense of small ℓ2 norm).

We do this iteratively, until no norm can become shorter via project-and-subtract. Please see
Figure 7.6 for an illustration of how simplification works for a 2D example.

Computation overhead is actually surprisingly small. In typical cases, we only need to call
𝑂 (1) times of GCD.

Dealing with noise Usually the integer lattice in the hidden space is not perfect, i.e., vulnerable
to noise. How do we extract integer lattices in a robust way in the presence of noise? Note that
the terminating condition for the GCD algorithm is when the remainder is exactly zero - we
relax this condition to that the absolute value of the remainder to be smaller than a threshold
𝜖gcd. Another issue regarding noise is that noise can be accumulated in the GCD iterations, so we
hope that GCD can converge in a few steps. To achieve this, we select hidden states in a small
region with data fraction 𝑝% of the whole data. Since both 𝜖gcd and 𝑝 depends on data and neural
network training which we do not know a priori, we choose to grid sweep 𝜖gcd ∈ [10−3, 1] and
𝑝 ∈ (0.1, 100); for each (𝜖gcd, 𝑝), we obtain an integer lattice and compute its description length.
We select the (𝜖gcd, 𝑝) which gives the lattice with the smallest description length. The description
length includes two parts: integer descriptions of hidden states log(1 + |𝑍 |2), and residual of
reconstruction log(1 + (𝐴𝑍+𝑏−𝑋

𝜖dl
)2) with 𝜖dl = 10−4.

7.6.5 Linear lattice finder

Although our RNN can represent general nonlinear functions, in the special case when the RNN
actually performs linear functions, program synthesis can be much easier. So if the hidden MLP
is linear, we would expect the hidden states to be an integer lattice, because inputs are integer
lattices and the mappings are linear. Effectively the hidden MLP works as a linear function:
h(𝑡) =𝑊ℎh(𝑡−1) +𝑊𝑖x(𝑡) (we neglected the bias term since it is not relevant to finding basis vectors
of a lattice).

Suppose we have input series x(1), x(2), ..., x(𝑡) , then h(𝑡) is

h(𝑡) =
𝑡∑︁

𝑗=1

𝑊
𝑡− 𝑗
ℎ

𝑊𝑖x𝑗 , (7.15)

Since x𝑗 themselves are integer lattices, we could then interpret the following as basis vectors:

𝑊
𝑡− 𝑗
ℎ

𝑊𝑖, 𝑗 = 1, 2, · · · , 𝑡, (7.16)
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which are not necessarily independent. For example, for the task of summing up the last two
numbers,𝑊ℎ𝑊𝑖 and𝑊𝑖 are non-zero vectors and are independent, while others𝑊 𝑛

ℎ
𝑊𝑖 ≈ 0, 𝑛 ≥ 2.

Then𝑊ℎ𝑊𝑖 and𝑊𝑖 are the two basis vectors for the lattice. In general, we measure the norm of all
the candidate basis vectors, and select the first 𝑘 vectors with highest norms, which are exactly
basis vectors of the hidden lattice.

7.6.6 Symbolic regression

The formulation of symbolic regression is that one has data pair (x𝑖, 𝑦𝑖), 𝑖 = 1, 2, . . . , 𝑁 with 𝑁 data
samples. The goal is to find a symbolic formula 𝑓 such that 𝑦𝑖 = 𝑓 (x𝑖). A function is expressed in
reverse polish notation (RPN), for example, |𝑎 | − 𝑐 is expressed as aAc- where 𝐴 stands for the
absolute value function. We have three types of variables:

• type-0 operator. We include input variables and constants.

• type-1 operator (takes in one type-0 to produce one type-0). We include operations {>, <,∼
, 𝐻, 𝐷,𝐴}. > means +1; < means −1; ∼ means negating the number; 𝐷 is dirac delta which
outputs 1 only when taking in 0; 𝐴 is the absolute value function;

• type-2 operator (takes in two type-0 to produce on type-0). We include operations {+, ∗,−,%}.
+ means addition of two numbers; ∗ means multiplication of two numbers; − means sub-
traction of two numbers; % is the remainder of one number module the other.

There are only certain types of templates (a string of numbers consisting of 0,1,2) that are syntacti-
cally correct. For example, 002 is correct while 02 is incorrect. We iterate over all the templates not
longer than 6 symbols, and for each template, we try all the variable combinations. Each variable
combination corresponds to a symbolic equation 𝑓 , for which we can check whether 𝑓 (x𝑖) = 𝑦𝑖
for 100 data points. If success, we terminate the brute force program and return the successful
formula. If brute force search does not find any correct symbolic formula within compute budget,
we will simply return the formula 𝑎, to make sure that the program can still be synthesized but
simply fail to make correct predictions.

7.6.7 Neural Network Normalization Algorithms

It is well known that neural networks exhibit a large amount of symmetry. That is, there are many
transformations that can be applied to networks without affecting the map 𝑦 = 𝑓 (𝑥) that they
compute. A classic example is to permute the neurons within layers.

In this section, we describe a suite of normalizers that we use to transform our networks into
a standard form, such that the algorithms that they learn are easier to interpret. We call our five
normalizers “Whitening”, “Jordan normal form (JNF)”, “Toeplitz”, “De-bias”, and “Quantization”.

The main symmetry which we focus on is a linear transformation of the hidden space h ↦→ Ah,
which requires the following changes to 𝑓 and 𝑔:

𝑓 (h, x) = Wh + Vx + b =⇒ 𝑓 (h, x) = AWA−1h + AVx + Ab
𝑔(h) = 𝐺 (Uh + c) =⇒ 𝑓 (h) = 𝐺 (UA−1h + c)
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and is implemented by changing the weights:

W =⇒ AWA−1

V =⇒ AV
b =⇒ Ab
U =⇒ UA−1

For this symmetry, we can apply an arbitrary invertible similarity transformation A to W,
which is the core idea underlying our normalizers, three of which have their own unique ways of
constructing A, as we describe in the sections below. Most importantly, one of our normalizers
exploits A to convert the hidden-to-hidden transformation W into Jordan normal form, in the case
where 𝑓 is linear. Recent work has shown that large recurrent networks with linear hidden-to-
hidden transformations, such as state space models [46] can perform just as well as transformer-
based models in language modeling on a large scale. A main advantage of using linear hidden-to-
hidden transformations is the possibility of expressing the hidden space in it’s eigenbasis. This
causes the hidden-to-hidden transformation to become diagonal, so that it can be computed more
efficiently. In practice, modern state space models assume diagonality, and go further to assume
the elements on the diagonal are real; they fix the architecture to be this way during training.

By doing this, we ignore the possibility of linear hidden-to-hidden transformations that
cannot be transformed into a real diagonal matrix via diagonalization. Such examples include
rotation matrices (whose eigenvalues may be complex), and shift matrices (whose eigenvalues are
degenerate and whose eigenvectors are duplicated). A more general form than the diagonal form
is the Jordan normal form, which consists of Jordan blocks along the diagonal, each of which has
the form 𝜆I + S for an eigenvalue 𝜆 and the shift matrix S with ones on the superdiagonal and
zeros elsewhere. The diagonalization is a special case of Jordan normal form, and all matrices can
be transformed to Jordan normal form. A simple transformation can also be applied to Jordan
normal forms that contain pairs of complex generalized eigenvectors, to convert them into real
matrices.

For nonlinear hidden-to-hidden transformations, we compute W as though the nonlinearities
have been removed.

Whitening Transformation

Similar to normalizing the means and variances of a dataset before feeding it into a machine
learning model, a good first preprocessing step is to normalize the distribution of hidden states.
We therefore choose to apply a whitening transformation to the hidden space. To compute the
transformation, we compute the covariance matrix of hidden activations across the dataset, and use
the singular value decomposition (SVD) of this covariance matrix to find the closest transformation
to the identity that will bring this covariance matrix to the identity. We ignore any directions
with covariance less than 𝜖 = 0.1, which cause more instability when normalized. We then
post-apply this transformation to the last linear layer of the hidden-to-hidden transformation and
its biases, and pre-apply its inverse to the first layers of the hidden-to-hidden and hidden-to-output
transformations. This leaves the net behavior of the network unchanged. Other transformations
which we use in other normalizers operate in a similar manner, by post-applying and pre-applying
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a transformation and its inverse transformation to the first and last layers that interact with the
hidden space.

Jordan Normal Form Transformation

Critically, the hidden-to-hidden transformations which we would like to convert into Jordan
normal form are imperfect because they are learned. Eigenvectors belonging to each Jordan block
must be identical, whereas this will only be approximately true of the learned transformation.

The Jordan normal form of a matrix is unstable; consider a matrix

W =

(
0 1
𝛿 0

)
which, when 𝛿 ≠ 0, can be transformed into Jordan normal form by:(

0 1
𝛿 0

)
=

(
1 1√
𝛿 −
√
𝛿

)
︸        ︷︷        ︸

T

(√
𝛿 0

0 −
√
𝛿

) (
1 1√
𝛿 −
√
𝛿

)−1

(7.17)

but when 𝛿 = 0, is transformed into Jordan normal form by:(
0 1
0 0

)
=

(
1 0
0 1

)
︸ ︷︷ ︸

T

(
0 1
0 0

) (
1 0
0 1

)−1

(7.18)

As we can see, all of the matrices in the decomposition are unstable near 𝛿 = 0, so the issue of
error thresholding is not only numerical, but is mathematical in nature as well.

We would like to construct an algorithm which computes the Jordan normal form with an
error threshold |𝛿 | < 𝜖 = 0.7 within which the algorithm will pick the transformation T from
Equation (7.18) instead of from Equation (7.17).

Our algorithm first computes the eigenvalues 𝜆𝑖 , and then iteratively solves for the generalized
eigenvectors which lie in ker((W − 𝜆I)k) for increasing 𝑘 . The approximation occurs whenever
we compute the kernel (of unknown dimension) of a matrix X; we take the SVD of X and treat
any singular vectors as part of the nullspace if their singular values are lower than the threshold
𝜖 , calling the result 𝜖-ker(X).

Spaces are always stored in the form of a rectangular matrix F of orthonormal vectors, and
their dimension is always the width of the matrix. We build projections using proj(F) = FF𝐻 ,
where F𝐻 denotes the conjugate transpose of F. We compute kernels ker(X) of known dimension
of matrices X by taking the SVD X = V1𝑆V𝐻

2 and taking the last singular vectors in V𝐻
2 . We

compute column spaces of projectors of known dimension by taking the top singular vectors of
the SVD.

The steps in our algorithm are as follows:

1. Solve for the eigenvalues 𝜆𝑖 of W, and check that eigenvalues that are within 𝜖 of each other
form groups, ie. that |𝜆𝑖 − 𝜆𝑗 | ≤ 𝜖 and |𝜆𝑗 − 𝜆𝑘 | ≤ 𝜖 always implies |𝜆𝑘 − 𝜆𝑖 | ≤ 𝜖 . Compute
the mean eigenvalue for every group.

201



2. Solve for the approximate kernels of W − 𝜆I for each mean eigenvalue 𝜆. We will denote
this operation by 𝜖-ker(W − 𝜆I). We represent these kernels by storing the singular vectors
whose singular values are lower than 𝜖 . Also, construct a “corrected matrix” of W − 𝜆I for
every 𝜆 by taking the SVD, discarding the low singular values, and multiplying the pruned
decomposition back together again.

3. Solve for successive spaces F𝑘 of generalized eigenvectors at increasing depths 𝑘 along the
set of Jordan chains with eigenvalue 𝜆, for all 𝜆. In other words, find chains of mutually
orthogonal vectors which are mapped to zero after exactly 𝑘 applications of the map
W − 𝜆I. We first solve for F0 = ker(W − 𝜆I). Then for 𝑘 > 0, we first solve for J𝑘 =

𝜖-ker((𝐼 − proj(F𝑘−1)) (W − 𝜆I)) and deduce the number of chains which reach depth 𝑘

from the dimension of J𝑘 , and then solve for F𝑘 = col(proj(J𝑘) − proj(F0)).

4. Perform a consistency check to verify that the dimensions of F𝑘 always stay the same or
decrease with 𝑘 . Go through the spaces F𝑘 in reverse order, and whenever the dimension
of F𝑘 decreases, figure out which direction(s) are not mapped to by applying W − 𝜆I to
F𝑘+1. Do this by building a projector J from mapping vectors representing F𝑘+1 through
W − 𝜆I, and taking col(proj(F𝑘) − J). Solve for the Jordan chain by repeatedly applying
proj(F𝑖) (W𝑖 − 𝜆I) for 𝑖 starting from 𝑘 − 1 and going all the way down to zero.

5. Concatenate all the Jordan chains together to form the transformation matrix T.

The transformation T consists of generalized eigenvectors which need not be completely real
but may also include pairs of generalized eigenvectors that are complex conjugates of each other.
Since we do not want the weights of our normalized network to be complex, we also apply a
unitary transformation which changes any pair of complex generalized eigenvectors into a pair of
real vectors, and the resulting block of W into a multiple of a rotation matrix. As an example, for
a real 2 by 2 matrix W with complex eigenvectors, we have

W = T
(
𝑎 + 𝑏𝑖 0

0 𝑎 − 𝑏𝑖

)
T−1

= TT′
(
𝑎 −𝑏
𝑏 𝑎

)
(TT′)−1, T′ =

1
√

2

(
1 𝑖

1 −𝑖

)
Toeplitz Transformation

Once W is in Jordan normal form, each Jordan block is an upper triangular Toeplitz matrix.
Upper-triangular Toeplitz matrices, including Jordan blocks, will always commute with each
other, because they are all polynomials of the shift matrix (which has ones on the superdiagonal
and zeros elsewhere,) and therefore these transformations will leave W unchanged, but will
still affect V. We split V up into parts operated on by each Jordan block, and use these Toeplitz
transformations to reduce the most numerically stable columns of each block of V to one-hot
vectors. The numerically stability of a column vector is determined by the absolute value of the
bottom element of that column vector, since it’s inverse will become the degenerate eigenvalues
of the resulting Toeplitz matrix. If no column has a numerically stability above 𝜖 = 0.0001, we
pick the identity matrix for our Toeplitz transformation.
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De-biasing Transformation

Oftentimes, W is not full rank, and has a nontrivial nullspace. The bias b will have some component
in the direction of this nullspace, and eliminating this component only affects the behavior of
the output network 𝑔, and the perturabtion cannot carry on to the remainder of the sequence via
𝑓 . Therefore, we eliminate any such component, and compensate accordingly by modifying the
bias in the first affine layer of 𝑔. We identify the nullspaces by taking an SVD and identifying
components whose singular value is less than 𝜖 = 0.1.

Quantization Transformation

After applying all of the previous transformations to the RNN, it is common for many of the
weights to become close to zero or some other small integer. Treating this as a sign that the
network is attempting to implement discrete operations using integers, we snap any weights and
biases that are within a threshold 𝜖 = 0.01 of an integer, to that integer. For certain simple tasks,
sometimes this allows the entire network to become quantized.

7.6.8 Supplementary training data details

Here we present additional details on the benchmark tasks marked "see text" in Table 7.1:

• Div_3/5/7: This is a long division task for binary numbers. The input is a binary number,
and the output is that binary number divided by 3, 5, or 7, respectively. The remainder is
discarded. For example, we have 1000011/11=0010110 (67/3=22). The most significant bits
occur first in the sequence.

• Dithering: This is a basic image color quantization task, for 1D images. We map 4-bit images
to 1-bit images such that the cumulative sum of pixel brightnesses of both the original and
dithered images remains as close as possible.

• Newton_Gravity: This is an euler forward propagation technique which follows the equa-
tion 𝐹 = input − 1, 𝑣 ↦→ 𝑣 + 𝐹, 𝑥 ↦→ 𝑥 + 𝑣 .

• Newton_Spring: This is an euler forward propagation technique which follows the equation
𝐹 = input − 𝑥, 𝑣 ↦→ 𝑣 + 𝐹, 𝑥 ↦→ 𝑥 + 𝑣 .

• Newton_Magnetic: This is an euler forward propagation technique which follows the
equation 𝐹𝑥 = input1 − 𝑣𝑦, 𝐹𝑦 = input2 + 𝑣𝑥 , v ↦→ v + F, x ↦→ x + v.

7.6.9 Generated programs

This section includes all successfully generated Python programs.
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Binary-Addition

1

2 def f(s,t):
3 a = 0;b = 0;
4 ys = []
5 for i in range(10):
6 c = s[i]; d = t[i];
7 next_a = b ^ c ^ d
8 next_b = b+c+d>1
9 a = next_a;b = next_b;

10 y = a
11 ys.append(y)
12 return ys

Bitwise-Xor

1

2 def f(s,t):
3 a = 0;
4 ys = []
5 for i in range(10):
6 b = s[i]; c = t[i];
7 next_a = b ^ c
8 a = next_a;
9 y = a

10 ys.append(y)
11 return ys

Bitwise-Or

1

2 def f(s,t):
3 a = 0;
4 ys = []
5 for i in range(10):
6 b = s[i]; c = t[i];
7 next_a = b+c>0
8 a = next_a;
9 y = a

10 ys.append(y)
11 return ys
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Bitwise-And

1

2 def f(s,t):
3 a = 0;b = 1;
4 ys = []
5 for i in range(10):
6 c = s[i]; d = t[i];
7 next_a = (not a and not b and c and d) or (not a and b and not c and d) or (

not a and b and c and not d) or (not a and b and c and d) or (a and not b and c and
d) or (a and b and c and d)

8 next_b = c+d==0 or c+d==2
9 a = next_a;b = next_b;

10 y = a+b>1
11 ys.append(y)
12 return ys

Bitwise-Not

1

2 def f(s):
3 a = 1;
4 ys = []
5 for i in range(10):
6 x = s[i]
7 next_a = x
8 a = next_a;
9 y = -a+1

10 ys.append(y)
11 return ys

Parity-Last2

1

2 def f(s):
3 a = 0;b = 0;
4 ys = []
5 for i in range(10):
6 c = s[i]
7 next_a = c
8 next_b = a ^ c
9 a = next_a;b = next_b;

10 y = b
11 ys.append(y)
12 return ys
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Parity-Last3

1

2 def f(s):
3 a = 0;b = 0;c = 0;
4 ys = []
5 for i in range(10):
6 d = s[i]
7 next_a = d
8 next_b = c
9 next_c = a

10 a = next_a;b = next_b;c = next_c;
11 y = a ^ b ^ c
12 ys.append(y)
13 return ys

Parity-All

1

2 def f(s):
3 a = 0;
4 ys = []
5 for i in range(10):
6 b = s[i]
7 next_a = a ^ b
8 a = next_a;
9 y = a

10 ys.append(y)
11 return ys

Parity-Zeros

1

2 def f(s):
3 a = 0;
4 ys = []
5 for i in range(10):
6 b = s[i]
7 next_a = a+b==0 or a+b==2
8 a = next_a;
9 y = a

10 ys.append(y)
11 return ys

Sum-All

1

2 def f(s):
3 a = 884;
4 ys = []
5 for i in range(10):
6 x = s[i]
7 next_a = a-x
8 a = next_a;
9 y = -a+884

10 ys.append(y)
11 return ys
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Sum-Last2

1

2 def f(s):
3 a = 0;b = 99;
4 ys = []
5 for i in range(10):
6 x = s[i]
7 next_a = -b+x+99
8 next_b = -x+99
9 a = next_a;b = next_b;

10 y = a
11 ys.append(y)
12 return ys

Sum-Last3

1

2 def f(s):
3 a = 0;b = 198;c = 0;
4 ys = []
5 for i in range(10):
6 x = s[i]
7 next_a = x
8 next_b = -a-x+198
9 next_c = -b+198

10 a = next_a;b = next_b;c = next_c;
11 y = a+c
12 ys.append(y)
13 return ys

Sum-Last4

1

2 def f(s):
3 a = 0;b = 99;c = 0;d = 99;
4 ys = []
5 for i in range(10):
6 x = s[i]
7 next_a = c
8 next_b = -x+99
9 next_c = -b-d+198

10 next_d = b
11 a = next_a;b = next_b;c = next_c;d = next_d;
12 y = a-b-d+198
13 ys.append(y)
14 return ys
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Sum-Last5

1

2 def f(s):
3 a = 198;b = -10;c = -2;d = 482;e = 1;
4 ys = []
5 for i in range(20):
6 x = s[i]
7 next_a = -b+c+190
8 next_b = b-c-d-e+x+480
9 next_c = b-e+8

10 next_d = -b+e-x+472
11 next_e = a+b-e-187
12 a = next_a;b = next_b;c = next_c;d = next_d;e = next_e;
13 y = -d+483
14 ys.append(y)
15 return ys

Sum-Last6

1

2 def f(s):
3 a = 0;b = 295;c = 99;d = 0;e = 297;f = 99;
4 ys = []
5 for i in range(20):
6 x = s[i]
7 next_a = -b+295
8 next_b = b-c+f
9 next_c = b-c+d-97

10 next_d = -f+99
11 next_e = -a+297
12 next_f = -x+99
13 a = next_a;b = next_b;c = next_c;d = next_d;e = next_e;f = next_f;
14 y = -b+c-e-f+592
15 ys.append(y)
16 return ys

Sum-Last7

1

2 def f(s):
3 a = 297;b = 198;c = 0;d = 99;e = 0;f = -15;g = 0;
4 ys = []
5 for i in range(20):
6 x = s[i]
7 next_a = -a+d-f+g+480
8 next_b = a-d
9 next_c = d+e-99

10 next_d = -c+99
11 next_e = -b+198
12 next_f = -c+f+x
13 next_g = x
14 a = next_a;b = next_b;c = next_c;d = next_d;e = next_e;f = next_f;g = next_g;
15 y = -d+f+114
16 ys.append(y)
17 return ys
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Current-Number

1

2 def f(s):
3 a = 99;
4 ys = []
5 for i in range(10):
6 x = s[i]
7 next_a = -x+99
8 a = next_a;
9 y = -a+99

10 ys.append(y)
11 return ys

Prev1

1

2 def f(s):
3 a = 0;b = 99;
4 ys = []
5 for i in range(10):
6 x = s[i]
7 next_a = -b+99
8 next_b = -x+99
9 a = next_a;b = next_b;

10 y = a
11 ys.append(y)
12 return ys

Prev2

1

2 def f(s):
3 a = 99;b = 0;c = 0;
4 ys = []
5 for i in range(10):
6 x = s[i]
7 next_a = -x+99
8 next_b = -a+99
9 next_c = b

10 a = next_a;b = next_b;c = next_c;
11 y = c
12 ys.append(y)
13 return ys
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Prev3

1

2 def f(s):
3 a = 0;b = 0;c = 99;d = 99;
4 ys = []
5 for i in range(10):
6 x = s[i]
7 next_a = b
8 next_b = -c+99
9 next_c = d

10 next_d = -x+99
11 a = next_a;b = next_b;c = next_c;d = next_d;
12 y = a
13 ys.append(y)
14 return ys

Prev4

1

2 def f(s):
3 a = 0;b = 99;c = 0;d = 99;e = 0;
4 ys = []
5 for i in range(10):
6 x = s[i]
7 next_a = c
8 next_b = -a+99
9 next_c = -d+99

10 next_d = -e+99
11 next_e = x
12 a = next_a;b = next_b;c = next_c;d = next_d;e = next_e;
13 y = -b+99
14 ys.append(y)
15 return ys

Prev5

1

2 def f(s):
3 a = 0;b = 0;c = 99;d = 99;e = 99;f = 99;
4 ys = []
5 for i in range(20):
6 x = s[i]
7 next_a = -c+99
8 next_b = -d+99
9 next_c = -b+99

10 next_d = e
11 next_e = f
12 next_f = -x+99
13 a = next_a;b = next_b;c = next_c;d = next_d;e = next_e;f = next_f;
14 y = a
15 ys.append(y)
16 return ys
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Previous-Equals-Current

1

2 def f(s):
3 a = 0;b = 0;
4 ys = []
5 for i in range(10):
6 c = s[i]
7 next_a = delta(c-b)
8 next_b = c
9 a = next_a;b = next_b;

10 y = a
11 ys.append(y)
12 return ys

Diff-Last2

1

2 def f(s):
3 a = 199;b = 100;
4 ys = []
5 for i in range(10):
6 x = s[i]
7 next_a = -a-b+x+498
8 next_b = a+b-199
9 a = next_a;b = next_b;

10 y = a-199
11 ys.append(y)
12 return ys

Abs-Diff

1

2 def f(s):
3 a = 100;b = 100;
4 ys = []
5 for i in range(10):
6 c = s[i]
7 next_a = b
8 next_b = c+100
9 a = next_a;b = next_b;

10 y = abs(b-a)
11 ys.append(y)
12 return ys
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Abs-Current

1

2 def f(s):
3 a = 0;
4 ys = []
5 for i in range(10):
6 b = s[i]
7 next_a = abs(b)
8 a = next_a;
9 y = a

10 ys.append(y)
11 return ys

Bit-Shift-Right

1

2 def f(s):
3 a = 0;b = 1;
4 ys = []
5 for i in range(10):
6 x = s[i]
7 next_a = -b+1
8 next_b = -x+1
9 a = next_a;b = next_b;

10 y = a
11 ys.append(y)
12 return ys

Bit-Dot-Prod-Mod2

1

2 def f(s,t):
3 a = 0;
4 ys = []
5 for i in range(10):
6 b = s[i]; c = t[i];
7 next_a = (not a and b and c) or (a and not b and not c) or (a and not b and c)

or (a and b and not c)
8 a = next_a;
9 y = a

10 ys.append(y)
11 return ys

Add-Mod-3

1

2 def f(s):
3 a = 0;
4 ys = []
5 for i in range(10):
6 b = s[i]
7 next_a = (b+a)%3
8 a = next_a;
9 y = a

10 ys.append(y)
11 return ys
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Newton-Freebody

1

2 def f(s):
3 a = 82;b = 393;
4 ys = []
5 for i in range(10):
6 x = s[i]
7 next_a = a-x
8 next_b = -a+b+82
9 a = next_a;b = next_b;

10 y = -a+b-311
11 ys.append(y)
12 return ys

Newton-Gravity

1

2 def f(s):
3 a = 72;b = 513;
4 ys = []
5 for i in range(10):
6 x = s[i]
7 next_a = a-x+1
8 next_b = -a+b+x+71
9 a = next_a;b = next_b;

10 y = b-513
11 ys.append(y)
12 return ys

Newton-Spring

1

2 def f(s):
3 a = 64;b = 57;
4 ys = []
5 for i in range(10):
6 x = s[i]
7 next_a = a+b-x-57
8 next_b = -a+121
9 a = next_a;b = next_b;

10 y = -a+64
11 ys.append(y)
12 return ys

7.6.10 Formal Verification

The Dafny programming language is designed so that programs can be formally verified for
correctness. The desired behavior of a program can be explicitly specified via preconditions, post-
conditions, and invariants, which are verified via automated theorem proving. These capabilities
make Dafny useful in fields where correctness and safety are crucial.

We leverage Dafny’s robust verification capabilities to prove the correctness of the bit addition
Python program synthesized by MIPS. The bit addition Python program was first converted to
Dafny, then annotated with specific assertions, preconditions, and postconditions that defined
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the expected behavior of the code. Each annotation in the code was then formally verified by
Dafny, ensuring that under all possible valid inputs, the code’s output would be consistent with
the expected behavior. On line 79, we show that the algorithm found by MIPS is indeed equivalent
to performing bit addition with length 10 bitvectors in Dafny.

Dafny-Code

1

2 function ArrayToBv10(arr: array<bool>): bv10 // Converts boolean array to bitvector
3 reads arr
4 requires arr.Length == 10
5 {
6 ArrayToBv10Helper(arr, arr.Length - 1)
7 }
8

9 function ArrayToBv10Helper(arr: array<bool>, index: nat): bv10
10 reads arr
11 requires arr.Length == 10
12 requires 0 <= index < arr.Length
13 decreases index
14 ensures forall i :: 0 <= i < index ==> ((ArrayToBv10Helper(arr, i) >> i) & 1) == (if

arr[i] then 1 else 0)
15 {
16 if index == 0 then
17 (if arr[0] then 1 else 0) as bv10
18 else
19 var bit: bv10 := if arr[index] then 1 as bv10 else 0 as bv10;
20 (bit << index) + ArrayToBv10Helper(arr, index - 1)
21 }
22

23 method ArrayToSequence(arr: array<bool>) returns (res: seq<bool>) // Converts boolean
array to boolean sequence

24 ensures |res| == arr.Length
25 ensures forall k :: 0 <= k < arr.Length ==> res[k] == arr[k]
26 {
27 res := [];
28 var i := 0;
29 while i < arr.Length
30 invariant 0 <= i <= arr.Length
31 invariant |res| == i
32 invariant forall k :: 0 <= k < i ==> res[k] == arr[k]
33 {
34 res := res + [arr[i]];
35 i := i + 1;
36 }
37 }
38
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39 function isBitSet(x: bv10, bitIndex: nat): bool
40 requires bitIndex < 10
41 ensures isBitSet(x, bitIndex) <==> (x & (1 << bitIndex)) != 0
42 {
43 (x & (1 << bitIndex)) != 0
44 }
45

46 function Bv10ToSeq(x: bv10): seq<bool> // Converts bitvector to boolean sequence
47 ensures |Bv10ToSeq(x)| == 10
48 ensures forall i: nat :: 0 <= i < 10 ==> Bv10ToSeq(x)[i] == isBitSet(x, i)
49 {
50 [isBitSet(x, 0), isBitSet(x, 1), isBitSet(x, 2), isBitSet(x, 3),
51 isBitSet(x, 4), isBitSet(x, 5), isBitSet(x, 6), isBitSet(x, 7),
52 isBitSet(x, 8), isBitSet(x, 9)]
53 }
54

55 function BoolToInt(a: bool): int {
56 if a then 1 else 0
57 }
58

59 function XOR(a: bool, b: bool): bool {
60 (a || b) && !(a && b)
61 }
62

63 function BitAddition(s: array<bool>, t: array<bool>): seq<bool> // Performs
traditional bit addition

64 reads s
65 reads t
66 requires s.Length == 10 && t.Length == 10
67 {
68 var a: bv10 := ArrayToBv10(s);
69 var b: bv10 := ArrayToBv10(t);
70 var c: bv10 := a + b;
71

72 Bv10ToSeq(c)
73 }
74

75 method f(s: array<bool>, t: array<bool>) returns (sresult: seq<bool>) // Generated
program for bit addition

76 requires s.Length == 10 && t.Length == 10
77 ensures |sresult| == 10
78 ensures forall i :: 0 <= i && i < |sresult| ==> sresult[i] == ((s[i] != t[i]) != (i

> 0 && ((s[i-1] || t[i-1]) && !(sresult[i-1] && (s[i-1] != t[i-1])))))
79 ensures BitAddition(s, t) == sresult // Verification of correctness
80 {
81 var a: bool := false;
82 var b: bool := false;
83 var result: array<bool> := new bool[10];
84 var i: int := 0;
85

86 while i < result.Length
87 invariant 0 <= i <= result.Length
88 invariant forall j :: 0 <= j < i ==> result[j] == false
89 {
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90 result[i] := false;
91 i := i + 1;
92 }
93

94 i := 0;
95

96 assert forall j :: 0 <= j < result.Length ==> result[j] == false;
97

98 while i < result.Length
99 invariant 0 <= i <= result.Length

100 invariant b == (i > 0 && ((s[i-1] || t[i-1]) && !(result[i-1] && (s[i-1] != t[i
-1]))))

101 invariant forall j :: 0 <= j < i ==> result[j] == ((s[j] != t[j]) != (j > 0 && ((s
[j-1] || t[j-1]) && !(result[j-1] && (s[j-1] != t[j-1])))))

102 {
103 assert b == (i > 0 && ((s[i-1] || t[i-1]) && !(result[i-1] && (s[i-1] != t[i-1])))

);
104

105 result[i] := XOR(b, XOR(s[i], t[i]));
106 b := BoolToInt(b) + BoolToInt(s[i]) + BoolToInt(t[i]) > 1;
107 assert b == ((s[i] || t[i]) && !(result[i] && (s[i] != t[i])));
108

109 i := i + 1;
110 }
111

112 sresult := ArrayToSequence(result);
113 }
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Table 7.2: AutoML architecture search results. All networks achieved 100% accuracy on at least
one test batch.

Task # Task Name 𝑛 𝑤𝑓 𝑑𝑓 𝑤𝑔 𝑑𝑔 Train Loss Test Loss
1 Binary_Addition 2 4 2 – 1 0 0
2 Base_3_Addition 2 5 2 – 1 0 0
3 Base_4_Addition 2 5 2 – 1 0 0
4 Base_5_Addition 2 5 2 – 1 0 0
5 Base_6_Addition 2 6 2 – 1 2.45e-09 2.53e-09
6 Base_7_Addition 2 10 2 – 1 2.32e-06 2.31e-06
7 Bitwise_Xor 1 2 2 – 1 0 0
8 Bitwise_Or 1 – 1 – 1 3.03e-02 3.03e-02
9 Bitwise_And 1 – 1 – 1 3.03e-02 3.03e-02
10 Bitwise_Not 1 – 1 – 1 0 0
11 Parity_Last2 1 229 2 – 1 1.68e-02 1.69e-02
12 Parity_Last3 2 5 2 – 1 1.62e-04 1.64e-04
13 Parity_Last4 3 29 2 – 1 3.07e-07 2.99e-07
14 Parity_All 1 2 2 – 1 0 0
15 Parity_Zeros 1 2 2 – 1 0 0
16 Evens_Counter 4 73 3 – 1 8.89e-05 8.88e-05
17 Sum_All 1 – 1 – 1 6.09e-08 6.13e-08
18 Sum_Last2 2 – 1 – 1 0 0
19 Sum_Last3 3 – 1 – 1 6.34e-07 6.35e-07
20 Sum_Last4 4 – 1 – 1 2.10e-04 2.11e-04
21 Sum_Last5 5 – 1 – 1 8.86e-03 8.87e-03
22 Sum_Last6 6 – 1 – 1 1.82e-02 1.81e-02
23 Sum_Last7 7 – 1 – 1 3.03e-02 3.01e-02
24 Current_Number 1 – 1 – 1 0 0
25 Prev1 2 – 1 – 1 0 0
26 Prev2 3 – 1 – 1 0 0
27 Prev3 4 – 1 – 1 0 0
28 Prev4 5 – 1 – 1 2.04e-07 2.05e-07
29 Prev5 6 – 1 – 1 6.00e-05 5.96e-05
30 Previous_Equals_Current 2 5 2 – 1 6.72e-05 6.61e-05
31 Diff_Last2 2 – 1 – 1 0 0
32 Abs_Diff 2 – 1 2 2 1.84e-07 1.84e-07
33 Abs_Current 1 2 2 – 1 4.51e-08 5.71e-08
34 Diff_Abs_Values 2 4 2 – 1 3.15e-06 2.96e-06
35 Min_Seen 1 2 2 – 1 0 0
36 Max_Seen 1 2 2 – 1 1.46e-12 0
37 Majority_0_1 1 63 2 – 1 4.03e-03 4.05e-03
38 Majority_0_2 4 98 2 – 1 1.64e-04 1.71e-04
39 Majority_0_3 21 132 3 – 1 6.94e-05 6.86e-05
40 Evens_Detector 5 163 2 – 1 8.18e-04 8.32e-04
41 Perfect_Square_Detector 48 100 2 – 1 1.92e-03 1.97e-03
42 Bit_Palindrome 18 86 2 – 1 3.81e-05 3.69e-05
43 Balanced_Parenthesis 1 16 2 – 1 7.44e-03 7.10e-03
44 Parity_Bits_Mod2 1 – 1 – 1 0 0
45 Alternating_Last3 2 3 2 – 1 1.85e-02 1.87e-02
46 Alternating_Last4 2 3 2 – 1 8.24e-06 8.09e-06
47 Bit_Shift_Right 2 – 1 – 1 0 0
48 Bit_Dot_Prod_Mod2 1 3 2 – 1 0 0
49 Div_3 2 59 2 – 1 6.40e-03 6.43e-03
50 Div_5 4 76 2 – 1 1.50e-04 1.55e-04
51 Div_7 4 103 2 – 1 6.65e-04 6.63e-04
52 Add_Mod_3 1 149 2 – 1 1.02e-03 1.04e-03
53 Add_Mod_4 2 33 2 – 1 1.53e-04 1.44e-04
54 Add_Mod_5 3 43 2 – 1 1.02e-03 1.03e-03
55 Add_Mod_6 4 108 2 – 1 6.14e-04 6.12e-04
56 Add_Mod_7 4 199 2 – 1 3.96e-04 4.07e-04
57 Add_Mod_8 67 134 2 – 1 8.53e-04 8.34e-04
58 Dithering 81 166 2 – 1 7.72e-04 7.75e-04
59 Newton_Freebody 2 – 1 – 1 2.61e-07 2.62e-07
60 Newton_Gravity 2 – 1 – 1 1.81e-07 1.87e-07
61 Newton_Spring 2 – 1 – 1 0 0
62 Newton_Magnetic 4 – 1 – 1 8.59e-05 8.60e-05
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Chapter 8

The Geometry of Concepts: Sparse
Autoencoder Feature Structure*

This is the first chapter in this thesis on sparse autoencoders (SAEs), which attempt to
decompose neural network activation vectors into a sum of sparsely occurring “features”.
This work finds a variety of structure to these features. In my section (8.4), on “brain”-lobes, I
find that features which point in similar directions also tend to fire together within the same
document. This suggests a that a kind of “coarse graining” of SAE features is possible–groups
of SAE features, and not just individual SAE features, may reflect meaningful units of the
model, raising interesting questions about whether there is any “right” level of analysis for
decomposing a neural network.

Abstract

Sparse autoencoders have recently produced dictionaries of high-dimensional vectors correspond-
ing to the universe of concepts represented by large language models. We find that this concept
universe has interesting structure at three levels: 1) The “atomic" small-scale structure contains
“crystals" whose faces are parallelograms or trapezoids, generalizing well-known examples such as
(man:woman::king:queen). We find that the quality of such parallelograms and associated function
vectors improves greatly when projecting out global distractor directions such as word length,
which is efficiently done with linear discriminant analysis. 2) The “brain" intermediate-scale
structure has significant spatial modularity; for example, math and code features form a “lobe"
akin to functional lobes seen in neural fMRI images. We quantify the spatial locality of these lobes
with multiple metrics and find that clusters of co-occurring features, at coarse enough scale, also
cluster together spatially far more than one would expect if feature geometry were random. 3)
The “galaxy" scale large-scale structure of the feature point cloud is not isotropic, but instead
has a power law of eigenvalues with steepest slope in middle layers. We also quantify how the
clustering entropy depends on the layer.

∗Yuxiao Li, Eric J. Michaud, David D. Baek, Joshua Engels, Xiaoqing Sun, and Max Tegmark. “The geometry of
concepts: Sparse autoencoder feature structure.” Entropy 27, no. 4 (2025): 344.
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8.1 Introduction

While large language models (LLMs) now exhibit a variety of impressive abilities [1–3], we
largely do not understand the internal cognition that underlies the behavior of these systems.
This lack of transparency may pose a challenge for a variety of AI safety [4] concerns. For
instance, it may be difficult to tell whether seemingly-benign model behavior in any particular
instance is sycophantic [5] or deceptive [6] without an analysis of the internals of the system.
Such “interpretability” analysis has already shown promise in auditing AI systems [7] to identify
misaligned goals [8]. As systems become more powerful, there is a need for methods to further
our understanding of the internal representations and algorithms learned by these systems [9,10].

The past year has seen a breakthrough in understanding how large language models work:
sparse autoencoders (SAEs) have discovered large numbers of vectors (“features") in their activa-
tion space that can be interpreted as concepts [11–13]. These advances build on earlier studies
applying sparse coding to artificial neural network representations [14–16], and to earlier work
in neuroscience on biological neural representations [17,18]. Underlying this work is the idea
that neural networks use sparse coding to represent concepts in their activation space [19]. In
particular, sparse autoencoders are motivated by the assumptions that (1) networks compute a
variety of “features” from their input, (2) features are represented as one-dimensional directions
in activation space {𝒅𝑖}, (3) features are represented simply by adding them to the network’s
activations, so activation vectors take the form

∑
𝑖 𝑓𝑖𝒅𝑖 , and (4) the coefficients 𝑓𝑖 are sparse – only

a small subset of all possible features “fire” at once. The combination of assumptions (2) - (4) has
been called the Linear Representation Hypothesis [20–22].

If these assumptions hold, we could automatically discover these features with sparse dictionary
learning. Sparse dictionary learning attempts to learn an overcomplete basis (dictionary) {𝒅𝑖}
such that vectors 𝒙 from a given distribution can be represented as sparse linear combinations of
dictionary elements. Sparse autoencoders offer a simple approach to sparse dictionary learning.
Sparse autoencoders consist of a learnable encoder function Enc, which maps vectors 𝒙 ∈ ℝ𝑛 to a
hidden latent representation 𝒇 ∈ ℝ𝑚 , and a decoder Dec which maps latent 𝒇 back to 𝒙 ∈ ℝ𝑛 . The
objective of the sparse autoencoder is to accurately reconstruct the input 𝒙 from a sparse latent
representation, and are trained with gradient descent with a loss function like:

L = | |𝒙 − Dec(Enc(𝒙)) | |22 + 𝜆 | |𝒇 | |0.

Sparse autoencoders use a linear decoder Dec(𝒇 ) =𝑾𝑑𝒇 + 𝑏𝑑 , so that the output of the SAE can
be interpreted as a linear combination of features: 𝒙 =

∑
𝑖 𝑓𝑖𝑾

𝑖
𝑑
+ 𝒃𝑑 . In practice, hidden latents

discovered by sparse autoencoders tend to be more interpretable than neurons, activating in more
consistent contexts [11,12], suggesting that they may be learning the true latents underlying the
network’s computation. For AI safety, sparse autoencoders have shown some preliminary success:
Ref [7] report specially training an LLM to have a hidden objective, and then challenging separate
teams of researchers to identify this objective. One team was able to quickly identify this objective
by looking at sparse autoencoder features which activated when the LLM was prompted to exhibit
“potentially concerning behaviors”, and then looking at examples in the training data where that
same feature fired.

Although some early work motivating sparse autoencoders suggested that networks would
arrange features maximally spread apart (approximately orthogonal) [19], recent works have
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suggested that features may have a more sophisticated geometric structure [13,22]. Recently,
a large collection of SAEs have been made publicly available [23], so it is timely to study their
structure at various scales. Thus, the present paper examines sparse autoencoder feature structure
at three separate spatial scales, which we refer to informally as the “atom” scale, “brain” scale, and
“galaxy” scale. These playful analogies are not meant to be precise, but instead gesture at certain
concepts and methods of analysis from other fields which we apply to understanding language
model feature structure.

This paper is organized as follows. In Section 8.2, we summarize related work. In Section 8.3, we
investigate if the “atomic" small-scale structure contains “crystals" whose faces are parallelograms
or trapezoids, generalizing well-known examples such as (man:woman::king:queen). In Section 8.4,
we test if the “brain" intermediate-scale structure has functional modularity akin to biological
brains. In Section 8.5, we study the “galaxy" scale large-scale structure of the feature point
cloud, testing whether it is more interestingly shaped and clustered than an isosropic Gaussian
distribution, and conclude in Section 8.6.

8.2 Related work

Neural network geometry Many past works have studied the geometry of neural network
activations. These works find that the intrinsic dimension of neural network hidden states
are much lower than the full model dimension [24], that nearby vectors in activation space
are semantically similar [25], and that at local minima well generalizing neural network loss
landscapes have many “flat” directions [26]. Other works study how representations evolve
through models; one hypotheses is “iterative inference”, which claims that neural networks
iteratively refine activations layer by layer [27,28]. A contrasting hypothesis is a circuits view,
which holds that information flows in discrete steps along a directed acyclic graph through the
model, and representations cleanly change between steps [29]. Another work [30] found that
representations of hierarchically related concepts are orthogonal to each other while categorical
concepts are represented as polytopes. Our work is in the same vein as these earlier analysis, but
differs in an important way because we use the SAE basis, which represents the model’s atomic
concept space instead of its activation space.

SAE feature structure: Sparse autoencoders (SAEs) are a recent approach for discovering
interpretable language model features without supervision, although relatively few works have
examined SAE feature structure. Bricken et al. [12] and Templeton et al. [13] both visualize SAE
features with UMAP projections and notice that features tend to group together in “neighborhoods”
of related features, in contrast to the approximately-orthogonal geometry observed in the toy
model of Elhage et al. [19]. Engels et al. [22] find examples of SAE structure where multiple SAE
features appear to reconstruct a multi-dimensional feature with interesting geometry, and multiple
authors have recently speculated that SAE vectors might contain more important structures
[31,32]. Bussmann et al. [33] suggest that SAE features are in fact linear combinations of more
atomic features, and discover these more atomic latents with “meta SAEs”. Our discussion of
crystal structure in SAE features is related to this idea that seemingly atomic representations
might be composed of more atomic representations.

Semantically Meaningful Linear Representations: Early work found that word embedding
methods such as GloVe and Word2vec contained directions encoding semantic concepts, e.g.
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the well-known formula f(king) - f(man) + f(woman) = f(queen) [34–36]. More recent research
has found similar evidence of linear representations in sequence models trained only on next
token prediction, including Othello board positions [37,38], integer lattices [39], the truth value of
assertions [40], and numeric quantities such as longitude, latitude, birth year, and death year [41,42],
inspiring the Linear Representation Hypothesis (see above). Recent works have also found causal
function vectors for in-context learning [43–45]. These function vectors induce induce the model
to perform a certain task when added into the model’s hidden states. Our discussion of crystal
structures builds upon these previous works by finding these task vectors and parallelogram
structures in sparse autoencoder representations.

8.3 “Atom" scale: crystal structure
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Figure 8.1: Parallelogram and trapezoid structure is revealed (left) when distractor dimensions
were projected out from the activations using LDA. LDA results in tighter clusters of pairwise
gemma-2-2b activation differences (right), where each cluster corresponds to different semantic
transformation. Distractor features are defined as those that are not related to semantics of the
text; for instance, the first principal component of gemma-2-2b’s layer 0 activations (top-left figure
on the right panel) represents word length. Parallelogram or trapezoid structures suggest that
there is a unique direction in the activation space that represents each semantic transformation.

In this section, we search for what we term crystal structure in the point cloud of SAE features.
By this we mean geometric structure reflecting semantic relations between concepts, generalizing
the classic example of (a, b, c, d)=(man,woman,king,queen) forming an approximate parallelogram
where b − a ≈ d − c. This can be interpreted in terms of two function vectors b − a and c − a that
turn male entities female and turn entities royal, respectively. We also search for trapezoids with
only one pair of parallel edges b−a ∝ d− c (corresponding to only one function vector); Figure 8.1
(right) shows such an example with (a, b, c, d)=(Austria,Vienna,Switzerland,Bern), where the
function vector can be interpreted as mapping countries to their capitals. Studying these crystal
structures is important because they provide insight into how LLMs internally represent semantic
operations and relational knowledge. For instance, function vectors help us assess the extent
to which semantic structures within models align with human intuition and language logic, as
explored in recent literature [43,46].
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We search for crystals by computing all pairwise difference vectors and clustering them using
the K-means algorithm [47], where the vectors could be either the original model’s hidden state
activations (model crystal) or SAE features’ decoder vectors (SAE crystal). We use Gemma-2-2b
for the experiment. If there is a direction that represents each semantic transformation, we expect
each resulting cluster to correspond to each function vector. In other words, any pair of difference
vectors in a cluster will form a trapezoid or parallelogram, depending on whether the difference
vectors are normalized or not before clustering (or, equivalently, whether we quantify similarity
between two difference vectors via Euclidean distance or cosine similarity).

Our initial search for SAE crystals found mostly noise. To investigate why, we decided to
focus on activations of the model’s early layer, where many SAE features correspond to a single
token. Since SAE feature vectors in the early layers are often closely related to the corresponding
model activations, we believed that studying the activations of these early layers could help clarify
why our initial crystal search primarily found noise. Therefore, we studied gemma-2-2b residual
stream activations for previously reported word ↦→ word function vectors from the dataset of [43].
Figure 8.1 illustrates that candidate crystal quadruplets are typically far from being parallelograms
or trapezoids. This is consistent with multiple papers pointing out that (man,woman,king,queen)
is not an accurate parallelogram either.

We believe the reason to be the presence of what we term distractor features. We define
distractor features to be the features that are not related to semantics of the text. For example, we
find that the horizontal axis in Figure 8.1 (right) corresponds mainly to word length (Appendix
8.7.2, Figure 8.10), which is semantically irrelevant and wreaks havoc on the trapezoid (left), since
“Switzerland" is much longer than the other words. However, these distractor features were not
always interpretable; in some cases, it was difficult to associate features with any clear linguistic
property.

To eliminate such semantically irrelevant distractor vectors, we wish to project the data onto
a lower-dimensional subspace orthogonal to them. For the [43] dataset, we do this with Linear
Discriminant Analysis (LDA) [48], which projects onto signal-to-noise eigenmodes where “signal"
and “noise" are defined as the covariance matrices of inter-cluster variation and intra-cluster
variation, respectively. Figure 8.1 illustrates that this dramatically improves the cluster and
trapezoid/parallelogram quality, highlighting that distractor features can hide existing crystals.

8.4 “Brain” scale: Meso-scale modular structure

We now zoom out and look for larger-scale structure. In particular, we investigate if functionally
similar groups of SAE features (which tend to fire together) are also geometrically similar, forming
“lobes” in the activation space. We refer to this analyis as “brain” scale because, in animal brains,
functionally similar groups of neurons also typically cluster together spatially. For example, Broca’s
area is involved in speech production, the auditory cortex processes sound, and the amygdala is
primarily associated with processing emotions. We are curious whether we can find analogous
functional modularity in the SAE feature space. While prior work has qualitatively observed that
semantically related features are spatially close via UMAP projections of features [12,13], we aim
to more precisely quantify the relationship between functional similarity and spatial similarity.

We test a variety of methods for automatically discovering such functional “lobes” and for
quantifying if they are spatially modular. We define a lobe partition as a partition of the SAE
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Figure 8.2: Features in the SAE feature point cloud identified that tend to fire together within
documents are seen to also be geometrically co-located in functional “lobes", here down-projected
to 2D with t-SNE with point size proportional to feature frequency. A 2-lobe partition (left) is seen
to break the point cloud into roughly equal parts, active on code/math documents and English
language documents, respectively. A 3-lobe partition (right) is seen to mainly subdivide the English
lobe into a part for short messages and dialogue (e.g. chat rooms and parliament proceedings) and
one primarily containing long-form scientific papers.

feature point cloud into 𝑘 subsets (“lobes”) that are computed without positional information.
Instead, we identify such lobes based on them being functionally related, specifically, tending to
fire together within a document.

To automatically identify functional lobes, we first compute a histogram of SAE feature co-
occurrences. We take gemma-2-2b and pass documents from The Pile [49] through it. In this
section, we report results with a layer 12 residual stream SAE with 16k features and average L0
of 41. For this SAE, we record the features that fire (we count a feature 𝑖 as firing if its encoder
assigns it a coefficient 𝑓𝑖 > 1). Features are counted as co-occurring if they both fire within the
same block of 256 tokens – this length provides a coarse “time resolution” allowing us to find
tokens that tend to fire together within the same document rather than just at the same token. We
use a max context length of 1024, and only use one such context per document, giving us at most
4 blocks (and histogram updates) per document of The Pile. We compute histograms across 50k
documents. Given this histogram, we compute an affinity score between each pair of SAE features
based on their co-occurrence statistics and perform spectral clustering on the resulting affinity
matrix. We use the spectral clustering implementation of scikit-learn [50] with default settings
with varying choice of n_clusters.

In Figure 8.2, we visualize lobes discovered with this method with n_clusters=2,3 via a
t-SNE projection [51]. For this figure, we used the “phi coefficent” as the measure of co-occurrence
similarity between features. We find that lobes visually appear to be spatially localized. For
instance, features which fire primarily on math and code documents tend to cluster together
spatially.

We experiment with the following notions of co-occurrence-based affinity: simple matching
coefficient, Jaccard similarity, Dice coefficient, overlap coefficient, and Phi coefficient, which can
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all be computed just from a co-occurrence histogram. In the Appendix 8.7.1, we review definitions
for each of these and in Figure 8.3 illustrate how the choice between them affects the resulting
lobe t-SNE plots. We also show how lobes appear when we cluster based on geometry directly
using cosine similarities, as described below.

Figure 8.3: Comparison of the lobe partitions of the SAE point cloud discovered with different
affinity measures, with the same t-SNE projection as Figure 8.2. In the top left, we show clusters
computed from geometry, the cosine similarity between features as the affinity score for spectral
clustering. All other measures are based on whether SAE features co-occur (fire together) within
256-token blocks, using different measures of affinity. Although the Phi coefficient predicts spatial
structure best, all co-occurrence measures are seen to discover the “code/math lobe".

While these plots show a qualitative relationship between co-occurrence and feature geometry,
we aim to quantify this relationship. Our null hypothesis is that functionally similar points
(of commonly co-occurring SAE features) are uniformly distributed throughout the activation
space, showing no spatial modularity. To quantify how statistically significant this is, we use two
approaches to rule out the null hypothesis:

1. While we can cluster features based on whether they co-occur, we can also perform spectral
clustering based on the cosine similarity between SAE feature decoder vectors. So instead of
feature affinity values being e.g. their co-occurrence phi coefficient, affinity matrix values are
instead computed simply from feature geometry as 𝐴𝑖 𝑗 = 𝒅𝑖 · 𝒅𝑗 . Given a clustering of SAE
features using cosine similarity and a clustering using co-occurrence, we compute the mutual
information between these two sets of labels. In some sense, this measures the amount of
information about geometric structure that one gets from knowing functional structure.
We report the adjusted mutual information [52] as implemented by scikit-learn [50], which
corrects for chance agreements between the clusters.
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2. Another conceptually simple approach is to train models to predict which functional lobe
a feature is in from its geometry. To do this, we take a given set of lobe labels from our
co-occurrence-based clustering, and train a logistic regression model to predict these labels
directly from the point positions, using an 80-20 train-test split and reporting the balanced
test accuracy of this classifier.

Figure 8.4 shows that for both measures, the Phi coefficient gives the best correspondence between
functional lobes and feature geometry. To show that this is statistically significant, we randomly
permute the cluster labels from the cosine similarity-based clustering and measure the adjusted
mutual information. We also re-initialize the SAE feature decoder directions from a random
Gaussian and normalize, and then train logistic regression models to predict functional lobe
from these random feature directions. Figure 8.4 (bottom) shows that both tests rule out the
null hypothesis with high significance, at 954 and 74 standard deviations, respectively, clearly
demonstrating that the lobes we see are real and not a statistical fluke.
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Figure 8.4: Top Left: Adjusted mutual information between spatial clusters and functional
(cooccurrence-based) clusters. Top Right: logistic regression balanced test accuracy, predict-
ing cooccurrence-based cluster label from position. Bottom Left: Adjusted mutual information
with randomly-permuted cosine similarity-based clustering labels. Bottom Right: balanced test
accuracy with random unit-norm feature vectors. The statistical significance reported is for
Phi-based clustering into lobes.

To assess what each lobe specializes in, we run 10k documents from The Pile through gemma-
2-2b, and again record which SAE features at layer 12 fire within blocks of 256 tokens. For each
block of tokens, we record which lobe has the highest proportion of its features firing. Each
document in The Pile is attached with a name specifying the subset of the corpus that document
is from. For each document type, for each 256-token block within a document of that type, we
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Figure 8.5: Fraction of contexts in which each lobe had the highest proportion of activating
features. For each document type, these fractions sum to 1 across the lobes. We see that lobe 2
typically disproportionately activates on code and math documents. Lobe 0 and 1 activate on
other documents, with lobe 0 activating more on documents containing short text and dialogue
(chat comments, parliamentary proceedings) and lobe 1 activating more on scientific papers.

record which lobe which had the highest proportion of its SAE features firing. Across thousands
of documents, we can then look at a histogram of which lobes were maximally activating across
each document type. We show these results for three lobes, computed with the Phi coefficient as
the co-occurrence measure, in Figure 8.5. This forms the basis for our lobe labeling in Figure 8.2.

These findings raise interesting questions about whether individual sparse autoencoder features
are the most natural units for understanding neural networks [53,54]. In biological brains, one can
study individual neurons, groups of neurons, groups of groups of neurons, and so on up to very
large-scale structures, and it is not clear a priori what “scale” of analysis will be most fruitful [55].
We may face a similar ambiguity with sparse autoencoder features, since, as we have seen, groups
of co-occurring, geometrically-related features can be interpretable and studied in their own right.
This question, of whether there is a right “scale” of analysis for SAE features, is made even more
salient by the observation in prior work of “feature splitting” [12].

8.5 “Galaxy" scale: Large-scale point cloud structure

In this section, we further broaden our perspective to analyze the “galaxy” scale structure of
the point cloud, focusing on its overall shape and clustering properties. This analysis is loosely
inspired by work in astronomy [56] characterizing the shape [57] and substructure [58] of galaxies.
We start by formulating a simple null hypothesis: The point cloud is drawn from an isotropic
multivariate Gaussian distribution.

To test this, we analyze the covariance of the data. As illustrated in Figure 8.6, the eigenvalue
spectrum deviates from isotropy, meaning the cloud exhibits directional structure rather than
being purely spherical. Even within the first three principlal components, the point cloud is
anisotrophic, with some principal axes slightly wider than others.

To quantify these deviations, we analyze the eigenvalue spectrum of the covariance matrix,
comparing it to theoretical expectations from random matrix theory (RMT).

227



Figure 8.6: 3D Point Cloud visualizations of top PCA components for the gemma2-2b layer 12
SAE features.

8.5.1 Shape analysis

In RMT, the covariance matrix of 𝑁 random vectors from a multivariate Gaussian distribution
follow a Wishart Distribution [59]. Under this assumption, we would expect the eigenvalues to be
relatively uniform or to follow the Marcenko-Pastur law [60]. In contrast, we observe a surprising
derivation:

• The eigenvalue spectrum of the point cloud decays as a power law rather than following
the expected Wishart behavior.

• As shown in Figure 8.6, this power law decay is more pronounced in SAE features compared
to raw activations.

Since the abrupt drop off seen for the smallest eigenvalues is caused by limited data and
vanishes in the limit 𝑁 →∞, we dimensionally reduce the point cloud to its 100 largest principal
components for all subsequent analysis in this section. We describe the shape of this high-
dimensional point cloud as resembling a "fractal cucumber", whose width in successive dimensions
falls off like a power law. We find such power law scaling is significantly less prominent for
activations than for SAE features; it will be interesting for further work to investigate its origins.

Figure 8.7 (left) shows how the slope of the aforementioned power law depends on LLM layer,
computed via linear regression against the 100 largest eigenvalues. We see a clear pattern where
middle layers have the steepest power law slopes: (Layer 12 has slope -0.47, while early and late
layers (e.g., Layers 0 and 24) have shallower slopes (-0.24 and -0.25), respectively. This may hint
that middle layers act as a bottleneck, compressing information into fewer principal components,
perhaps optimizing for more efficient representation of high-level abstractions. Figure 8.7 (right)
compares the eigenvalue spectra of SAE features and neural activations, indicating a significantly
steeper power law decay for SAE features. Activations, in contrast, exhibit a much slower decay,
indicating weaker power-law behavior and distinct geometric structures in the latent space. Figure
8.8 (left) explores the effective cloud volume (the determinant of the covariance matrix) of the
point cloud, quantified by the log-determinant of the covariance matrix across layer. This volume
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Figure 8.7: Eigenvalue distributions for SAE features and activations. Eigenvalues of the covariance
matrix for SAE features (left) and neural activations (right) decay approximately as a power law,
with slopes varying across layers. A scaled isotropic Gaussian spectrum is shown for comparison,
highlighting the significantly steeper decay for SAE features. Eigenvalue spectra for activations
show a much slower decay compared to SAE features, indicating weaker power-law behavior and
distinct geometric structures.

variation further reflects the layer-specific changes in the structure and complexity of the latent
space.

8.5.2 Clustering analysis

Figure 8.8: Layer-Wise Analysis of Latent Representations. Left: The power-law slope (𝛼) of the
eigenvalue spectrum (blue) and the log-determinant of the covariance matrix (green) vary across
layers. Both metrics peak in intermediate layers, indicating significant structural changes in the
latent space. Right: Estimated clustering entropy across layers with 95% confidence intervals.
Middle layers exhibit reduced clustering entropy, while earlier and later layers show higher
entropy, reflecting distributed and concentrated feature representations, respectively.

Clustering of galaxies or microscopic particles is often quantified in terms of a power spectrum
or correlation function. This is complicated for our very high-dimensional data, since the under-
lying density varies with radius and, for a high-dimensional Gaussian distribution, is strongly
concentrated around a relatively thin spherical shell. For this reason, we instead quantify cluster-
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ing by estimating the entropy of the distribution that the point cloud is assumed to be sampled
from. We estimate the entropy 𝐻 from our SAE feature point cloud using the 𝑘-th nearest neighbor
(k-NN) method [61,62], computed as follows,

𝐻𝑓 𝑒𝑎𝑡𝑢𝑟𝑒𝑠 =
𝑑

𝑛

𝑛∑︁
𝑖=1

log(𝑟𝑖 + 𝜃 ) + log(𝑛 − 1) − Ψ (8.1)

where 𝑟𝑖 is the distance to the 𝑘-th nearest neighbor for point 𝑖 , and 𝑑 is the dimensionality of
the point cloud; 𝑛 is the number of points; the constant Ψ is the digamma term from the k-NN
estimation. As a baseline, the Gaussian entropy represents the maximum possible entropy for a
given covariance matrix. For a Gaussian distribution with the same covariance matrix, the entropy
computed as:

𝐻𝑔𝑎𝑢𝑠𝑠 =
𝑑

2
(
1 + log(2𝜋)

)
+

𝑑∑︁
𝑖=1

log(𝜆𝑖) (8.2)

where 𝜆𝑖 are the eigenvalues of the covariance matrix. We define the clustering entropy (often
referred to as “negentropy" in physics as 𝐻𝑔𝑎𝑢𝑠𝑠 − 𝐻 , i.e., how much lower the entropy is than its
maximum allowed value).

The estimated clustering entropy is shown in Figure 8.8 (right), plotted across different layers.
The result indicate that the SAE point cloud is strongly clustered, particulary in the middle layers.
This observation aligns with the reduced clustering entropy seen at intermediate layers, suggesting
significant structural differences in the latent representations.

In future work, it will be interesting to investigate whether these variations depend mainly
on the prominence of crystals or lobes in different layers, or have an altogether different origin
(entirely different underlying mechanisms).

8.6 Conclusion

We have searched for structure in the SAE concept universe at three levels: 1) The “atomic"
small-scale structure contains “crystals" whose faces are parallelograms or trapezoids, generaliz-
ing well-known examples such as (man:woman::king:queen), may be revealed when projecting
out semantically irrelevant distractor features. 2) The “brain" intermediate-scale structure has
significant spatial modularity; for example, math and code features form a “lobe" akin to functional
lobes seen in neural fMRI images. 3) The “galaxy" scale large-scale structure of the feature point
cloud is not isotropic, but instead has a power law of eigenvalues with steepest slope in middle
layers.

While we have observed that SAE features exhibit geometric structure at multiple scales, we
have not explained why this structure forms. We think that further work which not only studies
the structure of SAE features, but also seeks to explain the origin of this structure, could be highly
valuable. Such work may lead to refinements to our theory of how networks represent features in
superposition or to insights which improve sparse autoencoder performance.

We hope that our findings serve as a stepping stone toward deeper understanding of SAE
features and the workings of large language models, and that this deeper understanding will
eventually help to improve the safety of AI systems as they continue to grow in power.
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8.7 Appendix

8.7.1 Additional Information on Brain Lobes

Co-occurrence measures

Definitions of co-occurrence based affinity measures: Let 𝑛𝑖 𝑗 be the number of times features 𝑖
and 𝑗 co-occur. Let 𝑚11 be number of times 𝑖 and 𝑗 co-occur, 𝑚00 be number of times 𝑖 and 𝑗 both
do not occur,𝑚10 be number of times 𝑖 occurs but 𝑗 does not,𝑚1• be number of times 𝑖 occurs and
𝑗 either occurs or not, and so on. Then,

Jaccard similarity, [63]:

𝐽𝑖 𝑗 =
|𝑖 ∩ 𝑗 |
|𝑖 ∪ 𝑗 | =

𝑛𝑖 𝑗

𝑛𝑖𝑖 + 𝑛𝑗 𝑗 − 𝑛𝑖 𝑗
Dice score, [64]:

𝐷𝑆𝐶𝑖 𝑗 =
2|𝑖 ∩ 𝑗 |
|𝑖 | + | 𝑗 | =

2𝑛𝑖 𝑗
𝑛𝑖𝑖 + 𝑛𝑗 𝑗

Overlap coefficient:

𝑜𝑣𝑒𝑟𝑙𝑎𝑝𝑖 𝑗 =
|𝑖 ∩ 𝑗 |

min ( |𝑖 |, | 𝑗 |) =
𝑛𝑖 𝑗

min (𝑛𝑖𝑖, 𝑛𝑗 𝑗 )
Simple matching coefficient:

𝑆𝑀𝐶𝑖 𝑗 =
𝑚00 +𝑚11

𝑚00 +𝑚11 +𝑚01 +𝑚10

Phi coefficient, [65]:
𝜙𝑖 𝑗 =

𝑚11𝑚00 −𝑚10𝑚01√
𝑚1•𝑚0•𝑚•1𝑚•0

8.7.2 Understanding Principal Components in Difference Space

Figure 8.10 shows that the first principal component encodes mainly the length difference between
two words’ last tokens in gemma-2-2b Layer 0.

8.7.3 Breaking Down SAE Vectors by PCA Component

An additional investigation of structure we undertake is quantifying how SAE vectors are dis-
tributed throughout the PCA components of the activations vectors. To do this, we define a PCA
score:

PCA score(𝑓 𝑒𝑎𝑡𝑢𝑟𝑒𝑗 ) =
1
𝑛

∑︁
𝑖

𝑖 ∗ (𝑝𝑐𝑎𝑖@𝑓 𝑒𝑎𝑡𝑢𝑟𝑒𝑗 )2
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Figure 8.9: Histogram, over all features, of Phi coefficient with 𝑘-th nearest cosine similarity
neighbor for (left) Layer 0 and (right) Layer 12. Each line represents a different 𝑘 . The “random”
line is plotted by drawing a random feature for each feature, then computing the Phi coefficient.
Features with higher cosine similarity have higher Phi coefficient, but this is less pronounced in
layer 0 compared to layer 12.
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Figure 8.10: Plot of the first principal component in the difference space as a function of last token
length difference in gemma-2-2b layer 0. The linear relationship indicates that the first principal
component encodes the length difference between two words’ last tokens.
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Figure 8.11: Silhouette Score, a measure of clustering quality, as a function of reduced dimension
in LDA. The plot indicates that training an affine transformation for semantic cluster separation is
easier in mid-layer (layer 12), where the model starts to develop concept-level understanding of
the input.

This metric is a weighted sum between 0 and 1 measuring approximately where in the PCA each
SAE feature lies. In Figure 8.12, we plot this metric on a single Gemma Scope SAE (the results
look similar on all Gemma Scope SAEs), and we see that there is an intriguing dip into earlier
PCA features in the last third of SAE features.
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Figure 8.12: Smoothed PCA scores for each SAE feature of the layer 12, width 16𝑘 , 𝐿0 = 176
Gemma Scope 2b SAE, sorted by frequency. PCA score = 1

𝑛

∑
𝑖 𝑖 ∗ (𝑝𝑐𝑎𝑖@𝑓 𝑒𝑎𝑡𝑢𝑟𝑒𝑗 )2, where 𝑛 is

the number of PCA features. The smoothed curves just average this somewhat noisy metric over
adjacent sorted features. This measures approximately where in the PCA each SAE feature lies,
and shows that there is a dip into earlier PCA features in the last third of SAE features.
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Chapter 9

Not All Language Model Features Are
One-Dimensionally Linear*

This paper finds evidence of multi-dimensional representations (also called feature manifolds)
in large language models. When feature manifolds are present, individual SAE features may
not be “canonical” units of analysis, since there are many ways that an SAE could reconstruct
points on that manifold.

Abstract

Recent work has proposed that language models perform computation by manipulating one-
dimensional representations of concepts (“features”) in activation space. In contrast, we explore
whether some language model representations may be inherently multi-dimensional. We begin
by developing a rigorous definition of irreducible multi-dimensional features based on whether
they can be decomposed into either independent or non-co-occurring lower-dimensional features.
Motivated by these definitions, we design a scalable method that uses sparse autoencoders to
automatically find multi-dimensional features in GPT-2 and Mistral 7B. These auto-discovered
features include strikingly interpretable examples, e.g. circular features representing days of
the week and months of the year. We identify tasks where these exact circles are used to solve
computational problems involving modular arithmetic in days of the week and months of the
year. Next, we provide evidence that these circular features are indeed the fundamental unit of
computation in these tasks with intervention experiments on Mistral 7B and Llama 3 8B, and we
examine the continuity of the days of the week feature in Mistral 7B. Overall, our work argues
that understanding multi-dimensional features is necessary to mechanistically decompose some
model behaviors.

∗Joshua Engels, Eric J. Michaud, Isaac Liao, Wes Gurnee, and Max Tegmark. “Not all language model features are
one-dimensionally linear.” International Conference on Learning Representations (2025).
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9.1 Introduction

Language models trained for next-token prediction on large text corpora have demonstrated
remarkable capabilities, including coding, reasoning, and in-context learning [1–4]. However,
the specific algorithms models learn to achieve these capabilities remain largely a mystery to
researchers; we do not understand how language models write poetry. Mechanistic interpretability
is a field that seeks to address this gap by reverse-engineering trained models from the ground up
into variables (features) and the programs (circuits) that process these variables [5].

One mechanistic interpretability research direction has focused on understanding toy models
in detail. This work has found multi-dimensional representations of inputs such as lattices [6] and
circles [7,8], and has successfully reverse-engineered the algorithms that models use to manipulate
these representations. A separate direction has identified one-dimensional representations of high
level concepts and quantities in large language models [9–12]. These findings have led to the
linear representation hypothesis (LRH): a hypothesis which has historically claimed both that 1. all
representations in pretrained large language models lie along one-dimensional lines, and 2. model
states are a simple sparse sum of these representations [12,13]. In this work, we specifically call
into question the first part of the LRH.1

For the most part, these two directions have been disconnected: [18] and [19] find intriguing
hints of circular language model representations, and [12] speculate about the existence of feature
manifolds, but these brief results only serve to further emphasize the lack of a unifying and
satisfying perspective on the nature of language model features. In this work, we seek to bridge
this gap by formalizing, investigating, and systematically searching for multi-dimensional language
model features.

9.1.1 Contributions

1. In Section 9.3, we generalize the one-dimensional definition of a language model feature to
multi-dimensional features and provide an updated multi-dimensional superposition hypothesis
to account for these new features.

2. In Section 9.4, we build on the definitions proposed in section 9.3 to develop a theoretically
grounded and empirically practical test that uses sparse autoencoders to find irreducible features.
Using this test, we identify multi-dimensional representations automatically in GPT-2 and
Mistral 7B, including circular representations for the day of the week and month of the year.

3. In Section 9.5, we show that Mistral 7B and Llama 3 8B use these circular representations when
performing modular addition in days of the week and in months of the year. To the best of our
knowledge, we are the first to find causal circular representations of concepts in a language
model. We additionally find that the model’s circular representations respect a continuous
notion of time.
1An earlier version of this manuscript sparked discussion in the mechanistic interpretability community on the

distinction between non-linear features and multi-dimensional features, and in fact this discussion directly led to a
consensus around the two part LRH we describe above (see [14–17]). To clarify, we agree with these discussions, and
believe the multi-dimensional features we find are "linear" in the sense that they are contained in a low-dimensional
linear subspace, but "non-linear" in the sense that this low-dimensional subspace is not one-dimensional (and this is
the sense we mean in the title).
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Figure 9.1: Circular representations of days of the week, months of the year, and years of the
20th century in layer 7 of GPT-2-small colored by the token they fire on. These representations
were discovered via clustering SAE dictionary elements, described in Section 9.4. Points are
colored according to the token which created the representation. See Figure 9.14 for other axes
and Figure 9.15 for similar plots for Mistral 7B.

9.2 Related Work

Linear Representations: Early word embedding methods such as GloVe and Word2vec, although
only trained using co-occurrence data, contained directions in their vector spaces corresponding to
semantic concepts [20–22]. Recent research has found similar evidence of one-dimensional linear
representations in sequence models trained only on next token prediction, including Othello board
positions [23,24], the truth value of assertions [10], and numeric quantities such as longitude,
latitude, birth year, and death year [9,11]. These results have inspired the linear representation
hypothesis [13,25] defined above. [26] provide theoretical evidence for this hypothesis, assuming
a latent (binary) variable-based model of language. Empirically, [12] and [27] successfully use
sparse autoencoders to break down a model’s feature space into an over-complete basis of linear
features. These works assume that the number of linear features stored in superposition exceeds
the model dimensionality [25].

Multi-Dimensional Representations: There has been comparatively little research on multi-
dimensional features in language models. [28] predict and verify that a transformer trained on
a hidden Markov model uses a fractal structure to represent the probability of each next token,
a clear example of a necessary multi-dimensional feature, but the analysis is restricted to a toy
setting.[18,29] finds that GPT-2 learned position vectors form a helix, which implies a circle when
“viewed” from below. Thus, we are not the first to find a circular feature in a language model.
However, our work finds circular features that represent latent concepts from text, while the
GPT-2 learned position vectors are specific to tokenization, separate from the rest of the model
parameters, and causally implicated only due to positional attention masking. Another suggestive
result, due to [30], is the presence of a U-shape in the representation of numbers between 0 and
100; however, [30] find that this representation is not causal, and they only show it exists within
a specific prompt distribution. Recent work on dictionary learning [12] has speculated about
multi-dimensional feature manifolds; our work is similar to this direction and develops the idea
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of feature manifolds theoretically and empirically. Finally, in a separate direction, [31] argue for
interpreting neural networks through the polytopes they split the input space into, and identifies
regions of low polytope density as “valid” regions for a potential linear representation.

Circuits: Circuits research seeks to identify and understand circuits, subsets of a model (usually
represented as a directed acyclic graph) that explain specific behaviors [5]. The base units that form
a circuit can be layers, neurons [5], or sparse autoencoder features [32]. In the first circuits-style
work, [5] found line features that were combined into curve detection features in the InceptionV1
image model. More recent work has examined language models, for example the indirect object
identification circuit in GPT-2 [33]. Given the difficulty of designing bespoke experiments, there
has been increased research in automated circuit discovery methods [32,34,35].

Interpretability for Arithmetic Problems: [7] study models trained on modular arithmetic
problems 𝑎+𝑏 = 𝑐 (mod𝑚) and find that models that generalize well have circular representations
for 𝑎 and 𝑏. Further work by [8] and [36] shows that models use these circular representations
to compute 𝑐 via a “clock” algorithm and a separate “pizza” algorithm. These papers are limited
to the case of a small model trained only on modular arithmetic. Another direction has studied
how large language models perform basic arithmetic, including a circuits level description of
the greater-than operation in GPT-2 [30] and addition in GPT-J [37]. These works find that to
perform a computation, models copy pertinent information to the token before the computed
result and perform the computation in the subsequent MLP layers. Finally, recent work by [19]
investigates language models’ ability to increment numbers and finds linear features that fire on
tokens equivalent modulo 10.

9.3 Definitions

This section focuses on hypotheses for how hidden states of language models can be decomposed
into sums of functions of the input (features). We focus on 𝐿 layer transformer models 𝑀 that take
in token input t = (𝑡1, . . . , 𝑡𝑛) from input token distribution T , have hidden states x1,𝑙 , . . . , x𝑛,𝑙

for layers 𝑙 , and output logit vectors y1, . . . , y𝑛. Given a set of inputs 𝑇 , we let 𝑋𝑖,𝑙 be the set of
all corresponding x𝑖,𝑙 . We write matrices in capital bold, vectors and vector valued functions in
lowercase bold, and sets in capital non-bold.

9.3.1 Multi-Dimensional Features

Definition 2 (Feature). We define a 𝑑𝑓 -dimensional feature as a function f that maps a subset of
the input space into ℝ𝑑𝑓 . We say that a feature is active on the aforementioned subset.

The input token distribution T induces a 𝑑𝑓 -dimensional probability distribution over feature
vectors f (𝑡). As an example, let 𝑛 = 1 (so inputs are single tokens) and consider a feature f
that maps integer tokens to their integer values in ℝ1. Then f is a 1-dimensional feature that is
active on integer tokens, and f (𝑡) is the marginal integer occurrence distribution from the token
distribution.

How can we differentiate "true" multi-dimensional features from sums of lower dimensional
features? We make this distinction by examining the reducibility of a potential multi-dimensional
feature. That is, f is a "true" multi-dimensional feature if it cannot be written as the sum of two
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statistically independent features and it cannot be written as the sum of two non-co-occurring
features. Formally, we have the following definition:

Definition 3. A feature f is reducible into features a and b if there exists an affine transformation

f ↦→ Rf + c ≡
(a
b

)
(9.1)

for some orthonormal 𝑑𝑓 × 𝑑𝑓 matrix R and additive constant c, such that the transformed feature
probability distribution 𝑝 (a, b) satisfies at least one of these conditions:

1. 𝑝 is separable, i.e., factorizable as a product of its marginal distributions:
𝑝 (a, b) = 𝑝 (a)𝑝 (b).

2. 𝑝 is a mixture, i.e., a sum of disjoint distributions, one of which is lower dimensional:
𝑝 (a, b) = 𝑤𝑝 (a)𝛿 (𝒃) + (1 −𝑤)𝑝 (a, b)

Here, 𝑝 is a probability density function that is conditional on the subset of T that 𝒇 is active
on, 𝛿 is the Dirac delta function, and 0 < 𝑤 < 1. By two probability distributions being disjoint,
we mean that they have disjoint support (there is no set where both have positive probability
measure, or equivalently the two features a and b cannot be active at the same time). In eq. (9.1), a
is the first 𝑘 components of the vector Rf + c and b is the remaining 𝑑𝑓 −𝑘 components. When 𝑝 is
separable or a mixture, we also say that f is separable or a mixture. We term a feature irreducible
if it is not reducible, i.e., if no rotation and translation makes it separable or a mixture.

An example of a feature that is a mixture is a one hot encoding along a simplex; an example
of a feature that is separable is a normal distribution2. In natural language, a mixture might be
a one hot encoding of “breed of dog”, while a separable distribution might be the “latitude” and
“longitude” of location tokens.

In practice, the mixture and separability definitions may not be precisely satisfied. Thus, we
soften our definitions to permit degrees of reducibility:

Definition 4 (Separability Index and 𝜖-Mixture Index). Consider a feature f. The separability
index 𝑆 (f) measures the minimal mutual information between all possible a and b defined in
eq. (9.1):

𝑆 (f) ≡min 𝐼 (a; b) (9.2)

where 𝐼 denotes the mutual information. Smaller values of 𝑆 (f) mean that f is more separable.
The 𝜖-mixture index 𝑀𝜖 (f) tests how often f can be projected near zero while it is active:

𝑀𝜖 (f) = max
v∈ℝ𝑑𝑓 , 𝑐∈ℝ

ℙ𝒕∈T
(
|v · f (𝒕) + 𝑐 | < 𝜖

√︁
𝔼[(v · f (𝒕) + 𝑐)2]

)
(9.3)

Larger values of 𝑀𝜖 (f) mean that f is more of a mixture.

2since any multidimensional Gaussian can be rotated to have a diagonal covariance matrix
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In section 9.7.2, we expand on the intuition behind why the separability and 𝜖-mixture indices
as defined here correspond to weakened versions of definition 3.

We develop optimization procedures to empirically solve for the separability and 𝜖-mixture
indices of two dimensional feature distributions. At a high level, the separability procedure iterates
over a sweep of rotations and estimates the mutual information between the axes for each angle,
while the 𝜖-mixture index procedure performs gradient descent to find the 𝜖 band that contains
the largest possible fraction of the feature distribution. For more details on the implementation of
the tests, see section 9.7.2. In section 9.4, we apply these empirical tests to real language model
feature distributions to find irreducible multi-dimensional features; we show the detailed test
results on the “days of the week” cluster in fig. 9.2

9.3.2 Superposition

In this section, we propose an updated superposition hypothesis [25] that takes into account
multi-dimensional features. First, we restate the original superposition hypothesis:

Definition 5 (𝛿-orthogonal matrices). Two matrices A1 ∈ ℝ𝑑×𝑑1 and A2 ∈ ℝ𝑑×𝑑2 are 𝛿-orthogonal
if |x1 · x2 | ≤ 𝛿 for all unit vectors x1 ∈ colspace(A1) and x2 ∈ colspace(A2).

Hypothesis 1 (One-Dimensional Superposition Hypothesis, paraphrased from [25]). Hidden states
x𝑖,𝑙 are the sum of many (≫ 𝑑) sparse one-dimensional features 𝑓𝑖 and pairwise 𝛿-orthogonal
vectors v𝑖 such that x𝑖,𝑙 (𝑡) =

∑
𝑖 v𝑖 𝑓𝑖 (𝑡). We set 𝑓𝑖 (𝑡) to zero when 𝑡 is outside the domain of 𝑓𝑖 .

In contrast, our new superposition hypothesis posits independence between irreducible multi-
dimensional features instead of unknown levels of independence between one-dimensional fea-
tures:

Hypothesis 2 (Multi-Dimensional Superposition Hypothesis, changes underlined). Hidden states
x𝑖,𝑙 are the sum of many (≫ 𝑑) sparse low-dimensional irreducible features f𝑖 and pairwise 𝛿-
orthogonal matrices V𝑖 ∈ ℝ𝑑×𝑑f𝑖 such that x𝑖,𝑙 (𝑡) =

∑
𝑖 V𝑖f𝑖 (𝑡). We set f𝑖 (𝑡) to zero when 𝑡 is

outside the domain of f𝑖 .

Note that since multi-dimensional features can be written as the sums of projections of lower-
dimensional features, our new superposition hypothesis is a stricter version of Hypothesis 1. In
the next section, we will explore empirical evidence for our hypothesis, while in section 9.7.1, we
prove upper and lower bounds on the number of 𝛿-almost orthogonal matrices V𝑖 that can be
packed into 𝑑 dimensional space.
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Figure 9.2: Empirical 𝜖-mixture index and separability index for the “days of the week” cluster
along PCA components 2 and 3. Left: The 𝜖 band parameterized by v and 𝑐 that the optimization
procedure found contained the highest fraction of points. Mid: Dot products of points in the
feature distribution with the 𝜖 band; 𝑀𝜖 (𝒇 ) is the percent of dot products within 𝜖 = 0.1 of 0.
Right: Estimated mutual information for different rotations of the space; 𝑆 (𝒇 ) is the minimum
over all rotations. This point cloud has a lower 𝜖-mixture index and higher separability index
than PCA projections within typical clusters (see fig. 9.3), indicating that it is more likely to be an
irreducible multi-dimensional feature.

9.4 Sparse Autoencoders Find Multi-Dimensional Features

In this section, we describe a method to identify multi-dimensional features in language model
hidden states using sparse autoencoders (SAEs). Sparse autoencoders (SAEs) deconstruct model
hidden states into sparse vector sums from an over-complete basis [12,27]. For hidden states 𝑋𝑖,𝑙 ,
a one-layer SAE of size 𝑚 with sparsity penalty 𝜆 minimizes the following dictionary learning
loss [12,27]:

DL(𝑋𝑖,𝑙 ) = argmin
E∈ℝ𝑚×𝑑 ,D∈ℝ𝑑×𝑚

∑︁
x𝑖,𝑙∈𝑋𝑖,𝑙

[

x𝑖,𝑙 − D · ReLU(E · x𝑖,𝑙 )


2

2 + 𝜆∥ReLU(E · x𝑖,𝑙 )∥0
]

(9.4)

In practice, the 𝐿0 loss on the last term is relaxed to 𝐿𝑝 for 0 < 𝑝 ≤ 1 to make the loss
differentiable. We call the𝑚 columns of D (vectors in ℝ𝑑 ) dictionary elements.

We now argue that SAEs can discover irreducible multi-dimensional features by clustering
D. We will consider a simple form of clustering: build a complete graph on D with edge weights
equal to the cosine similarity between dictionary elements, prune all edges below a threshold 𝑇 ,
and then set the clusters equal to the connected components of the graph. If we now consider
the spaces spanned by each cluster, they will be approximately 𝑇 -orthogonal by construction,
since their basis vectors are all 𝑇 -orthogonal. Now, consider some irreducible two-dimensional
feature f; we claim that if the SAE is large enough and f is active enough such that the SAE can
reconstruct f when f is active, one of the clusters is likely to be exactly equal to f. If D includes
just two dictionary elements spanning f, then these elements both must have nonzero activations
post-ReLU to reconstruct f (otherwise f is a mixture). Because of the sparsity penalty in eq. (9.4),
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this two-vector solution to reconstruct f is disincentivized, so instead the dictionary is likely to
learn many elements that span f. These dictionary elements will then have a high cosine similarity,
and so the edges between them will not be pruned away during the clustering process; hence,
they will be in a cluster.

Thus, we have a way to operationalize Hypothesis 2: clustering D finds𝑇 -orthogonal subspaces,
and if irreducible multi-dimensional features exist, they are likely to be equal to some of these
subspaces. This suggests a natural approach to using sparse autoencoders to search for irreducible
multi-dimensional features:

1. Cluster dictionary elements by their pairwise cosine similarity. We use both the simple
similarity-based pruning technique described above, as well as spectral clustering; see section 9.7.6
for details, including comments on scalability.

2. For each cluster, run the SAEs on all x𝑖,𝑙 ∈ 𝑋𝑖,𝑙 and ablate all dictionary elements not in the
cluster. This will give the reconstruction of each x𝑖,𝑙 restricted to the cluster found in step 1 (if no
cluster dictionary elements are non-zero for a given point, we ignore the point).

3. Examine the resulting reconstructed activation vectors for irreducible multi-dimensional
features. This step can be done manually by visually inspecting the PCA projections for known
irreducible multi-dimensional structures (e.g. circles, see fig. 9.10) or automatically by passing the
PCA projections to the tests for definition 4.
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Figure 9.3: Mixture index and separa-
bility index of GPT-2 features. Features
from fig. 9.1, which we had manually
identified, score highly as candidate
multidimensional features with these
metrics.

Pseudocode for this method is in the appendix in
line 1. This method succeeds on toy datasets of synthetic
irreducible multi-dimensional features; see section 9.7.4.3

We apply this method to language models using GPT-
2 [38] SAEs trained by [39] for every layer and Mistral
7B [40] SAEs that we train on layers 8, 16, and 24 (training
details in section 9.7.5).

Strikingly, we reconstruct irreducible multi-dimensional
features that are interpretable circles: in GPT-2, days,
months, and years are arranged circularly in order (see
fig. 9.1); in Mistral 7B, days and months are arranged
circularly in order (see fig. 9.15). These plots contain the
PCA dimensions that most clearly show circular struc-
ture; these best dimensions are usually the second and
third because the first PCA dim is an “intensity” direc-
tion that manifests as the radius of the circle in fig. 9.1
(thus the overall structure for these multi-d features is
perhaps best thought of as a cone). See fig. 9.14 for all
PCA dimensions visualized).

For each cluster of GPT-2 SAE features, we take the reconstructed activations and project them
onto PCA components 1-2, 2-3, 3-4, and 4-5 (or fewer if there are fewer features in the cluster)
and measure the separability index and 𝜖-mixture index of each 2D point cloud as described in
section 9.7.2. The mean scores across these planes are a computationally tractable approximation of
definition 4. We plot these mean scores in fig. 9.3, and find that the features which we had manually
identified in fig. 9.1 are among the top scoring features along both measures of irreducibility.

3Code: https://github.com/JoshEngels/MultiDimensionalFeatures
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Thus, our theoretical tests can indeed be used to find interpretable irreducible features. We show
the top 20 feature clusters, measured by the product of (1 − 𝜖-mixture index ) and separability
index, in section 9.7.7. Out of all 1000 clusters, the fig. 9.1 clusters rank 9, 28, and 15 by this metric,
respectively.4

9.5 Circular Representations in Large Language Models

In this section, we examine tasks in which models use the multi-dimensional features we discovered
in section 9.4, thereby providing evidence that these representations are indeed the fundamental
unit of computation for some problems. Inspired by prior work studying circular representations
in modular arithmetic [7], we define two prompts that represent “natural” modular arithmetic
tasks:

Weekdays task: “Let’s do some day of the week math. Two days from Monday is”
Months task: “Let’s do some calendar math. Four months from January is”

For Weekdays, we range over the 7 days of the week and durations between 1 and 7 days to
get 49 prompts. For Months, we range over the 12 months of the year and durations between 1 and
12 months to get 144 prompts. Mistral 7B and Llama 3 8B [41] achieve reasonable performance on
the Weekdays task and excellent performance on the Months task (measured by comparing the
highest logit valid token against the ground truth answer), as summarized in table 9.1. Interestingly,
although these problems are equivalent to modular arithmetic problems 𝛼 + 𝛽 ≡ ? (mod 𝑚) for
𝑚 = 7, 12, both models get trivial accuracy on plain modular addition prompts, e.g. “5+3 (mod 7) ≡”.
Finally, although GPT-2 has circular representations, it gets trivial accuracy on Weekdays and
Months.

To simplify discussion, let 𝛼 be the day of the week or month of the year token (e.g. “Monday”
or “April”), 𝛽 be the duration token (e.g. “four” or “eleven”), and 𝛾 be the target ground truth token
the model should predict, such that (abusing notation) we have 𝛼 + 𝛽 = 𝛾 . Let the prompts of the
task be parameterized by 𝑗 , such that the 𝑗th prompt asks about 𝛼𝑗 , 𝛽𝑗 , and 𝛾𝑗 .

4We also tried an alternative ranking scheme: we sorted the clusters by separability and irreducibility and set the
cluster score equal to the minimum sorted position between the two sorted lists. The fig. 9.1 clusters rank 8, 105, and
12 by this metric.

Table 9.1: Aggregate model accuracy on
days of the week and months of the year
modular arithmetic tasks. Performance
broken down by problem instance in sec-
tion 9.7.9.

Model Weekdays Months

Llama 3 8B 29 / 49 143 / 144

Mistral 7B 31 / 49 125 / 144

GPT-2 8 / 49 10 / 144
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Figure 9.4: Top two PCA components on the 𝛼 to-
ken. Colors show 𝛼 . Left: Layer 30 of Mistral on
Weekdays. Right: Layer 5 of Llama on Months.
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We confirm that Llama 3 8B and Mistral 7B have circular representations of 𝛼 on this task
by examining the PCA projections of hidden states across prompts at various layers on the 𝛼

token. We plot two of these in fig. 9.4 and show all layers in fig. 9.18. These plots show circular
representations as the highest varying two components in the model’s representation of 𝛼 at
many layers.

9.5.1 Intervening on Circular Day and Month Representations

We now experiment with intervening on these circular representations. We base our experiments
on the common interpretability technique of activation patching, which replaces activations from
a “dirty” run of the model with the corresponding activations from a “clean” run [42]. Activation
patching empirically tests whether a specific model component, position, and/or representation
has a causal influence on the model’s output. We employ a custom subspace patching method
to allow testing for whether a specific circular subspace of a hidden state is sufficient to causally
explain model output. Specifically, our patching technique relies on the following steps (visualized
in fig. 9.5):

1. Find a subspace with a circle to intervene on: Using a PCA reduced activation subspace
to avoid overfitting, we train a “circular probe” to identify representations which exhibit strong
circular patterns. More formally, let x 𝑗

𝑖,𝑙
be the hidden state at layer 𝑙 token position 𝑖 for prompt

𝑗 . Let W𝑖,𝑙 ∈ ℝ𝑘×𝑑 be the matrix consisting of the top 𝑘 principal component directions of
x 𝑗

𝑖,𝑙
. In our experiments, we set 𝑘 = 5. We learn a linear probe P ∈ ℝ2,𝑘 from W𝑖,𝑙 · 𝑋𝑖,𝑙 to a

unit circle in 𝛼 . In other words, if circle(𝛼) = [cos(2𝜋𝛼/7), sin(2𝜋𝛼/7)] for Weekdays and
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circle(𝛼) = [cos(2𝜋𝛼/12), sin(2𝜋𝛼/12)] for Months, P is defined as follows:

P = argmin
P′∈ℝ2,𝑘

∑︁
x𝑗

𝑖,𝑙




P′ ·W𝑖,𝑙 · x 𝑗

𝑖,𝑙
− circle(𝛼)




2

2
(9.5)

2. Intervene on the subspace: Say our initial prompt had 𝛼 = 𝛼𝑗 and we are intervening with
𝛼 = 𝛼𝑗 ′ . In this step, we replace the model’s projection on the subspace P ·W𝑖,𝑙 , which will be
close to circle(𝛼𝑗 ), with the “clean” point circle(𝛼𝑗 ′). Note that we do not use the hidden
state x 𝑗 ′

𝑖,𝑙
from the “clean” run, only the “clean” label 𝛼𝑗 ′ . In practice, other subspaces of x 𝑗

𝑖,𝑙
may

be used concurrently by the model in “backup” circuits (see e.g. [33]) to compute the answer, so
if we just intervene on the circular subspace the remaining components of the activation may
interfere in downstream computations. Thus, to isolate the effect of our intervention, we set the
average ablate the portion of the activation not in the intervened subspace. Letting x𝑖,𝑙 be the
average of x 𝑗

𝑖,𝑙
across all prompts indexed by 𝑗 and P+ be the pseudoinverse of P, we intervene via

the formula

x 𝑗∗

𝑖,𝑙
= x𝑖,𝑙 +W𝑖,𝑙

𝑇P+(circle(𝛼𝑗 ′) − x𝑖,𝑙 ) (9.6)
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Figure 9.7: Off distribution inter-
ventions on Mistral layer 5 on the
Weekdays task. The color corresponds
to the highest logit 𝛾 after performing
the circular subspace intervention on
that point.

The main takeaway from fig. 9.6 is that circular sub-
spaces are causally implicated in computing 𝛾 , especially
for Weekdays. Across all models and tasks, early layer
interventions on the circular subspace have almost the
same intervention effect as patching the entire layer, and
are usually better than patching the top PCA dimensions
from the clean problem.

Patching experiments in section 9.7.10 show 𝛼 is
copied to the final token on layers 15 to 17, which is
why interventions drop off there. Additionally, while in
this section we train a probe on a dataset of prompts,
in section 9.5.2, we show that intervening on the circle
discovered via SAE clustering in section 9.4 also works.

We run our patching on all 49 Weekday problems
and 144 Month problems and use as “clean” runs the 6
or 11 other possible values for 𝛽 , resulting in a total of
49 ∗ 6 patching experiments for Weekdays and 144 ∗ 11
patching experiments for Months. We also run baselines
where we (1) replace the entire subspace corresponding
to the first 5 PCA dimensions with the corresponding
subspace from the clean run, (2) replace the entire layer with the corresponding layer from the
clean run, and (3) replace the entire layer with the average across the task. The metric we use is
average logit difference across all patching experiments between the original correct token (𝛼𝑗 )
and the target token (𝛼𝑗 ′). See fig. 9.6 for these interventions on all layers of Mistral 7B and Llama
3 8B on Weekdays and Months.

To investigate exactly how models use the circular subspace, we perform off distribution
interventions. We modify eq. (9.6) so that instead of intervening on the circumference circle(𝛼),
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we sweep over a grid of positions (𝑟, 𝜃 ) within the circle:

x 𝑗∗

𝑖,𝑙
= x𝑖,𝑙 +W𝑖,𝑙

𝑇P+ [𝑟 cos(𝜃 ), 𝑟 sin(𝜃 )]𝑇 − x𝑖,𝑙 ) (9.7)

We intervene with 𝑟 ∈ [0, 0.1, . . . , 2], 𝜃 ∈ [0, 2𝜋/100, . . . , 198𝜋/100] and record the highest logit
𝛾 after the forward pass. fig. 9.7 displays these results on Mistral layer 5 for 𝛽 ∈ [2, 3, 45]. They
imply that Mistral treats the circle as a multi-dimensional representation with 𝛼 encoded in the
angle.

9.5.2 Intervening with the SAE Plane

In the last section, we train probes manually on the PCA of the activations to fit a circle. A
perhaps more natural approach is intervening with the precise circle we found in section 9.4. To
determine if this approach is feasible, we first project layer 8 Mistral 7B Weekdays activations
into the weekdays plane that was discovered by clustering (see fig. 9.15; the plane is defined by
PCA dimensions 2 and 3 of the cluster). In the rest of this section, we call this plane the SAE plane.
In fig. 9.21, we find that indeed, the Weekdays representations projected into the SAE plane form
a circle (see fig. 9.21). We thus can fit a circular probe to this 2D plane as in eq. (9.5). Similarly, we
call this probe the SAE probe.
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Figure 9.8: Interventions on the Mistral 7B
Weekdays task with different methods of deter-
mining the probe.

Because we only have layer 8 clustering re-
sults for Mistral, we train an SAE probe only on
layer 8. We then evaluate interventions using
this SAE probe on layer 8 of Mistral, but also at
neighboring layers, since nearby layers should
have similar representations (see e.g. [43]). We
compare to two baselines: 1) training a normal
circular probe on the PCA projections of each
layer as described in section 9.5.1, and 2) train-
ing a circular probe only on layer 8 and then
evaluating on adjacent layers (in the same way
as for the layer 8 SAE probe). We show the
results of these methods in fig. 9.8.

We find that on all layers, using the SAE
probe only slightly decreases intervention per-
formance as compared to training a circular
probe (from -2.58 to -2.01 average logit differ-
ence on layer 8). Even more interestingly, the layer 8 SAE probe is much more robust to layer
shifts than the layer 8 circular probe; for example, using the layer 8 circular probe on layer 6
results in an average logit difference of 0.029, whereas using the layer 8 SAE probe results in an
average logit difference of -2.32. This is intriguing evidence that the SAE is perhaps finding more
“true” (or at least more robust) features than our circular probing technique.

9.5.3 Continuity of Circular Representations
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Figure 9.9: Layer 30 Mistral 7B activa-
tions for [morning/evening] on [Mon-
day/Tuesday/.../Sunday], plotted pro-
jected into the PCA plane for [Mon-
day/Tuesday/.../Sunday].

In past sections, the representations of the interpretable
numeric quantities we have discovered have been mostly
discontinuous; that is, the days of the week and months
of the year in fig. 9.1 and fig. 9.15 are clustered at the
vertices of a heptagon and dodecagon, and there is noth-
ing "between" adjacent weekdays or months along the
circle. In this section, we will examine the "continuity"
of the circular features we have discovered. Although
continuity of the representation is not a requirement of
definition 4, it would further decrease the 𝜖-mixture in-
dex, and would also increase our subjective perception
of the circular feature as an intrinsic model feature rep-
resenting a continuous quantity (time). Thus, we create
a synthetic dataset containing the text "[very early/very
late] on [Monday/Tuesday/.../Sunday]" and simply plot
the projections of the layer 30 activations into the top two
PCA components of the activations of [Monday/Tues-
day/.../Sunday]. The results, shown in fig. 9.9, show that Mistral 7B indeed can map intermediate
quantities to their expected place in the circle: the very early and very late version of each weekday
are more towards the last and the next weekday along the circle, respectively. We show similar
results for "[morning/evening] on [Monday/Tuesday/.../Sunday]" in Appendix fig. 9.22.

9.6 Discussion

Our work proposes a significant refinement to the simple one-dimensional linear representation
hypothesis. While previous work has convincingly shown the existence of one-dimensional
features, we find evidence for irreducible multi-dimensional representations, requiring us to gener-
alize the notion of a feature to higher dimensions. Fortunately, we find that existing unsupervised
feature extraction methodologies like sparse autoencoders can readily be applied to discover
multi-dimensional representations. However, we think our work raises interesting questions
about whether individual SAE features are appropriate “mediators” [44] for understanding model
computation, if some features are in fact multi-dimensional. Although taking a multi-dimensional
representation perspective may be more complicated, we believe that uncovering the true (perhaps
multi-dimensional) nature of model representations is necessary for discovering the underlying
algorithms that use these representations. Ultimately, our field aims to turn complex circuits in
future more-capable models into formally verifiable programs [45,46], which requires the ground
truth “variables” of language models; we believe this work takes an important step towards
discovering these variables.

Limitations: It is unclear why we did not find more interpretable multi-dimensional features.
We are unsure if we are failing to interpret some of the high-scoring multi-dimensional features,
if most multi-dimensional features lie in dimensions higher than two, if our clustering technique
is not powerful enough to find some features, or if there are truly not that many. Additionally,
our definitions for irreducible features (definition 3) are purely statistical and not intervention
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based, and also had to be relaxed to hold in practice, resulting in measures that return a possibly
subjective “degree” of reducibility (definition 4). Thus, although this work provides preliminary
evidence for the multi-dimensional superposition hypothesis (Hypothesis 2), it is still unclear if this
theory provides the best description for the representations models use. Future work might make
progress on this question by investigating new techniques for decomposing model representations,
exploring higher dimensional representations, or determining conclusively whether models use
representations in ways that necessitate the representations are non-linear.
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9.7 Appendix

9.7.1 Multi-Dimensional Feature Capacity

The Johnson-Lindenstrauss (JL) Lemma [47] implies that we can choose 𝑒𝐶𝑑𝛿
2

pairwise one-
dimensional 𝛿-orthogonal vectors to satisfy Hypothesis 1 for some constant 𝐶 , thus allowing
us to build the model’s feature space with a number of one-dimensional 𝛿-orthogonal features
exponential in 𝑑 . We now prove a similar result for low-dimensional projections (the main idea of
the proof is to combine 𝛿-orthogonal vectors as guaranteed from the JL lemma):

Theorem 1. For any 𝑑′ and 𝛿 , it is possible to choose 1
𝑑max

𝑒𝐶1 (𝑑/𝑑 ′2)𝛿2
pairwise 𝛿-orthogonal matrices

A𝑖 ∈ ℝ𝑛𝑖×𝑑 ′ for some constant𝐶1. Furthermore, it is not possible to choose more than 𝑒𝐶2 (𝑑−𝑑max𝛿 log( 1
𝛿
))

for some constant 𝐶2.

We will first prove a lemma that will help us prove Theorem 1.

Lemma 1. Pick 𝑛 pairwise 𝛿-orthogonal unit vectors in v1, . . . , v𝑛 ∈ ℝ𝑑 . Let y ∈ ℝ𝑑 be a unit norm
vector that is a linear combination of unit norm vectors v1, . . . , v𝑛 with coefficients 𝑧1 . . . , 𝑧𝑛 ∈ ℝ.
We can write A = [v1, . . . , v𝑛] and z = [𝑧1, . . . , 𝑧𝑛]𝑇 , so that we have y =

∑𝑛
𝑘=1 𝑧𝑘v𝑘 = Az𝑇 with

∥y∥2 = 1. Then, ����� 𝑛∑︁
𝑘=1

z𝑘

����� = ∥z∥1 ≤ √︂
𝑛

1 − 𝛿𝑛

Proof. We will first bound the 𝐿2 norm of z. If 𝜎𝑛 is the minimum singular value of A, then we
have via standard singular value inequalities [48]

𝜎𝑛 ≤
∥y∥2
∥z∥2

=⇒ ∥z∥2 ≤
∥y∥2
𝜎𝑛

=
1
𝜎𝑛

Thus we now lower bound 𝜎𝑛 . The singular values are the square roots of the eigenvalues of
the matrix A𝑇A, so we now examine A𝑇A. Since all elements of A are unit vectors, the diagonal
of A𝑇A is all ones. The off diagonal elements are dot products of pairs of 𝛿-orthogonal vectors,
and so are within the range [−𝛿, 𝛿]. Then by the Gershgorin circle theorem [49], all eigenvalues
𝜆𝑖 of A𝑇A are in the range

(1 − 𝛿 (𝑛 − 1), 1 + 𝛿 (𝑛 − 1))
In particular, 𝜎2

𝑛 = 𝜆𝑛 ≥ 1 − 𝛿 (𝑛 − 1), and thus 𝜎𝑛 ≥
√︁

1 − 𝛿 (𝑛 − 1). Plugging into our upper
bound for ∥z∥2, we have that ∥z∥2 ≤ 1/

√︁
1 − 𝛿 (𝑛 − 1). Finally, the largest 𝐿1 for a point on an
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𝑛-hypersphere of radius 𝑟 is when all dimensions are equal and such a point has magnitude
√
𝑛𝑟 ,

so

∥z∥1 ≤
√︂

𝑛

1 − 𝛿 (𝑛 − 1) ≤
√︂

𝑛

1 − 𝛿𝑛

Theorem 1. For any 𝑑′ and 𝛿 , it is possible to choose 1
𝑑max

𝑒𝐶1 (𝑑/𝑑 ′2)𝛿2
pairwise 𝛿-orthogonal matrices

A𝑖 ∈ ℝ𝑛𝑖×𝑑 ′ for some constant𝐶1. Furthermore, it is not possible to choose more than 𝑒𝐶2 (𝑑−𝑑max𝛿 log( 1
𝛿
))

for some constant 𝐶2.

Proof. By the JL lemma [47,50], for any 𝑑 and 𝛿 , we can choose 𝑒𝐶𝑑𝛿
2
𝛿-orthogonal unit vectors in

ℝ𝑑 indexed as v𝑖 , for some constant𝐶 . Let A𝑖 = [v𝑑max∗𝑖, . . . , v𝑑max∗𝑖+𝑛𝑖−1] where each element in the
brackets is a column. Then by construction all A𝑖 are matrices composed of unique 𝛿-orthogonal
vectors and there are 1

𝑑max
𝑒𝐶𝑑𝛿

2
matrices A𝑖 .

Now, consider two of these matrices A𝑖 = [v1, . . . , v𝑛𝑖 ] and A𝑗 = [u1, . . . ,u𝑛𝑗 ], 𝑖 ≠ 𝑗 ; we will
prove that they are 𝑓 (𝛿)-orthogonal for some function 𝑓 . Let y𝑖 =

∑𝑛𝑖
𝑘=1 𝑧𝑖,𝑘v𝑘 be a vector in the

colspace of A𝑖 and y𝑗 =
∑𝑛𝑗

𝑘=1 𝑧𝑗,𝑘u𝑘 be a vector in the colspace of A𝑗 , such that y𝑖 and y𝑗 are unit
vectors. To prove 𝑓 (𝛿)-orthogonality, we must bound the absolute dot product between y𝑖 and y𝑗 :

��y𝑖 · y𝑗

�� = �����
(
𝑛𝑖∑︁
𝑘=1

𝑧𝑖,𝑘v𝑘

)
·
(
𝑛𝑗∑︁
𝑘=1

𝑧𝑗,𝑘u𝑘

)�����
=

����� 𝑛𝑖∑︁
𝑘1=1

𝑛𝑗∑︁
𝑘2=1

(
𝑧𝑖,𝑘1v𝑘1

)
·
(
𝑧𝑗,𝑘2u𝑘2

) �����
≤

𝑛𝑖∑︁
𝑘1=1

𝑛𝑗∑︁
𝑘2=1

��𝑧𝑖,𝑘1𝑧𝑗,𝑘2

�� ��v𝑘1 · u𝑘2

�� Triangle Inequality

≤
𝑛𝑖∑︁

𝑘1=1

𝑛𝑗∑︁
𝑘2=1

��𝑧𝑖,𝑘1𝑧𝑗,𝑘2

��𝛿 All v𝑖,u𝑗 are 𝛿 orthogonal

= 𝛿

𝑛𝑖∑︁
𝑘1=1

𝑛𝑗∑︁
𝑘2=1

��𝑧𝑖,𝑘1𝑧𝑗,𝑘2

��
= 𝛿

����� 𝑛𝑖∑︁
𝑘=1

𝑧𝑖,𝑘

�����
����� 𝑛𝑗∑︁
𝑘=1

𝑧𝑗,𝑘

����� Factoring the product

≤ 𝛿

√︂
𝑛𝑖

1 − 𝛿𝑛𝑖

√︂
𝑛𝑗

1 − 𝛿𝑛𝑗
By lemma 1

≤ 𝛿𝑑max

1 − 𝛿𝑑max
𝑛𝑖, 𝑛𝑗 ≤ 𝑑max by assumption

Thus A𝑖 and A𝑗 are 𝑓 (𝛿)-orthogonal for 𝑓 (𝛿) = 𝛿𝑑max/(1 − 𝛿𝑑max), and so it is possible to
choose 1

𝑑max
𝑒𝐶𝑑𝛿

2
pairwise 𝑓 (𝛿)-orthogonal projection matrices. Remapping the variable 𝛿 with

𝛿 ↦→ 𝑓 −1(𝛿) = 𝛿/(𝑑max(1 + 𝛿)), we find that it is possible to choose 1
𝑑max

𝑒𝐶𝑑𝛿
2/((1+𝛿)2𝑑2

max) pairwise
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𝛿-orthogonal projection matrices. Because 1 + 𝛿 is at most 2 with 𝛿 ∈ (0, 1), we can further
simplify the exponent and find that it is possible to choose 1

𝑑max
𝑒𝐶 (𝑑/𝑑

2
max)𝛿2/4 pairwise 𝛿-orthogonal

projection matrices. Absorbing the 4 into the constant 𝐶 finishes the proof of the lower bound.

For the upper bound, we can proceed much more simply. Consider 𝑘 pairwise 𝛿-orthogonal
matrices 𝐴𝑖 ∈ ℝ𝑑 ′ . Since these matrices are full rank, their column spaces each parameterize a
subspace of dimension 𝑑′, and so by a result from [51] it is possible to choose 𝑒𝐶𝑑

′𝛿2 log( 1
𝛿
) almost

orthogonal vectors in this subspace. Furthermore, by our definition of 𝛿-orthogonal matrices, all
pairs of these vectors between subspaces will be 𝛿-orthogonal. Finally, again by [51] we cannot
have more than 𝑒𝐶𝑑𝛿

2 log( 1
𝛿
) 𝛿-orthogonal vectors overall, so we have that

𝑘𝑒𝐶𝑑max𝛿
2 log( 1

𝛿
) < 𝑒𝐶𝑑𝛿

2 log( 1
𝛿
)

and simplfying,

𝑘 < 𝑒𝐶 (𝑑−𝑑max)𝛿2 log( 1
𝛿
)

These results imply that models can still represent an exponential number of higher dimensional
features. However, there is a large exponential gap between the lower and upper bound we have
shown. If the lower bound is reasonably tight, then this would mean that models would be highly
incentivized to fit features within the smallest dimensional space possible, suggesting a reason
for recent work showing interesting compressed encodings of multi-dimensional features in toy
problems [52].

Note that the proof assumes the “worst case” scenario that all of the features are dimension
𝑑max, while in practice many of the features may be 1 or low dimensional, so the effect on the
capacity of a real model that represents multi-dimensional features is unlikely to be this extreme.

Finally, we note that the dictionary learning literature may have discovered similar results in
the past (which we were unaware of), see [53].

9.7.2 More on Reducibility

Additional Intuition for Definitions

Here, we present some extra intuition and high level ideas for understanding our definitions and
the motivation behind them. Roughly, we intend for our definitions in the main text to identify
representations in the model that describe an object or concept in a way that fundamentally takes
multiple dimensions. We operationalize this as finding a subspace of representations that 1. has
basis vectors that “always co-occur” no matter the orientation 2. is not made up of combinations
of independent lower-dimensional features.

1. The first condition is met by the mixture part of our definition. The feature in question
should be part of an irreducible manifold, and so should “fill” a plane or hyperplane. There
shouldn’t be any part of the plane where the probability distribution of the feature is concentrated,
because this region is then likely part of a lower dimensional feature. The idea of this part of the
definition is to capture multi-dimensional objects; if the entire multi-dimensional space is truly
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being used to represent a high-dimensional object, then the representations for the object should
be “spread out” entirely through the space.

2. The second condition is met by the separability part of our definition. This part of the
definition is intended to rule out features that co-occur frequently but are fundamentally not
describing the same object or concept. For example, latitude and longitude are not a mixture in
that they frequently co-occur, but we do not think it is necessarily correct to say they are part of
the same multi-dimensional feature because they are independent.

Empirical Irreducible Feature Test Details

Our tests for reducibility require the computation of two quantities 𝑆 (f) for the separability index
and 𝑀𝜖 (f) for the 𝜖-mixture index. We describe how we compute each index in the following two
subsections.

Separability Index

We define the separability index in Equation 9.2 as

𝑆 (f) =min 𝐼 (a; b)

where the min is over rotations R used to split f′ = Rf + c into a and b. In two dimensions, the
rotation is defined by a single angle, so we can iterate over a grid of 1000 angles and estimate
the mutual information between a and b for each angle. We first normalize f by subtracting off
the mean and then dividing by the root mean squared norm of f (and multiplying by

√
2 since

the toy datasets are in two dimensions). To estimate the mutual information, we first clip the
data f to a 6 by 6 square centered on the origin. We then bin the points into a 40 by 40 grid, to
produce a discrete distribution 𝑝 (𝑎, 𝑏). After computing the marginals 𝑝 (𝑎) and 𝑝 (𝑏) by summing
the distribution over each axis, we obtain the mutual information via the formula

𝐼 (a; b) =
∑︁
𝑎,𝑏

𝑝 (𝑎, 𝑏) log
𝑝 (𝑎, 𝑏)
𝑝 (𝑎)𝑝 (𝑏) (9.8)

𝜖-Mixture Index

We define the 𝜖-mixture index in Equation 9.3 as

𝑀𝜖 (f) = max
v∈ℝ𝑑𝑓 , 𝑐∈ℝ

ℙ
(
|v · f + 𝑐 | < 𝜖

√︁
𝔼[(v · f + 𝑐)2]

)
The challenge with computing 𝑀𝜖 (f) is to compute the maximum. We opted to maximize via
gradient descent; and we guaranteed differentiability by softening the inequality < with a sigmoid,

𝑀𝜖,𝑇 (f, v, 𝑐) =𝔼
(
𝜎

(
1
𝑇

(
𝜖 − |v · f + 𝑐 |√︁

𝔼[(v · f + 𝑐)2]

)))
(9.9)

where 𝑇 is a temperature, which we linearly decay from 1 to 0 throughout training. We optimize
for v and 𝑐 using this loss 𝑀𝜖,𝑇 (f, v, 𝑐) using full batch gradient descent over 10000 steps with
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(b) Testing 𝑆 (b) and 𝑀𝜖 (b) on an irreducible feature b

Figure 9.10: Testing irreducibility of synthetic features. Left in each subfigure: Distributions
of x. For feature a, 63.96% lies within the narrow dotted lines, indicating the feature is likely a
mixture. For feature b, 17.84% lies within the wide lines, indicating the feature is unlikely to be
a mixture. The green cross indicates the angle 𝜃 that minimizes mutual information. Middle in
each subfigure: Histograms of the distribution of v · x with red lines indicating a 2𝜖-wide region.
Right in each subfigure: Mutual information between a and b as a function of the rotation angle
𝜃 of matrix R. Feature b has a large minimum mutual information so is unlikely to be separable;
feature a has a medium value of minimum mutual information of about 0.37 bits.

learning rate 0.1. With the solution (v∗, 𝑐∗), the final value of 𝑀𝜖,𝑇=0(f, v∗, 𝑐∗) is then our estimate
of 𝑀𝜖 (f).

We also run the irreducibility tests on additional synthetic feature distributions in fig. 9.11a
and fig. 9.11b.

9.7.3 Alternative Definitions

In this section, we present an alternative definition of a reducible feature that we considered during
our work. This chiefly deals with multi-dimensional features from the angle of computational
reducibility as opposed to statistical reducibility. In other words, this definition considers whether
representations of features on a specific set of tasks can be split up without changing the accuracy
of the task. This captures an interesting (and important) aspect of feature reducibility, but because
it requires a specific set of prompts (as opposed to allowing unsupervised discovery) we chose not
to use it as our main definition.

Our alternative definitions consider representation spaces that are possibly multi-dimensional,
and defines these spaces through whether they can completely explain a function ℎ on the
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(a) Testing 𝑆 (c) and 𝑀𝜖 (c) on a reducible feature c.
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(b) Testing 𝑆 (d) and 𝑀𝜖 (d) on an irreducible feature d

Figure 9.11: Testing irreducibility of synthetic features. Left in each subfigure: Distributions of
x. For feature c, 7.94% lies within the narrow dotted lines, indicating the feature is unlikely to
be a mixture. For feature d, 25.90% lies within the wide lines, indicating the feature is likely a
mixture. The green cross indicates the angle 𝜃 that minimizes mutual information. Middle in
each subfigure: Histograms of the distribution of v · x with red lines indicating a 2𝜖-wide region.
Right in each subfigure: Mutual information between a and b as a function of the rotation angle
𝜃 of matrix R. Both features have a small (< 0.5 bits) minimum mutual information and so are
likely separable.
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output logits. We consider a group theoretic approach to irreducible representations, via whether
computation involving multiple group elements can be decomposed.

Alternative Definition: Interventions and Representation Spaces

Assume that we restrict the input set of prompts 𝑇 = {t 𝑗 } to some subset of prompts and that
we have some evaluation function ℎ that maps from the output logit distribution of 𝑀 to a real
number. For example, for the Weekdays problems, 𝑇 is the set of 49 prompts and ℎ could be the
argmax over the days of week logits. Abusing notation, we let 𝑀 also be the function from the
layer we are intervening on; this is always clear from context. Then we can define a representation
space of x 𝑗

𝑖,𝑙
as a subspace in which interventions always work:

Definition 6 (Representation Space). Given a prompt set 𝑇 = {t 𝑗 }, a rank-𝑟 dimensional repre-
sentation space of intermediate value x 𝑗

𝑖,𝑙
is a rank 𝑟 projection matrix 𝑃 such that for all 𝑗, 𝑗 ′,

ℎ(𝑀 ((𝐼 − 𝑃)x 𝑗

𝑖,𝑙
+ 𝑃x 𝑗 ′

𝑖,𝑙
)) = ℎ(𝑀 (x 𝑗 ′

𝑖,𝑙
)).

Note that it immediately follows that the rank 𝑑 dimensional matrix 𝐼𝑑 is trivially a rank 𝑑

representation space for all prompt sets 𝑇 .

Definition 7 (Minimality). A representation space 𝑃 of rank 𝑟 is minimal if there does not exist a
lower rank representation space.

A minimal representation with rank > 1 is a multi-dimensional representation.

Definition 8 (Alternative Reducibility). A representation space 𝑃 of rank 𝑟 is reducible if there are
orthonormal representation spaces 𝑃1 and 𝑃2 (such that 𝑃1 + 𝑃2 = 𝑃 , 𝑃1𝑃2 = 0) where

ℎ(𝑀 (𝑃1x 𝑗

𝑖,𝑙
) +𝑀 (𝑃2x 𝑗

𝑖,𝑙
)) = ℎ(𝑀 (𝑃1x 𝑗

𝑖,𝑙
+ 𝑃2x 𝑗

𝑖,𝑙
))

for all 𝑗, 𝑗 ′.

Suppose 𝑇 , ℎ and 𝑀 define the multiplication of two elements in a finite group 𝐺 of order
𝑛. Then if we interpret the embedding vectors as the group representations, our definition of
reducibility implies to the standard group-theoretical definition of irreducibility –– specifically,
reducibility into a tensor product representation.

9.7.4 Toy Case of Training SAEs on Circles

To explore how SAEs behave when reconstructing irreducible features of dimension 𝑑𝑓 > 1, we
perform experiments with the following toy setup. Inspired by the circular representations of
integers that networks learn when trained on modular addition [7,8], we create synthetic datasets
of activations containing multiple features which are each 2d irreducible circles.

First however, consider activations for a single circle – points uniformly distributed on the
unit circle in ℝ2. We train SAEs on this data with encoder Enc(x) = ReLU(We(x − bd) + be) and
decoder Dec(f) = Wdf + bd. We train SAEs with 𝑚 = 2 and 𝑚 = 10 with the Adam optimizer
and a learning rate of 10−3, sparsity penalty 𝜆 = 0.1, for 20,000 steps, and a warmup of 1000 steps.
In fig. 9.12 we show the dictionary elements of these SAEs. When𝑚 = 2, the SAE must use both
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Figure 9.12: SAEs trained to reconstruct a single 2d circle with 𝑚 = 2 (left) and 𝑚 = 10 (middle
and right) dictionary elements. When there are several SAE features, there is no natural/canonical
choice of feature directions, and the dictionary elements spread out across the circle.

SAE features on each input point, and uses db to shift the reconstructed circle so it is centered
at the origin. When𝑚 = 10, the SAE learns db ≈ 0 and the features spread out across the circle,
arranged close together, and only a subset are active on each input.

We now consider synthetic activations with multiple circular features. Our data consists of
points inℝ10, where we choose two orthogonal planes spanned by (e1, e2) and (e3, e4), respectively.
With probability one half a points is sampled uniformly on the unit circle in the e1-e2 plane,
otherwise the point will be sampled uniformly on the unit circle in the e3-e4 plane. We train SAEs
with𝑚 = 64 on this data with the same hyperparameters as the single-circle case.

We now apply the procedure described in section 9.4 to see if we can automatically rediscover
these circles. Encouragingly, we first find that the alive SAE features align almost exactly with
either the e1-e2 or the e3-e4 plane. When we apply spectral clustering with n_clusters = 2 to
the features with the pairwise angular similarities between dictionary elements as the similarity
matrix (fig. 9.13, left), the two clusters correspond exactly to the features which span each plane.
As described in section 9.4, given a cluster of dictionary elements 𝑆 ⊂ {1, . . . ,𝑚}, we run a large
set of activations through the SAE, then filter out samples which don’t activate any element in 𝑆 .
For samples which do activate an element of 𝑆 , reconstruct the activation while setting all SAE
features not in 𝑆 to have a hidden activation of zero. If some collection of SAE features together
represent some irreducible feature, we want to remove all other features from the activation vector,
and so we only allow SAE features in the collection to participate in reconstructing the input
activation. We find that this procedure almost exactly recovers the original two circles, which
encouraged us to apply this method for discovering the features shown in fig. 9.1 and fig. 9.15.

9.7.5 Training Mistral SAEs

Our Mistral 7B [40] sparse autoencoders (SAEs) are trained on over one billion tokens from a
subset of the Pile [54] and Alpaca [55] datasets. We train our SAEs on layers 8, 16, and 24 out
of 32 total layers to maximize coverage of the model’s representations. We use a 16× expansion
factor, yielding a total of 65536 dictionary elements for each SAE.

To train our SAEs, we use an 𝐿𝑝 sparsity penalty for 𝑝 = 1/2 with sparsity coefficient 𝜆 = 0.012.
Before an SAE forward pass, we normalize our activation vectors to have norm

√
𝑑𝑚𝑜𝑑𝑒𝑙 = 64 in
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Figure 9.13: Automatic discovery of synthetic circular features by clustering SAE dictionary
elements.

the case of Mistral. We do not apply a pre-encoder bias. We use an AdamW optimizer with weight
decay 10−3 and learning rate 0.0002 with a linear warm up. We apply dead feature resampling
[12] five times over the course of training to converge on SAEs with around 1000 dead features.

9.7.6 GPT-2 and Mistral 7B Dictionary Element Clustering

In this section, we first present pseudocode in line 1 for the overall high level technique that finds
multi-dimensional features and that uses clustering as a subroutine. We then provide the specific
clustering algorithm implementations we use for GPT-2 and Mistral.
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Algorithm 1: High Level Clustering Approach For Finding Multi-D Features
Input: Dictionary elements 𝐷 , activation vectors 𝑋𝑖,𝑙 , SAE
Output: Irreducible multi-dimensional features
𝑆𝑖, 𝑗 ← CosineSim(𝐷𝑖, 𝐷𝑗 );
𝑐𝑙𝑢𝑠𝑡𝑒𝑟𝑠 ← Cluster(𝑆);
𝑟𝑒𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑖𝑜𝑛𝑠 ← {};
for 𝑐𝑙𝑢𝑠𝑡𝑒𝑟 in 𝑐𝑙𝑢𝑠𝑡𝑒𝑟𝑠 do

𝑅𝑐𝑙𝑢𝑠𝑡𝑒𝑟 ← ids of dictionary elements in 𝑐𝑙𝑢𝑠𝑡𝑒𝑟 ;
for 𝒙𝑖,𝑙 in 𝑋𝑖,𝑙 do

𝑒𝑛𝑐𝑜𝑑𝑖𝑛𝑔← ReLU(𝐸 · 𝒙𝑖,𝑙 );
if max(𝑒𝑛𝑐𝑜𝑑𝑖𝑛𝑔[𝑅𝑐𝑙𝑢𝑠𝑡𝑒𝑟 ]) > 0 then

𝑟 ← 𝐷 [:, 𝑅𝑐𝑙𝑢𝑠𝑡𝑒𝑟 ] · 𝑒𝑛𝑐𝑜𝑑𝑖𝑛𝑔;
𝑟𝑒𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑖𝑜𝑛𝑠 ← 𝑟𝑒𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑖𝑜𝑛𝑠 ∪ {𝑟 };

end
end

end
𝑓 𝑒𝑎𝑡𝑢𝑟𝑒𝑠 ← {};
for 𝑅 in 𝑟𝑒𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑖𝑜𝑛𝑠 do

𝑝𝑟𝑜 𝑗 ← PCA(𝑅);
if TestIrreducible(𝑝𝑟𝑜 𝑗) then

Add 𝑝𝑟𝑜 𝑗 to 𝑓 𝑒𝑎𝑡𝑢𝑟𝑒𝑠;
end

end
return 𝑓 𝑒𝑎𝑡𝑢𝑟𝑒𝑠

GPT-2-small methods and results

For GPT-2-small, we perform spectral clustering on the roughly 25k layer 7 SAE features from [39],
using pairwise angular similarities between dictionary elements as the similarity matrix. We use
n_clusters = 1000 and manually looked at roughly 500 of these clusters. For each cluster, we
looked at projections onto principal components 1-4 of the reconstructed activations for these
clusters. In fig. 9.14, we show projections for the most interesting clusters we identified, which
appear to be circular representations of days of the week, months of the year, and years of the
20th century.

Mistral 7B methods and results

For Mistral 7B, our SAEs have 65536 dictionary elements and we found it difficult to run spectral
clustering on all of these at once. We therefore develop a simple graph based clustering algorithm
that we run on Mistral 7B SAEs:

1. Create a graph 𝐺 out of the dictionary elements by adding directed edges from each dictio-
nary element to its 𝑘 closest dictionary elements by cosine similarity. We use 𝑘 = 2.

2. Make the graph undirected by turning every directed edge into an undirected edge.
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Figure 9.14: Projections of days of week, months of year, and years of the 20th century representa-
tions onto top four principal components, showing additional dimensions of the representations
than fig. 9.1.

3. Prune edges with cosine similarity less than a threshold value 𝜏 . We use 𝜏 = 0.5.

4. Return the connected components as clusters.

We run this algorithm on the Mistral 7B layer 8 SAE (216 dictionary elements) and find roughly
2700 clusters containing between 2 and 1000 elements. We manually inspected roughly 2000 of
these. From these, we re-discover circular representations of days of the week and months of
the year, shown in fig. 9.15. However, we did not find other obviously interesting and clearly
irreducible features.

We also investigate the sensitivity of this method to 𝜏 and 𝑘 by varying 𝜏 and 𝑘 and showing
the max Jaccard similarity between any of the resulting clusters and the days of the week cluster
we show in fig. 9.15. We show the results in fig. 9.16, where we find that varying 𝑘 has minimal
effect, while varying 𝜏 shows 3 regimes: small 𝜏 causes all features to group in one cluster, so the
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days of the week cluster is not found; medium 𝜏 causes the days of the week cluster to become
identifiable; large 𝜏 causes all features to be divided into their own clusters.

Figure 9.15: Circular representations of days of the week and months of the year which we discover
with our unsupervised SAE clustering method in Mistral 7B. Unlike similar features in GPT-2, we
also find an additional “weekend” representation in between Saturday and Sunday representations
(left) and additional representations of seasons among the months (right). For instance, “winter”
tokens activate a region of the circle in between the representation of January and December.

As future work, we think it would be exciting to develop better clustering techniques for SAE
features. Our graph based clustering technique could likely be improved by more recent efficient
and high-quality graph based clustering techniques, e.g. hierarchical agglomerate clustering with
single-linkage [56]. Additionally, we believe we would see a large improvement by setting edge
weights to be a combination of both the cosine and Jaccard similarity of the dictionary elements,
e.g. max(cosine, Jaccard).

9.7.7 Other discovered clusters

In fig. 9.17, we plot the top 11 ranked clusters by the product of a) the measured separability index
and b) one minus the measured 𝜖-mixture index with 𝜖 = 0.1 (this is just one of many possible
ways to get an ordered ranking from a two-parameter score). We color by both the current token
(which results in clear patterns for all tokens) and the next token (to see if we find belief states
as found by [28] in toy transformers). We note that weekdays are ranked 9 and so are shown in
the plot. Additionally, the next token patterns of the ‘such’ cluster and the ‘B’ cluster do seem
to display some clustering independently of the the current token pattern, which might lend the
belief state hypothesis some support.
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Figure 9.16: Hyperparameter regimes where the days of the week cluster exists. The cluster exists
in the regime between all features clumping together and all features being in their own cluster;
this regime seems reasonably stable.

9.7.8 Further Experiment Details

Assets Information

We use the following open source models for our experiments: Llama 3 8B [41] (custom Llama
3 license https://llama.meta.com/llama3/license/), Mistral 7B [40] (released under the Apache 2
License), and GPT-2 [38] (modified MIT license, see https://github.com/openai/gpt-2/blob/master/
LICENSE).

Machine Information

Intervention experiments were run on two V100 GPUs using less than 64 GB of CPU RAM; all
experiments can be reproduced from our open source repository in less than a day with this
configuration. We use the TransformerLens library [57] for intervention experiments. 𝜖-mixture
index measurements on toy datasets took about one minute each, on 8GB of CPU RAM. EVR
experiments take seconds on 8GB of CPU RAM and are dominated by time taken to human-
interpret the RGB plots.

GPT-2 SAE clustering and plotting was run on a cluster of heterogeneous hardware. Spectral
clustering and computing reconstructions + plotting was done on CPUs only. We made reconstruc-
tion plots for 500 clusters, with each taking less than 10 minutes. Mistral 7B SAE reconstruction
plots were made on the same cluster. We made roughly 2000 reconstruction plots for Mistral
7B (and manually inspected each), with each taking less than 20 minutes to generate. Jobs were
allocated 64GB of memory each.

Mistral SAE training was run on a single V100 GPU. Initially caching activations from Mistral
7B on one billion tokens took approximately 60 hours. Training the SAEs on the saved activations
took another 36 hours.
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Error Bar Calculation

In fig. 9.6 we report 96% error bars for all intervention methods. To compute these error bars,
we loop over all intervention methods and all layers and compute a confidence interval for each
(method, layer) pair across all prompts. Assuming normally distributed errors, we compute error
bars with the following standard formula:

𝐸𝐵 = 𝜇 ± 𝑧 ∗ 𝑆𝐸

where 𝜇 is the sample mean, 𝑧 is the z score (slightly larger than 2 for 96% error bars), and 𝑆𝐸 is
the standard error (the standard deviation divided by the square root of the number of samples).
We use standard Python functions to compute this value.

269



Figure 9.17: Top 10 GPT-2 clusters by Mixture and Separability Index.

The reason that the Months error bars are smaller than the Weekdays error bars is because
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Figure 9.18: Projections onto the top two PCA dimensions of model hidden states on the 𝛼 token
show that circular representations of 𝛼 are present in various layers.

there are more Months prompts: there are 12 ∗ 12 ∗ 11 = 1584 intervention effect values, rather
than 7 ∗ 7 ∗ 6 = 294 intervention effect values.

9.7.9 More Weekdays and Months Plots and Details

Basic Plots

We show the results of Mistral 7B and Llama 3 8B on all individual instances of Weekdays that at
least one of the models get wrong in table 9.2 and present a similar table for Months in table 9.3.

We show projections onto the top two PCA directions for both Mistral 7B and Llama 3 8B in
fig. 9.18 on the hidden layers on top of the 𝛼 token, colored by 𝛼 . These are similar plots to fig. 9.4,
except they are on all layers. The circular structure in 𝛼 is visible on many—but not all—layers.
Much of the linear structure visible is due to 𝛽 .

Intervening with the SAE Probe

We show the results of projecting Mistral Weekdays representations into the plane discovered
by clustering SAE features in fig. 9.21. The result is clearly circular.
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Figure 9.19: Attention and MLP patching results on Weekdays. Results are averaged over 20
different runs with fixed 𝛼 and varying 𝛽 and 20 different runs with fixed 𝛽 and varying 𝛼 .
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Figure 9.21: Projections of Mistral 7B
Weekdays task activations at layer 8
into the plane discovered by clustering
layer 8 SAE features.

Basic Patching

In fig. 9.19 and fig. 9.20, we report MLP and attention
head patching results for Weekdays and Months. We
experiment on 20 pairs of problems with the same 𝛼 and
different 𝛽 and 20 pairs of problems with the same 𝛽 and
different 𝛼 , for a total of 40 pairs of problems. For each
pair of problems, we patch the MLP/attention outputs
from the "clean" to the "dirty" problem for each layer and
token, and then complete the forward pass. Defining the
logit difference as the logit of the clean 𝛾 minus the logit
of the dirty 𝛾 , we record what percent of the difference
between the original logit difference of the dirty problem
and the logit difference of the clean problem is recovered
upon intervening, and average across these 40 percent-
ages for each layer and token. This gives us a score we
call the Average Intervention Effect.

For simplicity of presentation, we clip all of the (few)
negative intervention averages to 0 (prior work [42] has
also found negative-effect attention heads during patch-
ing experiments).
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Figure 9.20: Attention and MLP patching results on Months. Results are averaged over 20 different
runs with fixed 𝛼 and varying 𝛽 and 20 different runs with fixed 𝛽 and varying 𝛼 .
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Figure 9.22: Layer 30 Mistral 7B acti-
vations for [very early/very late] on
[Monday/Tuesday/.../Sunday], plotted
projected into the PCA plane for [Mon-
day/Tuesday/.../Sunday].

Finally, in fig. 9.22, we show another example of the
continuity of the circular days of the week representation
in Mistral 7B.

9.7.10 Patching

In this section, we present results to support a claim
that MLPs (and not attention blocks) are responsible for
computing 𝛾 . In fig. 9.25, we deconstruct states on top
of the final token (before predicting 𝛾 ) on Llama 3 8B
Months (we show a similar plot for the states on the final
token of Mistral 7B on Weekdays in the main text in
fig. 9.24. These plots show that the value of𝛾 is computed
on the final token around layers 20 to 25. To show that
this computation of occurs in the MLPs, we must show
that no attention head is copying 𝛾 from a prior token or
directly computing 𝛾 .

We first perform a patching experiment with the same
setup fig. 9.20 and fig. 9.19 on individual attention heads
on the final token. From the patching results we identify
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Table 9.2: Weekdays finegrained results. Row ommited if both models get it correct.

𝛼 𝛽 Ground truth 𝛾 Mistral top 𝛾 Mistral correct? Llama top 𝛾 Llama correct?

1 1 Wednesday Wednesday Yes Thursday No
3 1 Friday Friday Yes Tuesday No
4 1 Saturday Saturday Yes Thursday No
3 2 Saturday Saturday Yes Tuesday No
4 2 Sunday Sunday Yes Wednesday No
5 2 Monday Monday Yes Tuesday No
2 3 Saturday Friday No Saturday Yes
3 3 Sunday Sunday Yes Tuesday No
4 3 Monday Monday Yes Tuesday No
0 4 Friday Thursday No Friday Yes
3 4 Monday Monday Yes Tuesday No
0 5 Saturday Friday No Saturday Yes
1 5 Sunday Saturday No Wednesday No
2 5 Monday Sunday No Monday Yes
4 5 Wednesday Tuesday No Tuesday No
6 5 Friday Thursday No Thursday No
1 6 Monday Sunday No Thursday No
2 6 Tuesday Monday No Tuesday Yes
3 6 Wednesday Tuesday No Tuesday No
4 6 Thursday Thursday Yes Tuesday No
5 6 Friday Friday Yes Thursday No
6 6 Saturday Thursday No Thursday No
0 7 Monday Sunday No Tuesday No
1 7 Tuesday Sunday No Tuesday Yes
2 7 Wednesday Sunday No Wednesday Yes
3 7 Thursday Sunday No Thursday Yes
4 7 Friday Thursday No Tuesday No
5 7 Saturday Friday No Saturday Yes
6 7 Sunday Friday No Thursday No
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Table 9.3: Months finegrained results. Row ommited if both models get it correct.

𝛼 𝛽 Ground truth 𝛾 Mistral top 𝛾 Mistral correct? Llama top 𝛾 Llama correct?

0 4 May April No May Yes
6 4 November October No November Yes
0 6 July June No July Yes
0 7 August July No August Yes
1 7 September October No September Yes
3 7 November October No November Yes
5 7 January December No January Yes
6 7 February January No February Yes
7 7 March February No March Yes
9 7 May April No May Yes
4 9 February February Yes January No
2 10 January December No January Yes
8 10 July June No July Yes
1 11 January December No January Yes
2 11 February December No February Yes
3 11 March February No March Yes
7 11 July June No July Yes
8 11 August July No August Yes
9 11 September August No September Yes
0 12 January December No January Yes
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the top 10 attention heads by average intervention effect.
For each attention head, we compute one EVR run with
explanatory functions equal to one-hot functions of 𝛼
and 𝛽 (resulting in 14 functions g𝑖 for Weekdays and 24 for Months) and one with explanatory
functions equal to one-hot functions of 𝛼 , 𝛽 , and 𝛾 . We find that for all layers before 25, adding 𝛾
to the explanatory functions adds almost no explanatory power. Since we established above that
the model has already computed 𝛾 at this point, we know that attention heads do not participate
in computing 𝛾 .

To isolate the rough circuit for Weekdays and Months, we perform layer-wise activation
patching on 40 random pairs of prompts. The results, displayed in fig. 9.20 show that the circuit
to compute 𝛾 consists of MLPs on top of the 𝛼 and 𝛽 tokens, a copy to the token before 𝛾 , and
further MLPs there (roughly similar to prior work studying arithmetic circuits [37]). Moreover,
fine-grained patching in section 9.7.11 shows that there are just a few responsible attention heads
for the writes to the token before 𝛾 . However, patching alone cannot tell use how or where 𝛾 is
represented. For that, we need a new technique, which we expand on in the next section.

9.7.11 Explanation via Regression (EVR)

So far, we have focused on examining and intervening on the representation for 𝛼 , which we
present as a circle in the top PCA components on top of the 𝛼 token. In this section, we examine
how the generated output, 𝛾 , is represented.
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Figure 9.23: Top two PCA
components of residual er-
rors after EVR with one-hot
in 𝛼 and 𝛽 . Mistral 7B
Weekdays, layer 25, final to-
ken. Colored by 𝛾 .

First, to isolate the rough circuit for Weekdays and Months,
we perform layer-wise activation patching on 40 random pairs
of prompts. The results, displayed in fig. 9.20 and fig. 9.19, show
that the circuit to compute 𝛾 consists of MLPs on top of the 𝛼 and
𝛽 tokens, a copy to the token before 𝛾 , and further MLPs there
(roughly similar to what [37] find in prior work studying arithmetic
circuits). Thus, we know where to look for a representation of 𝛾 :
in the second half of the layers on the token before 𝛾 . However,
patching alone cannot tell use how 𝛾 is represented.

Unlike 𝛼 , 𝛾 has no obvious circular (or linear) pattern in the top
PCA components on these layers. To determine the representation
for 𝛾 , we introduce a more powerful technique we call Explanation
via Regression (EVR): given a set of token sequences with a corre-
sponding set of hidden states 𝑋𝑖,𝑙 , we choose a set of interpretable
explanation functions of the input tokens {g𝑗 (𝑡)}. The 𝑟 2 value of
a linear regression from {g𝑗 (𝑡)} to 𝑋𝑖,𝑙 tells us how much of the variance in the activations the
{g𝑗 (𝑡)} explain, and conversely the residuals show the exact components of the representation we
have yet to explain.

Using EVR to uncover a circular representation for 𝛾

We first use EVR to determine the representation for 𝛾 by plotting the top two PCA components
of the layer 25 Mistral 7B activations after subtracting the components that can be explained using
a regression with one hot functions in 𝛼 and 𝛽 (i.e. g1 = [𝛼 = 0], g2 = [𝛽 = 1], g3 = [𝛼 = 1], . . .).
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Figure 9.24: EVR residual RGB plots on Mistral hidden states on the Weekdays final token, layers
17 to 29. From top to bottom, we show each residual RGB plot after adding the function(s) g𝑖 labelled
just underneath, as well as the resulting 𝑟 2 value. We write “tmr” meaning “tomorrow” for 𝛽 = 1.
We also write “circle for 𝑥” meaning the inclusion of two functions g𝑖 (𝑥) = {cos, sin}(2𝜋𝑥/7).

The result, shown in fig. 9.23, is an incredibly clear circle in 𝛾 , which suggests that the model’s
generated representation of 𝛾 lies along a circle. A simple PCA projection was not enough to find
this result because the representation for 𝛾 has interference from 𝛼 and 𝛽 , which the EVR removes.
This suggests that the models may be generating 𝛾 by using a trigonometry based algorithm like
the “clock” [8] or “pizza” [36] algorithm in late MLP layers.

More Experiments with EVR

We now apply EVR to Months and Weekdays to break down 𝑋𝑖,𝑙 completely into interpretable
functions. We build a list of g𝑖 iteratively and greedily. At each iteration, we perform a linear
regression with the current list g1 . . . g𝑘 , visualize and interpret the residual prediction errors,
and build a new function g𝑘+1 representing these errors to add to the list. Once most variance
is explained, we can conclude that g1, . . . , g𝑘 constitutes the entirety of what is represented in
the hidden states. This information tells us what can and cannot be extracted via a linear probe,
without having to train any probes. Furthermore, if we treat each g𝑖 as a feature (see definition 2),
then the linear regression coefficients tell us which directions in 𝑋𝑖,𝑙 these features are represented
in, connecting back to Hypothesis 2.

Since 𝑋𝑖,𝑙 consists of modular addition problems with two inputs 𝛼 and 𝛽 , we can visualize
the errors as we iteratively construct g1, . . . , g𝑘 by making a heatmap with 𝛼 and 𝛽 on the two
axes, where the color shows what kind of error is made. More specifically, we take the top 3 PCA
components of the error distribution and assign them to the colors red, green, and blue. We call
the resulting heatmap a residual RGB plot. Errors that depend primarily on 𝛼 , 𝛽 , or 𝛾 show up as
horizontal, vertical, or diagonal stripes on the residual RGB plot.
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In fig. 9.24, we perform EVR on the layer 17-29 hidden states of Mistral 7B on the Weekdays
task; additional deconstructions are in section 9.7.11. We find that a circle in 𝛾 develops and grows
in explanatory power; we plot the layer 25 residuals after explaining with one hot functions in 𝛼

and 𝛽 (i.e. g1 = [𝛼 = 0], g2 = [𝛽 = 1], g3 = [𝛼 = 1], . . .) in fig. 9.23 to show this incredibly clear
circle in 𝛾 . This suggests that the models may be generating 𝛾 by using a trigonometry based
algorithm like the “clock” [8] or “pizza” [36] algorithm in late MLP layers.

Table 9.4: Highest intervention effect attention heads from fine-grained attention head patching,
as well as EVR results with one hot 𝛼, 𝛽 and one hot 𝛼, 𝛽,𝛾 .

(a) Mistral 7B, Weekdays.

L H Average
Inter-
ven-
tion

Effect

EVR
𝑅2 One
Hot 𝛼 ,
𝛽

EVR
𝑅2 One
Hot 𝛼 ,
𝛽 , 𝛾

28 18 0.22 0.39 0.73
18 30 0.17 0.95 0.96
15 13 0.17 0.94 0.95
22 15 0.11 0.77 0.82
16 21 0.09 0.92 0.93
28 16 0.08 0.42 0.69
15 14 0.06 0.98 0.99
30 24 0.05 0.43 0.79
21 26 0.04 0.53 0.63
14 2 0.04 0.93 0.95

(b) Llama 3 8B, Weekdays.

L H Average
Inter-
ven-
tion

Effect

EVR
𝑅2 One
Hot 𝛼 ,
𝛽

EVR
𝑅2 One
Hot 𝛼 ,
𝛽 , 𝛾

17 0 0.18 0.98 0.99
17 1 0.08 0.98 0.98
19 10 0.08 0.95 0.96
30 17 0.07 0.85 0.90
17 3 0.07 0.93 0.95
17 27 0.06 1.00 1.00
31 22 0.05 0.37 0.78
21 9 0.04 0.73 0.78
20 28 0.04 1.00 1.00
30 16 0.04 0.73 0.85

(c) Mistral 7B, Months.

L H Average
Inter-
ven-
tion

Effect

EVR
𝑅2 One
Hot 𝛼 ,
𝛽

EVR
𝑅2 One
Hot 𝛼 ,
𝛽 , 𝛾

20 28 0.15 0.76 0.76
17 0 0.10 0.77 0.77
25 14 0.08 0.19 0.61
17 1 0.07 0.80 0.82
17 3 0.06 0.71 0.71
31 22 0.06 0.12 0.67
17 27 0.05 0.58 0.58
19 4 0.05 0.40 0.66
19 10 0.04 0.62 0.62
30 26 0.04 0.51 0.62

(d) Llama 3 8B, Months.

L H Average
Inter-
ven-
tion

Effect

EVR
𝑅2 One
Hot 𝛼 ,
𝛽

EVR
𝑅2 One
Hot 𝛼 ,
𝛽 , 𝛾

15 13 0.26 0.62 0.62
16 21 0.17 0.76 0.76
18 30 0.13 0.77 0.77
28 18 0.11 0.13 0.52
28 16 0.07 0.13 0.52
21 25 0.05 0.65 0.70
15 14 0.03 0.72 0.72
17 26 0.02 0.77 0.77
31 1 0.02 0.11 0.57
21 24 0.02 0.30 0.45
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Figure 9.25: Iterative deconstruction of hidden state representations on the final token on Llama 3
8B, Months.
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Chapter 10

Understanding Sparse Autoencoder Scaling
in the Presence of Feature Manifolds*

This final chapter ties together many threads from throughout this thesis: sparse autoen-
coders, scaling laws, and feature geometry. It develops a model of scaling laws for sparse
autoencoders, adapting our model of neural scaling from Chapter 2 (or rather a model
from the literature which generalized our model) to study sparse autoencoder scaling. It is
particularly interested in how feature manifolds, which we showed existed in large language
models in Chapter 9, impact SAE scaling.

Abstract

Sparse autoencoders (SAEs) model the activations of a neural network as linear combinations of
sparsely occurring directions of variation (latents). The ability of SAEs to reconstruct activations
follows scaling laws w.r.t. the number of latents. In this work, we adapt a capacity-allocation
model from the neural scaling literature (Brill, 2024) to understand SAE scaling, and in particular,
to understand how feature manifolds (multi-dimensional features) influence scaling behavior.
Consistent with prior work, the model recovers distinct scaling regimes. Notably, in one regime,
feature manifolds have the pathological effect of causing SAEs to learn far fewer features in data
than there are latents in the SAE. We provide some preliminary discussion on whether or not
SAEs are in this pathological regime in the wild.

10.1 Introduction

Sparse autoencoders [1–9] and related methods [10–14] decompose neural network activations
into a collection of sparsely activating latents. As SAEs have been scaled (now to millions of
latents) [4,15–17], they have exhibited scaling laws [4,15,18], where loss improves predictably as
a power law with the number of latents in the SAE. Although sparse autoencoders learn many

∗Eric J. Michaud, Liv Gorton, and Tom McGrath. “Understanding sparse autoencoder scaling in the presence of
feature manifolds.” Mechanistic Interpretability Workshop at NeurIPS (2025). Preprint: arXiv:2509.02565.
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interpretable features, they may miss important structure in neural representations, either because
there are an extraordinary number of very rare features in activations [19] or because the SAE
architecture and training objective make incorrect assumptions about the structure of neural
representations [20,21].

In this work, we develop a formal analysis of SAE scaling behavior and scaling laws. We
are particularly interested in understanding SAE scaling when activations contain a particular
kind of structure: feature manifolds (multi-dimensional features) [22,23], and in whether feature
manifolds could cause pathological scaling and exacerbate the problem of interpretability “dark
matter” [19,24]. Our main approach is to adapt a mathematical model of neural scaling from
Brill (2024) [25], where models allocate capacity between different data manifolds, to the case
of SAEs. Guided by our model, we then conduct experiments to probe whether SAEs may scale
pathologically in practice.

10.2 A model of sparse autoencoder scaling

10.2.1 The structure of data and the SAE architecture

Activation data: We assume the multi-dimensional linear representation hypothesis [24,26] and
that neural network activation vectors x ∈ ℝ𝑑 are generated as a sum of sparsely occurring
features: x =

∑
𝑖 S𝑖f𝑖 where S𝑖 is the subspace where feature 𝑖 lives, specified by a 𝑑 × 𝑑𝑖 matrix

whose columns are basis vectors of the subspace, and f𝑖 is a random variable taking values in ℝ𝑑𝑖 ,
where 𝑑𝑖 is the dimension of feature 𝑖 . Each feature f𝑖 is sparse, supported on a small fraction of the
data: 𝑝𝑖 = Pr[f𝑖 ≠ 0] ≪ 1, so each activation vector is a sum of only a small subset of all features.

SAEs: Sparse autoencoders attempt to reconstruct activation vectors as a sum of sparsely
activating latents, consisting of an encoding step f̂ = Enc(x) = 𝜎 (W𝑒x + b𝑒) where 𝜎 is a
nonlinearity and f̂ ∈ ℝ𝑁 , and a decoding step x̂ = Dec(f̂) = W𝑑 f̂ + b𝑑 . Sparse autoencoders are
trained with SGD on a loss L = ∥x − x̂∥22 + 𝜆 𝑆 (f̂) where 𝑆 (f̂) is a sparsity-encouraging loss like
∥f̂∥1 or ∥f̂∥0.

10.2.2 Assumption: SAE optimization reduces to a latent allocation problem

We assume that SAEs learn solutions where each latent 𝑗 is specific to a particular feature 𝑖 , so
that f̂𝑗 ≠ 0 only if f𝑖 ≠ 0. We further assume that the SAE latent decoder directions for the latents
associated with feature 𝑖 lie within the subspace S𝑖 , and that the subspaces where features live are
orthogonal, i.e., S𝑖 ⊥ S𝑘 if 𝑖 ≠ 𝑘 . It follows that the SAE loss on any sample x is the sum of losses
on samples where each active feature had fired alone: if A(x) are the “active” features 𝑖 where
f𝑖 ≠ 0 on x, then

L(x) = L ©­«
∑︁

𝑖∈A(x)
S𝑖f𝑖

ª®¬ assumption
=

∑︁
𝑖∈A(x)

L(S𝑖f𝑖).

We note that feature absorption and related phenomena [27] and the non-orthogonality of features
in practice violate these assumptions, but we will accept them for the sake of expedience. If SAE
latents are specific to features, then an optimal SAE’s loss on a feature 𝑖 will be determined by the
number of latents 𝑛𝑖 the SAE allocates to reconstructing feature 𝑖 , which we denote 𝐿𝑖 (𝑛𝑖), and
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Figure 10.1: SAE scaling on a toy feature manifold 𝑆1. We train ReLU SAEs with an L1 sparsity
penalty to reconstruct points on the circle 𝑆1 ⊆ ℝ2. We find that SAEs can slightly reduce their
total loss by “tiling” the manifold with more sparsely activating latents. For SAEs with 4, 8, and
24 latents, we show the data (𝑆1) in grey, the SAE’s reconstruction in black, the decoder latent
directions as arrows, and indicate the part of the circle that each latent fires on as colored arcs.
If SAEs can reduce loss by “tiling” a manifold in this way, they may do this at the expense of
learning rarer features.

will be determined by the geometry of the feature f𝑖 . The expected loss across activations x is
then:

Ex [L(x)] = Ex


∑︁
𝑖∈A(x)

L(S𝑖f𝑖)
 =

∑︁
𝑖

𝑝𝑖L(S𝑖f𝑖) =
∑︁
𝑖

𝑝𝑖𝐿𝑖 (𝑛𝑖)

We therefore reduce the SAE optimization problem to the problem of choosing how many
latents 𝑛𝑖 to allocate to each feature 𝑖 in the data. To understand SAE scaling behavior, we solve
for the allocation of latents to each feature 𝑛𝑖 that minimizes

∑
𝑖 𝑝𝑖𝐿𝑖 (𝑛𝑖) given a distribution over

feature frequencies 𝑝𝑖 , the per-feature loss curves 𝐿𝑖 , and the constraint on the total number of
latents

∑
𝑖 𝑛𝑖 = 𝑁 .

10.2.3 Warm-up on discrete features

To get comfortable with this formulation, we first apply it to the simplest case where all features
are discrete. We imagine that for all features 𝑖 , 𝑑𝑖 = 1 and f𝑖 = 1 on the fraction 𝑝𝑖 of samples
where feature 𝑖 is present and is 0 otherwise. For each feature 𝑖 , an SAE incurs loss 1 if 𝑛𝑖 = 0
(reconstruction loss = 1 and sparsity loss = 0). If 𝑛𝑖 = 1, it can perfectly reconstruct the feature,
incurring sparsity loss 𝜆 with L0 or L1 sparsity loss. Therefore 𝐿(𝑛) = 1 if 𝑛𝑖 < 1 else 𝜆.

With total loss
∑

𝑖 𝑝𝑖𝐿(𝑛𝑖) and 𝑁 latents in our SAE we see that the optimal solution is to
allocate one latent to the most commonly occurring 𝑁 features. In this setup, then, the effect of
scaling SAEs is to learn an increasing number of discrete features in the data, in decreasing
order of their frequency. We will often be interested in the number of features “discovered” by
the SAE 𝐷 (𝑁 ) = |{𝑖 : 𝑛𝑖 > 0}|. In this setting, 𝐷 (𝑁 ) = 𝑁 . To recover the power law scaling
that SAEs exhibit empirically, we only need to assume that 𝑝𝑖 ∝ 𝑖−(1+𝛼) . With this assumption,
the improvement in total loss from adding a marginal latent 𝑖 follows 𝑝𝑖 (1 − 𝜆), and integrating
from 𝑖 = 1 . . . 𝑁 we get that the total loss drops off as a power law L(𝑁 ) ∝ 𝑁 −𝛼 . We note that
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Figure 10.2: Left: Application of Brill’s (2024) [25] capacity-allocation model to SAE scaling. Right:
numerical simulation of SAE scaling when the most frequently occurring feature is a manifold
with loss scaling as 𝐿(𝑛) ∝ 𝑛−𝛽 and all other features are discrete. We see that if 𝛽 ≪ 𝛼 , then a
simulated SAE with 100 million latents discovers only 3 million features.

this model of SAE scaling mirrors the “quanta” model of neural scaling from [28], where here the
“quanta” are features. This picture also agrees with the finding from [15] that SAEs learn features
for concepts in data approximately in order of the frequencies (roughly Zipfian) at which those
concepts occur.

10.2.4 Intuition behind pathological manifold scaling

Recently, several works have commented on the existence of feature manifolds [12,23] (multi-
dimensional features) [22] in neural networks. In our formalism above, these are features 𝑖 with
𝑑𝑖 > 1 and where the range of f𝑖 is a manifold embedded in ℝ𝑑𝑖 . With feature manifolds, instead
of having a discrete 𝐿𝑖 (𝑛𝑖) curve like above, 𝐿𝑖 might drop off slowly as 𝑛𝑖 grows. To show that
this is possible, in Figure 10.1, we show the scaling curve for ReLU SAEs (𝜎 = ReLU) trained
with L1 penalty to reconstruct points on a circle x ∈ 𝑆1 ⊆ ℝ2. We observe that these SAEs can
gradually reduce their total loss by more finely “tiling” the manifold with latents that activate
more sparsely, and that this manifold can accommodate dozens of latents before loss plateaus.
While such solutions ruthlessly minimize the SAE loss, it is not obvious that they would be better
from an interpretability standpoint. Our fundamental concern is that if 𝐿𝑖 (𝑛𝑖) curves decrease
gradually, it could be optimal for an SAE to tile common feature manifolds instead of discovering
rarer features in data.
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Figure 10.3: ReLU SAE scaling on individual toy feature manifolds, showing how 𝐿(𝑛) curves
depend on feature geometry. We train with L1 sparsity 𝜆 = 0.1. Left: SAE scaling on data drawn
from a single unit hypersphere. Right: SAE scaling on data sampled in {x : 0.5 < |x| < 2}.

10.2.5 Solution for power-law L(n) following Brill (2024)

To model SAE scaling in the presence of feature manifolds, we assume that feature frequencies
decay as a power law 𝑝𝑖 ∝ 𝑖−(1+𝛼) . For mathematical simplicity, we also assume that all features
have the same power law per-feature loss curve 𝐿𝑖 (𝑛𝑖) = 𝑛

−𝛽
𝑖

. In this setting, our model of SAE
scaling directly corresponds to the model of neural scaling from Brill (2024) [25], where neural
networks allocate units of capacity 𝑛𝑖 towards approximating functions on distinct power-law
distributed data manifolds, with per-manifold loss scaling as 𝑛−𝑐/𝐷

𝑖
. We show similar derivations

to Brill [25] in Section 10.5.2 and summarize the core results in Figure 10.2 (left).
In our notation, there is a key threshold: 𝛼 < 𝛽 . When 𝛼 < 𝛽 , expected loss scales as

L(𝑁 ) ∝ 𝑁 −𝛼 like in the discrete feature case, and 𝐷 (𝑁 ) ∝ 𝑁 , so the “efficiency” at which SAEs
discover features 𝐷 (𝑁 )/𝑁 tends towards a constant. However, when 𝛽 < 𝛼 , then L(𝑁 ) ∝ 𝑁 −𝛽

and 𝐷 (𝑁 ) ∝ 𝑁
1+𝛽
1+𝛼 , and so 𝐷 (𝑁 )/𝑁 tends towards 0. This illustrates the core dynamic of concern:

when SAEs can continue to reduce loss by “tiling” common feature manifolds, then it can be
optimal for them to do this at the expense of discovering other, rarer features.

10.2.6 Numerical simulation

While our mathematical model above assumed that all features have the same 𝐿𝑖 (𝑛𝑖) curve, we
can run numerical simulations with arbitrary heterogeneous 𝐿𝑖 (𝑛𝑖) curves. In Figure 10.2 (right),
we conduct simulations where the first feature scales as 𝑛−𝛽 but all other features are discrete and
scale as step functions 1𝑛=0, and with 𝑝𝑖 ∝ 𝑖−(1+0.5) . We find that, with only a single feature with
power-law 𝐿(𝑛𝑖) scaling, when 𝛽 < 𝛼 this feature begins to absorb the vast majority of latents in
the SAE once 𝑁 is large.
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10.3 SAE scaling on synthetic features and on real neural net-
works

In our analysis, whether SAEs will scale pathologically depends on the shape of their per-feature
loss curves 𝐿𝑖 (𝑛𝑖). We showed one such 𝐿(𝑛) curve in Figure 10.1, but we further explore this
by training SAEs on a variety of synthetic manifolds in Figure 10.3 and in Appendix Figure 10.6.
Overall, we find that the shape of the 𝐿(𝑛) curve depends on the manifold geometry, with some
manifolds accommodating many thousands of latents without saturating loss while on others
the loss curve plateaus very quickly (effectively 𝛽 → ∞). In Section 10.5.1, we provide further
discussion on what 𝛼 and 𝛽 may be, and whether SAEs might be scaling pathologically, in practice.

When a large number of SAE latents are allocated to a relatively low-dimensional feature
manifold, we’d expect the cosine similarities between the decoder latents allocated to that manifold
to be close to 1. In Section 10.5.5, we show the distribution over decoder latent nearest neighbor
cosine similarities for SAEs trained on LLM and vision model activations, and find some differences
between them.

10.4 Discussion

In this short paper, we have described a model of SAE scaling which reduces the SAE optimization
problem to the problem of optimally allocating different numbers of SAE latents to different
features in data. As in the model of scaling from Brill [25] SAE scaling laws either result from an
underlying power law distribution over features 𝑝𝑖 ∝ 𝑖−(1+𝛼) , or from the improvements in loss
from tiling common feature manifolds following a power law 𝐿𝑖 (𝑛𝑖) ∝ 𝑛

−𝛽
𝑖

. When 𝛽 < 𝛼 , SAE
latents could massively accumulate on commonly occurring feature manifolds.

Unfortunately, we do not resolve the question of whether SAEs are in this pathological scaling
regime in practice. Our uncertainty is due to our knowing neither the distribution over true feature
frequencies (determining 𝛼) nor the geometry of real-world neural network feature manifolds
(which determines 𝛽). We give some additional commentary in Section 10.5.1. Arguably our most
important observation is that when we train SAEs on toy feature manifolds with variation in the
radial direction, our SAEs do not tile the manifold and instead exhibit 𝐿(𝑛) curves which plateau
early. If this geometry is realistic [22,29], then manifolds may not pose an issue to SAE scaling in
practice. Overall though, we view this work as primarily about framing, rather than completely
answering, this interesting problem.
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10.5 Appendix

10.5.1 Additional discussion

Are real SAEs in the pathological regime?

It is worth attempting to say more about whether SAEs are in the pathological scaling regime
in practice. As we stated in Section 10.2.5, this depends on the rate at which the feature fre-
quencies 𝑝𝑖 ∝ 𝑖−(1+𝛼) decay vs. the rate at which the per-feature SAE loss decays 𝐿(𝑛𝑖) ∝ 𝑖−𝛽 .
In Section 10.5.2, following Brill (2024) [25], we show that when 𝛼 < 𝛽 , the efficiency at which
SAEs discover features 𝐷 (𝑁 )/𝑁 approaches a reasonable constant, but when 𝛽 < 𝛼 , 𝐷 (𝑁 )/𝑁
approaches 0 as 𝑁 →∞. Whether feature manifolds could cause pathological SAE scaling in the
real world depends then on the real 𝛼 (assuming it’s even a power law) and 𝛽 (assuming 𝐿𝑖 (𝑛𝑖) is
also a power law ∝ 𝑛−𝛽

𝑖
).

What is 𝛼?: We first speculate on what 𝛼 may be. One way of trying to measure this is to look
at how the latent activation frequencies decay when sorted by frequency. For a few Gemma Scope
SAEs [16], we show these curves in Figure 10.4, and measure slopes between −0.57 and −0.74. If
there was a one-to-one relationship between SAE latents and features in the data, then this would
imply an 𝛼 ≈ 0.5 to 𝛼 ≈ 0.7. However, feature absorption [27], the learning of compositional
features [30,31], and latents tiling a feature manifold could distort the relationship between the
true feature frequencies and the latent activation frequencies.

Another highly speculative way of trying to estimate 𝛼 could be to look at the exponents of
neural scaling laws for models like those the SAE is being trained on. The idea here is that if the
“features” are the computational units of neural networks that ref [28] called the “quanta”, then
the underlying neural scaling law slope would reflect the distribution over feature occurrences.
Neural scaling exponents for language models (w.r.t. network parameters) (𝛼𝑁 in the scaling
law 𝑁 −𝛼𝑁 have been measured to have an 𝛼𝑁 of 0.07 [32] and 0.34 [33], potentially implying a
distribution over quanta/features 𝑝𝑖 ∝ 𝑖−(1+𝛼) with exponent 𝛼 in that same range.
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Figure 10.4: Frequencies at which latents fire in gemma scope SAEs, sorted by frequency. We
measure the power law decay exponent between latent 102 and 104 to be -0.74 for an SAE with
16k latents and -0.57 for an SAE with 32k latents.

What is 𝛽?: In Figure 10.3 and Figure 10.6, we show 𝐿(𝑛) scaling curves for SAEs reconstructing
single synthetic feature manifolds. We find that these curves depend on the feature geometry. In
particular, we see that when reconstructing hollow hyperspheres, we can observe gradual 𝐿(𝑛)
scaling. The higher-dimensional hyperspheres in particular can accommodate at least 104 latents
without loss plateauing. In Figure 10.5, we plot the slope that we measure for these curves between
102 and 104 latents, and measure a 𝛽 of roughly 0.05 for hyperspheres with dimension 6-8.

However, in the more realistic setting where there is variation in the radial direction–the
intensity that features fire [29]–we see that manifolds tend to saturate very quickly. It appears that
the saturation happens when 𝑛𝑖 ≈ 2𝑑𝑖 , likely corresponding to solutions where the SAE latents
form a basis for the subspace where the feature is embedded (or rather use two latents for each
basis direction, one in the “positive” direction and one in the “negative” direction since latents can
only fire positively).

Therefore, the slope of the 𝐿𝑖 (𝑛𝑖) curve, and whether SAEs can use a large number of latents
to reduce loss on feature manifolds, depends on the geometry of the manifold. Our experiments
so far indicate that in the more realistic setting where there is variation in the radial direction
(which was seen in practice in ref [22]), that SAEs do not discover solutions which take advantage
of a large number of latents, and instead learn a basis solution. This is probably the strongest
argument against the possibility of feature manifolds causing pathological SAE scaling.

Lastly, we note that we are unsure how “ripples” [29] in feature manifolds could affect SAE
scaling on them. If a feature manifold is intrinsically low dimensional, but ripples through a large
number of other dimensions, we could imagine SAE solutions potentially looking different.
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Figure 10.5: Measured slopes of 𝐿𝑖 curves for ReLU L1 SAEs trained on hyperspheres.

10.5.2 Derivations

Loss decomposition into per-feature terms

We work under the assumptions in §10.2.2: (i) feature-specific latents—each latent 𝑗 fires only
when a unique feature 𝑖 ( 𝑗) is active; (ii) decoder respect for subspaces—decoder columns for latents
assigned to feature 𝑖 lie in span(S𝑖); and (iii) orthogonal feature subspaces—span(S𝑖) ⊥ span(S𝑘)
for 𝑖 ≠ 𝑘 .

Additivity of sparsity. For a sample x =
∑

𝑖∈A(x) S𝑖f𝑖 , feature-specificity implies f̂𝑗 (x) = 0 unless
𝑖 ( 𝑗) ∈ A(x). For separable sparsity penalties (L0/L1), 𝑆 (f̂) = ∑

𝑗 𝑠 (𝑓𝑗 ), so

𝑆 (f̂ (x)) =
∑︁

𝑖∈A(x)

∑︁
𝑗 : 𝑖 ( 𝑗)=𝑖

𝑠 (𝑓𝑗 (x)) .

Thus the sparsity cost splits across active features.

Orthogonal reconstruction. Write the model reconstruction as x̂ =
∑

𝑖 x̂𝑖 , with x̂𝑖 :=
∑

𝑗 : 𝑖 ( 𝑗)=𝑖 w𝑗 𝑓𝑗 ∈
span(S𝑖) by (ii). Then, using (iii) and the Pythagorean theorem,

∥x − x̂∥22 =



∑︁

𝑖

(
S𝑖f𝑖 − x̂𝑖

)


2

2
=

∑︁
𝑖

∥S𝑖f𝑖 − x̂𝑖 ∥22 .

Hence the per-sample objective L(x) = ∥x − x̂∥22 + 𝜆𝑆 (f̂) decomposes as a sum over features
active on that sample. Taking expectations and letting 𝑛𝑖 be the number of latents allocated to
feature 𝑖 , we obtain

𝔼x
[
L(x)

]
=

∑︁
𝑖

𝑝𝑖 𝐿𝑖 (𝑛𝑖),
∑︁
𝑖

𝑛𝑖 = 𝑁 (10.1)
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where 𝑝𝑖 := Pr[f𝑖 ≠ 0] and 𝐿𝑖 (𝑛𝑖) is the optimal (feature-𝑖) expected reconstruction-plus-sparsity
loss achieved with 𝑛𝑖 latents restricted to span(S𝑖). We note that the derivations below closely
follow those in Brill (2024) [25], adapted to our SAE setting with appropriate changes in notation
and interpretation. We show them here for convenience.

Scaling setup and notation

We study the optimal latent allocation 𝑛𝑖 minimizing (10.1) under two empirical power-law
regularities:

𝑝𝑖 ∝ 𝑖−(1+𝛼) (features sorted by frequency), 𝐿𝑖 (𝑛) ≡ 𝐿(𝑛) ∝ 𝑛−𝛽 ,

with 𝛼, 𝛽 > 0.1 Define the discovery count

𝐷 (𝑁 ) :=
��{ 𝑖 : 𝑛𝑖 > 0 }

��
and the total expected loss L(𝑁 ) :=

∑
𝑖 𝑝𝑖𝐿(𝑛𝑖) at total width 𝑁 . A standard Lagrange multiplier

treatment (continuous relaxation) yields

𝑛𝑖 ∝ 𝑝
1

1+𝛽
𝑖
∝ 𝑖−𝛾 , 𝛾 :=

1 + 𝛼
1 + 𝛽 . (10.2)

In practice there is a cutoff index 𝑖𝑐 (“last discovered feature”) with 𝑛𝑖𝑐 ≈ 1 and 𝑛𝑖 ≲ 1 for 𝑖 > 𝑖𝑐 .
Then 𝐷 (𝑁 ) ≍ 𝑖𝑐 and

𝑁 =
∑︁
𝑖≤𝑖𝑐

𝑛𝑖 ∝
∑︁
𝑖≤𝑖𝑐

𝑖−𝛾 .

Two regimes follow depending on whether the allocation tail-sum diverges or converges.

Case 𝛽 < 𝛼 (simple, latent accumulation on frequent features)

Here 𝛾 > 1, so
∑

𝑖≥1 𝑖
−𝛾 converges to a constant 𝑍 (𝛾). From (10.2), 𝑁 ∝ ∑

𝑖≤𝑖𝑐 𝑖
−𝛾 → 𝑍 (𝛾) implies

the proportionality constant in (10.2) scales as 𝜅 ∝ 𝑁 . The discovery cutoff is set by 𝑛𝑖𝑐 ≈ 1:

1 ≈ 𝜅 𝑖
−𝛾
𝑐 =⇒ 𝑖𝑐 ∝ 𝜅1/𝛾 ∝ 𝑁

1
𝛾 = 𝑁

1+𝛽
1+𝛼 .

Thus

𝐷 (𝑁 ) ∝ 𝑁
1+𝛽
1+𝛼 (sublinear discovery). (10.3)

For the loss, the discovered part scales as∑︁
𝑖≤𝑖𝑐

𝑝𝑖 𝑛
−𝛽
𝑖
∝ 𝜅−𝛽

∑︁
𝑖≤𝑖𝑐

𝑖−𝛾 ∝ 𝜅−𝛽 ∝ 𝑁 −𝛽,

while the undiscovered tail
∑

𝑖>𝑖𝑐
𝑝𝑖 ∝ 𝑖−𝛼𝑐 ∝ 𝑁 −𝛼 (1+𝛽)/(1+𝛼) decays faster since 𝛼 > 𝛽 . Therefore

L(𝑁 ) ∝ 𝑁 −𝛽 . (10.4)

Intuitively, the SAE keeps shaving loss on common feature manifolds; discovery lags.
1Constants are inessential for power-law exponents and are dropped.
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Case 𝛼 < 𝛽 (benign, feature discovery keeps up)

Now 𝛾 < 1, so
∑

𝑖≤𝑖𝑐 𝑖
−𝛾 ∝ 𝑖

1−𝛾
𝑐 . Using 𝑁 ∝ 𝜅 𝑖

1−𝛾
𝑐 and the threshold 1 ≈ 𝜅 𝑖

−𝛾
𝑐 , we eliminate 𝜅 to

find
𝑁 ∝ 𝑖𝑐 =⇒ 𝐷 (𝑁 ) ∝ 𝑁 .

For the loss over discovered features,∑︁
𝑖≤𝑖𝑐

𝑝𝑖 𝑛
−𝛽
𝑖
∝ 𝜅−𝛽

∑︁
𝑖≤𝑖𝑐

𝑖−𝛾 ∝ 𝑖
−𝛽𝛾
𝑐 𝑖

1−𝛾
𝑐 = 𝑖

1−(1+𝛼)
𝑐 = 𝑖−𝛼𝑐 ∝ 𝑁 −𝛼 .

The undiscovered tail obeys
∑

𝑖>𝑖𝑐
𝑝𝑖 ∝ 𝑖−𝛼𝑐 ∝ 𝑁 −𝛼 , so both pieces match and

L(𝑁 ) ∝ 𝑁 −𝛼 . (10.5)

Here, extra width primarily buys new features rather than over-tiling old manifolds; loss scaling
mirrors the frequency tail.

10.5.3 Additional Experimental Details

For Figure 10.3 and Figure 10.6, we trained SAEs on synthetic feature manifolds. For these
experiments, we trained for 12000 steps, with a batch size of 2048, and a learning rate of 10−3 with
the Adam optimizer. For the L1 penalty calculation, we use the trick of multiplying the decoder
vector L2 norms by the latent activation [34].

10.5.4 SAE scaling curves on synthetic manifolds

In Figure 10.6, we show JumpReLU SAE scaling on individual feature manifolds like we did for
ReLU SAEs in Figure 10.3.

10.5.5 SAE feature geometry on LLMs and vision models

JumpReLU Gemma Scope SAEs

If a large number of latents “tile” a single low-dimensional feature manifold, then we would expect
the decoder directions for those SAE latents to have neighbors with high cosine similarity. One
can see this effect directly in Figure 10.1, where we see that the SAE decoder latents begin to be
arranged quite tightly together along the manifold. In this section, we study whether SAEs on
real neural network activations have large numbers of latents with very high cosine similarity to
their nearest neighbor.

We first study this in the Gemma Scope SAEs [16]. In Figure 10.7, we plot the distribution over
cosine similarities between decoder latent vectors and their nearest neighbor for Gemma Scope
SAEs on layer 12 (residual stream) of gemma-2-2b. While the distribution is skewed substantially
higher than one would expect if all latent decoder vectors were random (and thus approximately
orthogonal), we do not overall see a very large fraction of latents with extremely high cosine
similarity to their nearest neighbor.
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Figure 10.6: JumpReLU SAE scaling on individual toy feature manifolds, showing how 𝐿(𝑛) curves
depend on feature geometry. We train with the tanh loss from [35] with 𝑐 = 0.1 and 𝜆𝑠 = 1.0. Left:
JumpReLU SAE scaling on unit hyperspheres of varying dimension. Right: JumpReLU SAE scaling
on points sampled in {x : 0.5 < |x| < 2}. We see that, like with ReLU SAEs, that when there is
variation in the radial direction between samples that our SAEs do not learn solutions which can
continue to accommodate latents, and instead plateau after allocating roughly 2𝑑𝑖 latents to the
feature manifold.
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Figure 10.7: Distribution over cosine similarities between decoder vectors and their nearest
neighbor.

Intriguingly though, for some SAEs we do see a small uptick on the right side of this distribution,
where between 10-100 latents have cosine similarity > 0.97 with their nearest neighbor. When we
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investigated these latents in one SAE (width_262k, average_l0_121), we found that for each of
these latents, their nearest neighbor was dead (across a dataset of over 250 million tokens). These
latents are not then being used to very sparsely reconstruct points on a manifold, and instead
seem to be an artifact of the training process. However, the alive latents in this set are not typical
SAE latents. A large number of these latents fire on tokens representing single numerical digits
and single alphabet characters. We do not have an explanation of this phenomenon, but wonder
whether there may be some underlying manifold representation which the SAE at one point in
training tried to “tile”, but then when the latents got too close, one of them was killed to reduce
the L0 loss.

ReLU L1 SAEs on Inception-v1

We also study the geometry of latent decoder directions on SAEs trained on Inception-v1 activa-
tions. We train SAEs on activations from mixed3b using an L1 coefficient, 𝜆, of 1, a learning rate
of 10−4, and an expansion factor of 16 (a total of 7680 latents).

In Figure 10.8, we find that on Inception-v1, a meaningful fraction of SAE latents have very
high cosine similarity with their nearest neighbor. We note however that this could be due to
latents being duplicated, which is not strongly disincentivized by the L1 loss, as pointed out in [13].

Figure 10.8: Distribution over pairwise cosine similarities for Inception V1.
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